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BO@K 111. 


DEFINITIONS. 


1. Equal citches are those the diameters of which are 
equal, or the radii of whieh are equal. 


2. A straight line is said to touch a circle which, 
meeting the circle and being produced, does not cut the 
circle. 


3. Circles are said to touch one another which, 
meeting one another, do not cut one another. 


4. In a circle straight lines are said to be equally 
distant from the centre when the perpendiculars drawn 
to them from the centre are equal. 


5. And that straight line is said to be at a greater 
distance on which the greater perpendicular falls. 


6. A segment of a circle is the figure contained by a 
straight line and a circumference of a circle. 


7. An angle of a segment is that contained by a 
straight line and a circumference of a circle. 


8. An angle in a segment is the angle which, when 
a point is taken on the circumference of the segment and 
straight lines are joined from it to the extremities of the 
straight line which is the base of the segment, is contained 
by the straight lines so joined. 


9. And, when the straight lines containing the angle cut 
off a circumference, the angle is said to stand upon that 
circumference. 


H. E. 11. I 
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το, A sector of a circle is the figure which, when an 
angle is constructed at the centre of the circle, is contained by 
the straight lines containing the angle and the circumference 
cut off by them. 


11. Similar segments of circles are those which 
admit equal angles, or in which the angles are equal to one 
another. 


DEFINITION I. 
& , ΜΝ ͵ὕ a @ “ [4 ¥ > 7 
Ἴσοι κύκλοι εἰσίν, ὧν αἱ διάμετροι ἴσαι εἰσίν, ἢ ὧν al ἐκ τῶν κέντρων ἴσαι εἰσὶν. 


Many editors have held that this should not have been included among 
definitions. Some, e.g. Tartaglia, would call it a postulate; others, e.g. Borell 
and Playfair, would call it an axiom; others again, as Billingsley and Clavius, 
while admitting it as a definition, add explanations based on the mode of 
constructing a circle; Simson and Pfleiderer hold that it is a theorem. 1 
think however that Euclid would have maintained that it is a definition in 
the proper sense of the term; and certainly it satisfies Aristotle’s requirement 
that a “definitional statement” (δριστικὸς λόγος) should not only state the 
fact (τὸ or) but should indicate the cause as well (De anima ii. 2, 413 a 
13). The equality of circles with equal radii can of course be proved by 
superposition, but, as we have seen, Euclid avoided this method wherever he 
could, and there is nothing technically wrong in saying “By egua/ circles I 
mean circles with equal radu.” No flaw is thereby introduced into the system 
of the Elements; for the definition could only be objected to if it could be 
proved that the equality predicated of the two circles in the definition was 
not the same thing as the equality predicated of other equal figures in the 
Elements on the basis of the Congruence-Axiom, and, needless to say, this 
cannot be proved because it 15 not true. The existence of equal circles (in 
the sense of the definition) follows from the existence of equal straight lines 
and 1. Post. 3. 

The Greeks had no distinct word for vadins, which is with them, as here, 
the (straight line drawn) from the centre ἢ ἐκ τοῦ κέντρου (εὐθεῖα); and so 
definitely was the expression appropriated to the radius that ἐκ rot κέντρου 
was used without the article as a predicate, just as if it were one word. Thus, 
ég., I Il. 1 ἐκ κέντρου γάρ means “for they are radii”: cf. Archimedes, Ox 
the Sphere and Cylinder τι. 2, ἡ BE ἐκ τοῦ κέντρου ἐστὶ τοῦ... κύκλου, BE ts a 
radius of the circle. 


DEFINITION 2. 


Εὐθεῖα κύκλον ἐφάπτεσθαι λέγεται, ἥτις ἁπτομένη τοῦ κύκλου καὶ ἐκβαλλομένη 
οὗ τέμνει τὸν κύκλον. 

Euclid’s phraseology here shows the regular distinction between ἅπτεσθαι 
and its compound ἐφάπτεσθαι, the former meaning “to meet” and the latter 
“to touch.” The distinction was generally observed by Greek geometers 
from Euclid onwards. There are however exceptions so far as ἅπτεσθαι is 
concemed ; thus it means “to Zouch” in Eucl. 1v. Def. 5 and sometimes in 
Archimedes. On the other hand, ἐφάπτεσθαι is used by Aristotle in certain 
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cases where the orthodox geometrical term would be ἅπτεσθαι. Thus in 
Meteorologica 111. καὶ (376 Ὁ 9) he says a certain circle wél/ pass through all the 
angles (ἁπασῶν ἐφάψεται τῶν γωνιῶν), and (376 a 6) M will lie on a given 
(cercular) circumference (δεδομένης περιφερείας ἐφάψεται τὸ M), We shall find 
ἀπτεσθαι used in these senses in Book iv. Deff. 2, 6 and Deff. 1, 3 respectively. 
The latter of the two expressions quoted from Aristotle means that “Ae locus 
of M ts ἃ given circle, just as in Pappus ἅψεται τὸ σημεῖον θέσει δεδομένης 
εὐθείας means that ¢he Zocus of the point is a straight line given in position. 


DEFINITION 3. 


7 ? 
ΚΚύκλοι ἐφάπτεσθαι ἀλλήλων λέγονται οἵτινες ἁπτόμενοι ἀλλήλων οὗ τέμνουσιν 
ἀλλήλους. 


Todhunter remarks that different opinions have been held as to what is, 
or should be, included in this definition, one opinion being that it only means 
that the circles do not cut in the neighbourhood of the point of contact, 
and that it must be shown that they do not cut elsewhere, while another 
opinion is that the definition means that the circles do not cut at all. 
Todhunter thinks the latter opinion correct. I do not think this is proved ; 
and I prefer to read the definition as meaning simply that the circles meet 
at a point but do not cut af ¢hat point. I think this interpretation 
preferable for the reason that, although Euclid does practically assume in 
Ill. I1—13, without stating, the theorem that circles touching at one point 
do not intersect anywhere else, he has given us, before reaching that 
point in the Book, means for proving for ourselves the truth of that 
statement. In particular, he has given us the propositions {|. 7, 8 which, 
taken as a whole, give us more information as to the general nature of a 
circle than any other propositions that have preceded, and which can be used, 
as will be seen in the sequel, to solve any doubts ansing out of Euclid’s 
unproved assumptions. Now, as a matter of fact, the propositions are not used 
in any of the genuine proofs of the theorems in Book II. ; 111. 8 is required 
for the second proof of 111. 9 which Simson selected in preference to the first 
proof, but the first proof only is regarded by Heiberg as genuine. Hence it 
would not be easy to account for the appearance of 111. 7, 8 at all unless as 
affording means of answering possible oézections (cf. Proclus’ explanation of 
Euclid’s reason for inserting the second part of 1. 5). 

External and internal contact are not distinguished in Euclid until ut. 
11, 12, though the figure of 11. 6 (not the enunciation in the original text) 
represents the case of internal contact only. But the definition of touching 
circles here given must be taken to imply so much about zaferna/ and external 
contact respectively as that (4) a circle touching another internally must, 
immediately before “meeting” it, have passed through points zzthim the 
circle that it touches, and (4) a circle touching another externally must, 
immediately before meeting it, have passed through points owzs¢de the circle 
which it touches. These facts must indeed be admitted if ¢vfernal and 
external are to have any meaning at all in this connexion, and they constitute 
a minimum admission necessary to the proof of 111. 6. 


DEFINITION 4. 


3 ΄ ¥ 5 “7 oF AN “ ΄ 3 “ λέ ov ¢ 3 NX a“ 
Ev κύκλῳ ἴσον ἀπέχειν ἀπὸ τοῦ κέντρου εὐθεῖαι λέγονται, ὅταν αἱ ἀπὸ τοῦ 
> \ , ? μὴ > 
κέντρου ἐπ᾽ αὐτὰς κάθετοι ἀγόμεναι ἴσαι ὦσιν. 


1--Ξ 
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DEFINITION δ. 


Μεῖζον δὲ ἀπέχειν λέγεται, ἐφ᾽ ἣν ἡ μείζων κάθετος πίπτει. 


DEFINITION ὅ, 


~ 7 3 Ν Ν ’ “ ξ f 3 4 Ν ? 
Tuya κύκλου ἐστὶ τὸ περιεχόμενον σχῆμα ὑπό τε εὐθείας καὶ κύκλου 
περιφερείας. 


DEFINITION 7, 


Τμήματος δὲ γωνία ἐστὶν ἡ περιεχομένη ὑπὸ τε εὐθείας καὶ κύκλου περιφερείας. 

This definition is only interesting historically. The angle of a segment, 
being the “angle” formed by a straight line and a “ circumference, ” is of the 
kind described by Proclus as “mixed.” A particular “angle” of this sort is 
the “angle of a semicircle,” which we meet with again in 11. 16, along with 
the so-called “horn-like angle” (xeparoeidys), the supposed “angle ” between 
ἃ tangent to a circle and the circle itself. The “angle of a semicircle” occurs 
once in Pappus (vil. p. 670, 19), but it there means scarcely more than the 
corner of a semicircle regarded as a point to which a straight line is directed. 
Heron does not give the definition of the angle of a segment, and we may 
conclude that the mention of it and of the av ole of a semucircle | in Euclid is a 
survival from earlier text-books rather than an indication that Euclid considered 
either to be of importance in elementary geometry (cf. the note on ur. τό 
below). 

We have however, in the note on 1. 5 above (Vol. 1. pp. 252-3), seen evi- 
dence that the angle of a segment had played some part in geometrical proofs up 
to Euclid’s time. It would appear from the passage of Aristotle there quoted 
(Anal. prior. τ. 24, 41 Ὁ 13 5644.) that the theorem of I. § was, in the text-books 
immediately preceding Euclid, proved by means of the equality of the two 
“angles of” any one segment. This latter property must therefore have been 
regarded as more elementary (for whatever reason) than the theorem of 1. 5; 
indeed the definition as given by Euclid practically implies the same thing, 
since it speaks of only owe ‘‘angle of a segment,” namely “126 angle contained 
by a straight line and a circumference of a circle.” Euclid abandoned the 
actual use of the “angle” in question, but no doubt thought it unnecessary 
to break with tradition so far as to strike the definition out also. 


DEFINITION ὃ. 
Ἔν τμήματι δὲ γωνία ἐστίν, ὅταν ἐπὶ τῆς περιφερείας τοῦ τμήματος ληφθῇ τι 


σημεῖον καὶ ἀπ᾽ αὐτοῦ ἐπὶ τὰ πέρατα τῆς εὐθείας, ἢ ἐστι βάσις τοῦ τμήματος, 
ἐπιζευχθῶσιν εὐθεῖαι, ἡ περιεχομένη γωνία ὑπὸ τῶν drilevyGeurdy εὐθειῶν. 


DEFINITION 9. 


4 Ἁ a 
Ὅταν δὲ αἱ περιέχουσαι τὴν γωνίαν εὐθεῖαι ἀπολαμβάνωσί τινα περιφέρειαν, 
3 
ἐπ᾽ ἐκείνης λέγεται βεβηκέναι ἡ γωνία. 
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DEFINITION IO. 


Τομεὺς δὲ κύκλου ἐστίν, ὅταν πρὸς τῷ κέντρῳ τοῦ κύκλου συσταθῇ γωνία, 
τὸ περιεχόμενον σχῆμα ὑπό τε τῶν τὴν γωνίαν περιεχουσῶν εὐθειῶν καὶ τῆς 
ἀπολαμβανομένης ur αὐτῶν περιφερείας. 

A schohast says that it was the shoemaker’s knife, σκυτοτομικὸς τομεύς, 
which suggested the name τομεὺς for a sector of a circle. The derivation of 
the name from a resemblance of shape is parallel to the use of ἄρβηλος (also 
a shoemaker’s knife) to denote the well known figure of the Book of Lemmas 
partly attributed to Archimedes. 

A wider definition of a sector than that given by Euclid is found in a 
Greek scholiast (Heiberg’s Euclid, Vol. v. p. 260) and in an-Nairizi (ed. Curtze, 
p- 112). ‘‘ There are two varieties of sectors; the one kind have the angular 
vertices at the centres, the other at the circumferences. Those others which 
have their vertices neither at the circumferences nor at the centres, but at 
some other points, are for that reason not called sectors but sector-like 
figures (τομοειδῇ σχήματα). The exact agreement between the scholiast and 
an-Nairizi suggests that Heron was the authority for this explanation. 

The sector-like figure bounded by an arc of a circle and two lines drawn 
from its extremities to meet at any point actually appears in Euclid’s book Ox 
divisions (περὶ διαιρέσεων) discovered in an Arabic ms. and edited by 
Woepcke (cf. Vol. 1. pp. 8-10 above). This treatise, alluded to by Proclus, 
had for its object the division of figures such as triangles, trapezia, 
quadrilaterals and circles, by means of straight lines, into parts equal or 
in given ratios. One proposition e.g. is, Zo divide a triangle into two equal 
parts by a straight line passing through a given point on one side. The 
proposition (28) in which the guasz-sector occurs 15, To dtvide such a figure by a 
straight line into two equal parts. The solution in this case is given by Cantor 
(Gesth. ὦ. Math. 14, pp. 287—8). 

If ABCD be the given figure, 4 the middle point 
of BD and EC at right angles to BD, A 
the broken line 4C clearly divides the figure into 
two equal parts. 

Join AC, and draw £Y parallel to it meeting 
AB in Κ᾿. 

Join CF, when it is seen that CF divides the C 
figure into two equal parts. 


Ε 


DEFINITION II. 


΄“ ’ , λ ΕἸ ‘ +. ὃ 7 4 sO Ῥ ε “ af 
Opora τμήματα κύκλων ἐστὶ τὰ ὀεχόμενα γωνίας σὰς, ἢ ἐν OLS αἱ γωνίαι ἰσαι 
ἀλλήλαις εἰσίν. 


De Morgan remarks that the use of the word sear in “similar 
segments” is an anticipation, and that similarity of form is meant. He adds 
that the definition is a theorem, or would be if “similar” had taken its final 
meaning. 


BOOK II. PROPOSITIONS. 


PROPOSITION I. 


To find the centre of a given circle. 


Let ABC be the given circle ; 
thus it is required to find the centre of the circle ABC. 
Let a straight line 4B be drawn 
5 through it at random, and let it be bisected C 
at the point D ; 
from D let DC be drawn at right angles 
to ABP and let it be drawn through to £; 
let CE be bisected at 7; 
10] say that / is the centre of the circle 
ABC. 
For suppose it is not, but, if possible, 
let G be the centre, 
and let GA, GD, GB be joined. 
1s Then, since 4D is equal to 2) 6, 
and DG is common, | 
the two sides AD, DG are equal to the two sides 
LD, DG respectively ; 
and the base GA is equal to the base GA, for they are 
20 radii ; 
therefore the angle 4.DG is equal to the angle GDB. [1. 8] 
But, when a straight line set up on a straight line makes 
the adjacent angles equal to one another, each of the equal 
angles is right ; [1. Def. το] 
25 therefore the angle GDB is right, 


WI. 1| PROPOSITION 1 7 


But the angle (DZ is also right ; 


therefore the angle “DB is equal to the angle GDB, the 
greater to the less: which is impossible. 


Therefore G is not the centre of the circle ABC. 


30 Similarly we can prove that neither is any other point 
except /. 


Therefore the point / is the centre of the circle 4206, 


PorisM. From this it is manifest that, if in a circle a 
straight line cut a straight line into two equal parts and at 
35 right angles, the centre of the circle is on the cutting straight 


line. 
Q. EF. 


12. For suppose itis not. This is expressed in the Greek by the two words Μὴ γάρ, 
but such an elliptical phrase is impossible in English. 

17. the two sides AD, DG are equal to the two sides BD, DG respectively. 
As before observed, Euclid is not always careful to put the equals in corresponding order. 
The text here has “Ὁ, DB.” 


Todhunter observes that, when, in the construction, DC is said to be 
produced to &, it is assumed that D is within the circle, a fact which Euclid 
first demonstrates in 111. 2. This is no doubt true, although the word διήχθω, 
‘let it be draws through,” is used instead of ἐκβεβλήσθω, “let it be produced.” 
And, although it is not necessary to assume that D is within the circle, it is 
necessary for the success of the construction that the straight line drawn 
through ZD at right angles to AB shall meet the circle in two points (and no 
more): an assumption which we are not entitled to make on the basis of what 
has gone before only. 

Hence there is much to be said for the alternative procedure recommended 
by De Morgan as preferable to that of Euclid. De Morgan would first prove 
the fundamental theorem that “‘the line which bisects a chord perpendicularly 
must contain the centre,” and then make m1. 1, 111. 25 and Iv. 5 immediate 
corollaries of it. The fundamental theorem is a direct consequence of the 
theorem that, if P is amy point equidistant from A 
and 4, then P lies on the straight line bisecting 4B 
perpendicularly. We then take any two chords 4¥, 

AC of the given circle and draw YO, ZO bisecting B 

them perpendicularly. Unless 8.4, AC are in one 

straight line, the straight lines DO, ZO must meet 

in some point O (see note on iv. 5 for possible 

methods of proving this). And, since both DO, b 
#O must contain the centre, O must be the centre. ὩΣ 

This method, which seems now to be generally A 
preferred to Euclid’s, has the advantage of showing 
that, in order to find the centre of a circle, it is sufficient to know three points 
on the circumference. If therefore two circles have three points in common, 
they must have the same centre and radius, so that two circles cannot have 
three points in common without coinciding entirely. Also, as indicated by 
De Morgan, the same construction enables us (1) to draw the complete circle 
of which a segment or arc only is given (1. 25), and (2) to circumscribe a 
circle to any triangle (1v. 5). 


8 BOOK Mil [ΠῚ ΤῸ 


But, if the Greeks had used this construction for finding the centre of a 
circle, they would have considered it necessary to add a proof that no other 
point than that obtained by the construction can be the centre, as is clear 
both from the similar reductio ad absurdum in 11. 1 and also from the fact 
that Euclid thinks it necessary to prove as a separate theorem {πι. 9) that, if 
a point within a circle be such that three straight lines (at least) drawn from it 
to the circumference are equal, that point must be the centre. In fact, 
however, the proof amounts to no more than the remark that the two 
perpendicular bisectors can have no more than one point common. 

And even in De Morgan’s method there is a yet unproved assumption. 
In order that DO, EO may meet, it is necessary that 4.4, AC should not be 
in one straight line or, in other words, that BC should not pass through A. 
This results from m1. 2, which therefore, strictly speaking, should precede. 

To return to Euclid’s own proposition ut. 1, it will be observed that the 
demonstration only shows that the centre of the circle cannot lie on either 
side of CD, so that it must he on CD or CD produced. It is however taken 
for granted rather than proved that the centre must be the middle point of 
CE. The proof of this by veductio ad absurdum is however so obvious as to 
be scarcely worth giving. The same consideration which would prove it may 
be used to show that a circle cannot have more than one centre, a proposition 
which, if thought necessary, may be added to 11. 1 as a corollary. 

Simson observed that the proof of 1. τ could not but be by reductzo ad 
absurdum. At the beginning of Book 11. we have nothing more to base the 
proof upon than the definition of a circle, and this cannot be made use of 
unless we assume some point to be the centre. We cannot however assume 
that the point found by the construction is the centre, because that is the 
thing to be proved. Nothing is therefore left to us but to assume that some 
other point is the centre and then to prove that, whatever other point is 
taken, an absurdity results; whence we can infer that the point found is 
the centre. 

The Porism to 11. 1 1s inserted, as usual, parenthetically before the words 
ὅπερ ἔδει ποιῆσαι, Which of course refer to the problem itself. 


PROPOSITION 2. 


77 on the circumference of a circle two points be taken at 
vandom, the stratght line joining the points will fall within 
the circle. 

Let ABC be a circle, and let two points 4, & be taken 
at random on its circumference : 

I say that the straight line joined from 
A to B& will fall within the circle. ° 

For suppose it does not, but, if 
possible, let it fall outside, as 4328: 
let the centre of the circle ABC be 
taken [11.1], and let it be D; let DA, 


DB be joined, and let DFE be drawn 
through. oe 
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Then, since DA is equal to DB, 
the angle DAZ is also equal to the angle DBZ. [{ ε] 
And, since one side AEA of the triangle DAZ is produced, 
the angle D/A is greater than the angle DAZ. [1. 16] 
But the angle DAZ is equal to the angle DBE ; 
therefore the angle DZZ is greater than the angle DBE. 
And the greater angle is subtended by the greater side; [1. r9] 
therefore YZ is greater than DZ. 
But DZ is equal to DF; 
therefore DF is greater than DZ, 
the less than the greater: which is impossible. 


Therefore the straight line joined from A to & will not 
fall outside the circle. 

Similarly we can prove that neither will it fall on the 
circumference itself ; 


therefore it will fall within. 


Therefore etc. 
Q. E. Ὁ. 


The reductio ad absurdum form of proof is not really necessary in this case, 
and it has the additional disadvantage that it requires the destruction of two 
hypotheses, namely that the chord 15 (1) outside, (2) on 
the circle. To prove the proposition directly, we have 
only to show that, if & be any point on the straight line 
ABS between A and 4, YF 15 less than the radius of the 
circle. This may be done by the method shown above, 
under 1. 24, for proving what is assumed in that 
proposition, namely that, in the figure of the proposition, 

f falls below #G if DZ is not greater than DF. The ᾿ς ee 
assumption amounts to the following proposition, which 

De Morgan would make to precede I. 24: “Every 

straight line drawn from the vertex of a triangle to the base is less than 
the greater of the two sides, or than either if they be equal.” The case 
here is that in which the two sides are equal; and, since the angle DAB is 
equal to the angle DAA, while the exterior angle DHA is greater than the 
interior and opposite angle DA, it follows that the angle DZA is greater 
than the angle DAZ, whence DZ must be less than DA or DB. 

Camerer points out that we may add to this proposition the further 
statement that all points on AB produced in either direction are outside the 
circle. This follows from the proposition (also proved by means of the 
theorems that the exterior angle of a triangle is greater than either of the 
interior and opposite angles and that the greater angle is subtended by 
the greater side) which De Morgan proposes to introduce after I. 21, namely, 

“The perpendicular is the shortest straight line that can be drawn from a 
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given point to a given straight line, and of others that which 15 nearer to the 
perpendicular is less than the more remote, and the converse; also not more 
than two equal straight lines can be drawn from the point to the line, one on 
each side of the perpendicular.” 

The fact that not more than two equal straight lhnes can be drawn from a 
given point to a given straight line not passing through it is proved by Proclus 
on 1. 16 (see the note to that proposition) and can alternatively be proved by 
means of I. 7, as shown above in the note ont. 12. It follows that 


A straight line cannot cut a circle in more than two points: 


a proposition which De Morgan would introduce here after 111. 2. The proof 
given does not apply to a straight line passing through the centre; but that 
such a line only cuts the circle in two points 15 self-evident. 


PROPOSITION 3. 


Lf im a cirtle a straight tine through the centre bisect a 
straight line not through the centre, τί also cuts it at right 
angles; and 17 τί cut τέ at right angles, τέ also bisects te. 


Let ABC be a circle, and in. it let a straight line CD 
3 through the centre bisect a straight line 
AB not through the centre at the point δ 
Δ; 
I say that it also cuts it at right angles. 


For let the centre of the circle 4AC 
τὸ be taken, and let it be &; let AA, ZEB 


be joined. A B 


Then, since 4F is equal to FP, 
and /“ is common, ~D 
two sides are equal to two sides ; 
13 andthe base ΖΩ͂ is equal to the base AA; 
therefore the angle 4/£ is equal to the angle B/LZ. [1.8] 
But, when a straight line set up on a straight line makes 
the adjacent angles equal to one another, each of the equal 
angles is right ; [t. Def. 10] 
20 therefore each of the angles 5 Ὲ, SFE is right. 
Therefore CY, which is through the centre, and bisects 
AL which is not through the centre, also cuts it at right 
angles. 
Again, let CD cut AB at right angles ; 


25 1 say that it also bisects it, that is, that 4F is equal to FZ. 


1π| 3,.4} PROPOSITIONS 2—4 ΤΙ 


For, with the same construction, 
since £A is equal to ZB, 


the angle LAF is also equal to the angle 528. lice] 
But the right angle 4 FZ is equal to the right angle BFE, 
39 therefore LA/, HAF are two triangles having two angles 
equal to two angles and one side equal to one side, namely 
ΕΖ, which is common to them, and subtends one of the equal 
angles ; 
therefore they will also have the remaining sides equal to 
35 the remaining sides ; (1. 26] 
therefore 4 is equal to /B. 
Therefore etc. 
On. Ὁ. 


26. with the same construction, τῶν αὐτῶν κατασκενασθέντων. 


This proposition asserts the two farzial converses (cf. note on 1. 6) of the 
Porism to 111. 1. De Morgan would place it next to ul. 1. 


PROPOSITION 4. 


77 im a circle two straight lines cut one another which are 
not through the centre, they do not brsect one another. 


Let ABCD bea circle, and in it let the two straight lines 
AC, BD, which are not through the 


centre, cut one another at £; 


I say that they do not bisect one 
another. Ό 


For, if possible, let them bisect one 
another, so that JF is equal to AC, a 
and BE to AD; 


let the centre of the circle ABCD be 
taken [π|. 1], and let it be #; let FE be > 
joined. 
Then, since a straight line AA through the centre bisects 
a straight line 4C not through the centre, 
it also cuts it at right angles ; (in. 3] 
therefore the angle ZA is right. 
Again, since a straight line 7Z bisects a straight line BY, 
it also cuts it at right angles ;_ [π|- 3] 


therefore the angle FEA is right. 


© 
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But the angle AAA was also proved right ; 
therefore the angle FEA is equal to the angle “AB, 
the less to the greater: which is impossible. 
Therefore 4C, BD do not bisect one another. 


Therefore etc. 
Q. E. Ὁ. 


PROPOSITION 5. 


If two circles cut one another, they will not have the sane 
Centre. | 

For let the circles A&C, CDG cut one another at the 
points B, C; 

I say that they will not have the same 
centre. 

For, if possible, let it be 2; let EC 
be joined, and let A/G be drawn 
through at random. 

Then, since the point & is the 
centre of the circle ABC, 

AC is equal to AF” [i Def. 15] 

Again, since the point & is the centre of the circle CDG, 

EC is equal to AG. 
But £C was proved equal to 5.5 also ; 
therefore EF is also equal to EG, the less to the 
greater : which is impossible. 


Therefore the point £ is not the centre of the circles 
ABC, CDG. 


Therefore etc. 


Q. E. Ὁ. 


The propositions ul. 5, 6 could be combined in one. It makes no 
difference whether the circles cut, or meet without cutting, so long as they do 
not coincide altogether; in either case they cannot have the same centre. 
The two cases are covered by the enunciation: Jf the circumferences of two 
circles meet at a point they cannot have the same centre. On the other hand, Lf 
two cireles have the same centre and one point in their circumferences COMMON, 
they must coincide altogether. 
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PROPOSITION 6. 


Lf two circles touch one another, they will not have the 
Same CEREYE. 


For let the two circles 4 AC, CDE touch one another 
at the point C; 


J say that they will not have the 
same centre. 


For, if possible, let it be /; let 
FC be joined, and let “ZA be drawn 
through at random. 

Then, since the point / is the 
centre of the circle 4&C, 


FC is equal to FA. 


Again, since the point / is the 
centre of the circle CDZ, | 


FC is equal to “EZ, 
But /C was proved equal to ἐδ ; 


therefore /Z is also equal to 2.5, the less to the greater: 
which is impossible. 


Therefore / is not the centre of the circles ABC, CDE, 


Therefore etc. 
Q. E. D. 


The English editions enunciate this proposition of circles touching 
internally, but the word (ἐντός) is a mere interpolation, which was no doubt 
made because Euclid’s figure showed only the case of zxzternal contact. The 
fact is that, in his usual manner, he chose for demonstration the more difficult 
case, and left the other case (that of ex/erza/ contact) to the intelligence of 
the reader. It is indeed sufficiently self-evident that circles touching externally 
cannot have the same centre; but Euclid’s proof can really be used for this 
case too. 

Camerer remarks that the proof of 111. 6 seems to assume tacitly that the 
points £ and # cannot coincide, or that circles which touch internally at C 
cannot meet in any other point, whereas this fact is not proved by Euclid till 
ill. 13. But no such general assumption is mecessary here; it is only 
necessary that ove line drawn from the assumed common centre should meet 
the circles in different points; and the very notion of internal contact requires 
that, before one circle meets the other on its inner side, it must have passed 
through points z7thzn the latter circle. 
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PROPOSITION 7. 


Tf on the diameter of a circle a point be taken which ἐς not 
the centre of the circle, and frone the point straight lines fall 
upon the circle, that well be greatest on which the centre ws, the 
remainder of the same dianeter will be least, and of the rest 

5 the nearer to the straight line through the centre ts always 
greater than the more remote, and only two equal straight 
lines will fall from the point on the circle, one on each side 
of the least straight line. 

Let ABCD be a circle, and let 4D be a diameter of it ; 

το οη AD let a point / be taken which is not the centre of the 
circle, let A be the centre of the circle, 
and from / let straight lines δὴ, /C, ΕἸ fall upon the circle 
ra Oe Be 
I say that /4 15 greatest, δὴ is least, and of the rest /P is 

15 greater than δῶ, and /C than AG. 

For let BZ, CZ, GE£ be joined. 

Then, since in any triangle two 
sides are greater than the remaining Β 
one, [1. 20] 

20 EB, EF are greater than BL. 

But 4F is equal to BF ; 
therefore Af is greater than LY. 
Again, since BE is equal to CZ, 
and FE is common, 
25 the two sides BL, HF are equal to the two sides CZ, EF. 
But the angle 5.8. is also greater than the angle CZF; 
therefore the base Sf is greater than the base CF [1. 24] 


For the same reason 
CF is also greater than AG. 
30 Again, since G/, /Z are greater than ZG, 
and AG is equal to £D, 
Gf, FL are greater than AD. 
Let &F be subtracted from each ; 
therefore the remainder GF is greater than the remainder 


35 FD, 
Therefore 7A is greatest, /D is least, and 2 is greater 
than “Ὁ, and /C than AG. 


K 
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I say also that from the point / only two equal straight 
lines will fall on the circle 4 BCD, one on each side of the 
4° least FD, 


For on the straight line AF; and at the point Z on it, let 
the angle ΔῈ. be constructed equal to the angle GEF [1. 23], 
and let /‘A7 be joined. 

Then, since ΟΖ is equal to EA, 


4sand AF is common, 
the two sides GZ, ZF are equal to the two sides HE, EF; 
and the angle GZF is equal to the angle HEF; 
therefore the base “G is equal to the base AH. (1. 4] 


I say again that another straight line equal to &G will not 
50 fall on the circle from the point / 

For, if possible, let ‘A so fall. 

Then, since /X is equal to /G, and #7 to FG, 


fF is also equal to AH, 


the nearer to the straight line through the centre being 
55 thus equal to the more remote: which is impossible. 


Therefore another straight line equal to GF will not fall 
from the point / upon the circle ; 


therefore only one straight line will so fall. 
Therefore εἴς. 
Q. E. Ὁ. 


. of the same diameter. I have inserted these words for clearness’ sake. The text 
has simply ἐλαχίστη δὲ ἡ λοιπή, ‘and the remaining (straight line) least.” 
7,39. one on each side. The word ‘ one” is not in the Greek, but is necessary to 
give the force of ἐῴ᾽ ἑκάτερα τῆς ἐλαχίστης, literally ‘‘on both sides,” or ‘‘ on each of the two 
sides, of the least.” 


De Morgan points out that there is an unproved assumption in this 
demonstration. We draw straight lines from 4} as #B, FC, such that the 
angle DB is greater than the angle M/C and then assume, with respect to 
the straight lines drawn from the centre to B, C, that 
the angle DZS is greater than the angle DEC. This 
is most easily proved, I think, by means of the converse 
of part of the theorem about the lengths of different 
straight lines drawn to a given straight line from an 
external point which was mentioned above in the note 
on ui. 2. This converse would be to the effect that, /f 
two unequal straight lines be drawn from a point to a 
given straight line which are not perpendicular to the 
straight line, the greater of the two ts the further from the perpendicular from the 
point to the given straight line. This can either be proved from its converse by 
reductio ad absurdum, or established directly by means of 1. 47. Thus, in the 
accompanying figure, # must cut #C in some point JG since the angle BFE 
is less than the angle CAE. 

Therefore £M is less than #C, and therefore than AP. 
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Hence the point # in which “2 meets the circle is further from the foot 

of the perpendicular from # on #8 than JZ 15; 
therefore the angle B#/ is greater than the angle CAF. 

Another way of enunciating the first part of the proposition is that of 
Mr H. M. Taylor, viz. “ Of all straight lines drawn to a circle from an internal 
point not the centre, the one which passes through the centre is the greatest, 
and the one which when produced passes through the centre is the least; and 
of any two others the one which subtends the greater angle at the centre is the 
greater.” The substitution of the azgle subtended at the centre as the criterion 
no doubt has the effect of avoiding the necessity of dealing with the unproved 
assumption in Euclid’s proof referred to above, and the similar substitution in 
the enunciation of the first part of 111. 8 has the effect of avoiding the necessity 
for dealing with like unproved assumptions in Euclid’s proof, as well as the 
complication caused by the distinction in Euclid’s enunciation between lines 
falling from an external point on the convex circumference and on the concave 
circuntference of a circle respectively, terms which are not defined but taken as 
understood. 

Mr Nixon (Zucliad Revised) similarly substitutes as the criterion the angle 
subtended at the centre, but gives as his reason that the words ‘‘ nearer” and 
“more remote” in Euclid’s enunciation are scarcely clear enough without 
some definition of the sense in which they are used, Smith and Bryant make 
the substitution in m1. 8, but follow Euclid in 111. 7. 

On the whole, I think that Euclid’s plan of taking straight lines drawn from 
the point which is not the centre direct to the circumference and making 
greater or less angles σέ that pornt with the straight line containing it and the 
centre is the more instructive and useful of the two, since it is such lines 
drawn in any manner to the circle from the point which are immediately useful 
in the proofs of later propositions or in resolving difficulties connected with 
those proofs. 

Heron again (an-Nairizi, ed. Curtze, pp. 114-5) has a note on this 
proposition which is curious. He first of all says that Euclid proves that lines 
nearer the centre are greater than those more remote from it. This is a 
different view of the question from that taken in Euclid’s proposition as we 
have it, in which the lines are not nearer to and more remote from the centre 
but from she line through the centre. Euclid takes lines inclined to the latter 
line at a greater or less angle; Heron introduces distance from the centre in 
the sense of Deff. 4, 5, i.e. in the sense of the length of the perpendicular drawn 
to the line from the centre, which Euclid does not use till 11. 14, 15. Heron 
then observes that in Euclid’s proposition the lines compared are all drawn on 
one side of the line through the centre, and sets himself to prove the same 
truth of lines on ofposzfe sides which are more or less distant from the centre. 
The new point of view necessitates a quite different line of proof, anticipating 
the methods of later propositions. 

The first case taken by Heron is that of two straight lines such that the 
perpendiculars from the centre on them fall on the lines themselves and not 
in either case on the line produced. 

Let 4 be the given point, D the centre, and let 
4.2 be nearer the centre than A, so that the ΔΕ 
perpendicular DG on AZ is less than the perpen- © στῇ 
dicular DA on AF. 

Then sqs. on DG, G&=sqs. on DH, HF. 
and 565. οἡ DG, GA =sgqs. on DHA, FA. 
But sq. on DG <sq. on DZ. = 
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Therefore sq. on GZ >sq. on AF, 
and sq. on GA >sq. on AHA, 
whence GE > HF, 

GA > HA. 


Therefore, by addition, 4# > AF. 


The other case taken by Heron is that where 
one perpendicular falls on the line produced, as in 
the annexed figure. In this case we prove in like 


manner that GE > HF, 
and GA > AH. 
Thus 4.8 is greater than the sum of HF, AZ, 


whence, @ fortiori, AZ is greater than the difference 
of A?, AH, i.e. than 4.43 


Heron does not give the third possible case, that, namely, where doth 
perpendiculars fall on the lines produced, The fact 
is that, in this case, the foregoing method breaks 
down. Though AZ be nearer to the centre than 
AF in the sense that DG is less than DJA, 

AZ£ is not greater but /ess than AZ 

Moreover this cannot be proved by the same 
method as before. 

For, while we can prove that 

GE > HF, 
GA > AH, 
we cannot make any inference as to the comparative length of 42, AF. 
To judge by Heron’s corresponding note to 111. 8, he would, to prove this 


case, practically prove 111. 35 first, i.e. prove that, if HA be produced to ἃ 
and ΖΑ to ZL, 


rect. #A, AZ = rect. HA, AK, 
from which he would infer that, since 4X > AZ by the first case, 
Ak < AF. 


An excellent moral can, I think, be drawn from the note of Heron. 
Having the appearance of supplementing, or giving an alternative for, Euclid’s 
proposition, it cannot be said to do more than confuse the subject. Nor was 
it necessary to find a new proof for the case where the two lines which are 
compared are on opposite sides of the diameter, since Euclid shows that for each 
line from the point to the circumference on one side of the diameter there is 
another of the same length equally inclined to it on the other side. 


PROPOSITION 8. 


77 a point be taken outside a circle and from the pornt 
straight lines be drawn through to the circle, one of which 
2s through the centre and the others are drawn at random, 
then, of the strarght lines which fall on the concave circum- 
ference, that through the centre 1s greatest, while of the rest 
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the nearer to that through the centre rs always greater than 
the more remote, but, of the strazght lines falling on the convex 
corcumeference, that between the pont and the diameter ts least, 
while of the vest the nearer to the least 1s always less than the 
more remote, and only two eguat straight lines will fall on the 
circle fron the point, one on each side of the least. 


Let ABC be a circle, and let a point Y be taken outside 
ABC; let there be drawn through 
from it straight lines DA, DE, δὲ, 
DC, and let DA be through the centre; 
I say that, of the straight lines falling 
on the concave circumference AAFC, 
the straight line YA through the centre 
is greatest, 
while DA is greater than D/ and DF 
than DC; 
but, of the straight lines falling on the 
convex circumference AYLKAG, the 
straight line MG between the point 
and the diameter AG is least; and 
the nearer to the least DG is always 
less than the more remote, namely DA 
than YZ, and UZ than D7. 

For let the centre of the circle 4 &C be taken [m1 1], and 
let it be WZ; let WE, MP, MC, MK, ML, MH be joined. 

Then, since 4/7 is equal to ZZ, 
let (7D be added to each ; 

therefore 4D is equal to EM, MD. 

But £47, M/ are greater than ED; [1. 20] 

therefore AVL is also greater than ED. 

Again, since AZZ is equal to WF, 

and 7D is common, 
therefore 5.77, JZD are equalto FW, MD; © 

and the angle 5.17.2 is greater than the angle FVD; 

therefore the base “J is greater than the base FD, 
I. 2 

Similarly we can prove that / is greater than CD ; ᾿ 
therefore DA is greatest, while DZ is greater than DF, 
and DF than DC. 
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Next, since 17K, KD are greater than 727, [τ 20] 
and MG is equal to WK, 


therefore the remainder AY is greater than the remainder 
GD, 


so that GD is less than KD. 

And, since on 47D, one of the sides of the triangle LD, 
two straight lines A7K, AD were constructed meeting within 
the triangle, 
therefore WK, KD are less than AZZ, LD; [i 21} 
and ALEK is equal to AL ; 
ee therefore the remainder DX is less than the remainder 

Similarly we can prove that DZ is also less than D/; 

therefore YG is least, while DX is less than DZ, and 
DL than DA. 

I say also that only two equal straight lines will fall from 
the point D on the circle, one on each side of the least DG. 

On the straight line 47D, and at the point JZ on it, 
let the angle DJZB be constructed equal to the angle A/D, 
and let DZ be joined. 

Then, since 7K is equal to A7B, 
and A7P is common, 

the two sides KJ/7, WD are equal to the two sides BI, 
MD respectively ; 
and the angle KD is equal to the angle BAZD ; 

therefore the base YZ is equal to the base DZ. [1.4] 

I say that no other straight line equal to the straight line 
D& will fall on the circle from the point 2. 

For, if possible, let a straight line so fall, and let it be DN. 

Then, since DX is equal to DN, 
while DX is equal to DB, 
DB is also equal to DN, 
that is, the nearer to the least DG equal to the more remote: 
which was proved impossible. 

Therefore no more than two equal straight lines will fall 
on the circle AAC from the point Y, one on each side of 
DG the least. 

Therefore etc. Q. E. D. 


2—2 
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As De Morgan points out, there are here two assumptions similar to 
that tacitly made in the proof of 1. 7, namely that 
XK falls within the triangle DZ and £ outside 
the triangle DFM. These facts can be proved 


L Bi 
<f 
in the same way as the assumption in 11. 7. Let Ε , 
DE meet FM in V and ZM in Z Then, as 1: τ 
before, 47Z is less than AZZ and therefore than 
ME. Therefore KX lies further than Z from Ε 
the foot of the perpendicular from JZ on DE. 
Similarly & lies further than Y from the foot of the 
same perpendicular. 
Heron deals with lines on opposite sides of the 
diameter through the external point in a manner simular to that adopted in 
his previous note. ΝΕ 
For the case where 25, / are the second points in 
which 4#, AF meet the circle the method answers 
well enough. 
If AE is nearer the centre D than «4. 15, 


sqs. on DG, GZ =sqs. on DH, HF 


D 


and sqs.on DG, GA =sgqs. on DH, LA, 
whence, since DG «DH, 
it follows that GE > HF, 

and AG> AH, 


so that, by addition, AE > AF. 


But, if K, Z be the points in which 42, AP frst 
meet the circle, the method fails, and Heron 15 reduced to proving, in the first 
instance, the property usually deduced from 1. 36. He argues thus: 


A&KTD being an obtuse angle, 
sq. on dD =sum of 565. on AK, KD and twice rect. 4K, KG. [u. 12] 
ALD is also an obtuse angle, and it follows that 
sum of sqs. on AX, KD and twice rect. 4, XG is equal to 
sum of sqs. on 4.2, LD and twice rect. AL, LH. 
Therefore, the squares on XD, ZD being equal, 
sq. on 4X and twice rect. dX, KG =sq. on AZ and twice rect. AZ, LH, 
or sq. on AX and rect. AK, KH =sq. on AL and rect. AZ, LF, 


1.6. rect. AK, AE =rect. AL, AF. 
But, by the first part, AE > AF. 
Therefore AK «41. 


11. 7, 8 deal with the lengths of the several lines drawn to the circum- 
ference of a circle (1) from a point within it, (2) from a point outside it; but a 
similar proposition is true of straight lines drawn from a point on the 
circumference itself: Jf any point be taken on the circumference of a circle, 
then, of all the straight lines which can be drawn from it to the circumference, the 
greatest ts that in which the centre is; of any others that which ts nearer to the 
straight line which passes through the centre 1s greater than one more remote ; 
and from the same point there can be drawn to the circumference two straight 
dines, and only two, which are equal to one another, one on each side of the 
greatest line. 
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The converses of Π|. 7, 8 and of the proposition just given are also true 
and can easily be proved by veductio ad absurdum. They could be employed 
to throw light on such questions as that of internal contact, and the relative 
position of the centres of circles so touching. This is clear when part of the 
converses is stated: thus (1) if from any point in the plane of a circle a 
number of straight lines be drawn to the circumference of the circle, and one 
of these 15 greater than any other, the centre of the circle must lie on that one, 
(2) if one of them is less than any other, then, (a) if the point is within the 
circle, the centre is on the minimum straight line produced beyond the point, 
(4) if the point is outside the circle, the centre is on the minimum straight line 
produced deyond the point in which it meets the circle. 


PROPOSITION 9. 


Lf a point be taken within a circle, and more than two 
equal straight lines fall from the point on the circle, the point 
taken ts the centre of the circle. 


Let ABC be a circle and DY a point within it, and from 


22 \et more than two equal straight 
lines, namely DA, D&B, DC, fall on ι 
the circle 4550; 


B 

I say that the point D is the centre < / 

of the circle ABC. Poe 
For let 44, BC be joined and Κ mapa 

bisected at the points 4, /, and let ΨΩ 

ED, FD be joined and drawn through 

to the points G, K, A, 2. 
Then, since 4F is equal to 5 2, Η 

and AY is common, 


the two sides AZ, ED are equal to the two sides BE, ED; 
and the base DA is equal to the base DA; 
therefore the angle 4D is equal to the angle BAD. 


1 8 

Therefore each of the angles AED, BED is right ; - 

[1. Def. το] 

therefore GX cuts AB into two equal parts and at right 
angles. | 

And since, if in a circle a straight line cut a straight line 

into two equal parts and at right angles, the centre of the 

circle is on the cutting straight line, utr. 1, Por.] 


the centre of the.circle is on GK. 
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For the same reason 
the centre of the circle AAC is also on AL. 


And the straight lines GX, AZ have no other point 
common but the point D ; 


therefore the point D is the centre of the circle AAC. 
Therefore etc. Q. E. Ὁ. 


The result of this proposition is quoted by Aristotle, A/eteorologuca 111. 3, 
373 a 13-16 (cf. note on I. 8). 

ill. g is, as De Morgan remarks, a /ogécal equivalent of part of NI. 7, 
where it is proved that every oz-central point is zof a point from which three 
equal straight lines can be drawn to the circle. Thus 11. 7 says that every 
not-A is not-B, and 111. 9. states the equivalent fact that every & is A. 
Mr H. M. Taylor does in effect make a /ogical inference of the theorem that, 
Tf from a point three equal straight lines can be drawn to a circle, that point is 
the centre, by making it a corollary to his proposition which includes the part of 
ΠῚ. 7 referred to. Euclid does not allow himself these logical inferences, as we 
shall have occasion to observe elsewhere also. 

Of the two proofs of this proposition given in earlier texts of Euclid, 
August and Heiberg regard that translated above as genuine, relegating the 
other, which Simson gave alone, to a place In an Appendix. Camerer remarks 
that the genuine proof should also have contemplated the case in which one 
or other of the straight lines 4, BC passes through JY. This would however 
have been a departure from Euclid’s manner of taking the most obscure case 
for proof and leaving others to the reader. 

The other proof, that selected by Simson, is as follows: 

“For let a point D be taken within the circle 4.250, and from D let more 
than two equal straight lines, namely 4D, DB, DC, 
fall on the circle AAC; 


I say that the point D so taken 15 the centre of the 
circle ABC, 


For suppose it is not; but, if possible, let it be 
45, and let DE be joined and carried through to the 


G 
points ὦ G. Fi C 
Therefore “G is a diameter of the circle 3.560. > 


Since, then, on the diameter /G of the circle 
ABC a point has been taken which is not the centre 
of the circle, namely D, 

DG is greatest, and DC is greater than D&, and 228 than DA. 

But the latter are also equal: which is impossible. 

Therefore .Ε is not the centre of the circle. 

Similarly we can prove that neither is any other point except D; 

therefore the point D is the centre of the circle 4.86. 
ὄν Ἐπ De? 

On this Todhunter correctly points out that the point Z might be 
supposed to fall wefhzz the angle ADC. It cannot then be shown that DC 
is greater than DB and DBZ than DA, but only that either DC or DA is less 
than DS; this however is sufficient for establishing the proposition. 
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PROPOSITION ΤΟ. 
A circle does not cut a circle at more points than two. 


For, if possible, let the circle ABC cut the circle DEF 
at more points than two, namely 
DG. Fda; 

let BA, BG be joined and 
bisected at the points K, 2, 
and from K, Z let KC, LAV be 
drawn at right angles to AH, 
ΘΟ and carried through to the 
points 4, £, 

Then, since in the circle 
ABC a straight line AC cuts a 
straight line 6/47 into two equal 
parts and at right angles, 


the centre of the circle AAC is on AC. [ππ|. 1, Por.] 
Again, since in the same circle AAC a straight line VO 


cuts a straight line &G into two equal parts and at right 
angles, 


the centre of the circle AAC is on NO. 


But it was also proved to be on AC, and the straight 
lines AC, VO meet at no point except at P; 


therefore the point P is the centre of the circle ABC. 


Similarly we can prove that P is also the centre of the 
circle DEF; 


therefore the two circles ABC, DAF which cut one 
another have the same centre P: which is impossible. [π|. 5] 


Therefore etc. Q. E. Ὁ. 


1. The word circle (κύκλος) is here employed in the unusual sense of the circumference 
(περιφέρεια) of a circle. Cf. note on 1. Def. 15. 


There is nothing in the demonstration of this proposition which assumes 
that the circles οὐδέ one another; it proves that two circles cannot meet at more 
than two points, whether they cut or meet without cutting, 1.6. Zouch one 
another. 

Here again, of two demonstrations given in the earlier texts, Simson chose 
the second, which August and Heiberg relegate to an Appendix, and which is 
as follows: 

“For again let the circle 44C cut the circle DH at more points than 
two, namely 2, G, ἢ, δ; 
let the centre X of the circle 4d BC be taken, and let KB, KG, KF be 
joined. 


24 BOOK Ill (111, 10, 11 


Since then a point X has been taken within the circle DEF, 
and from X more than two straight lines, namely 
KB, KF, KG, have fallen on the circle DEF, 
the point X is the centre of the circle DEF. [111 9] 

But X is also the centre of the circle 4.56. 

Therefore two circles cutting one another have 
the same centre KX: which isimpossible.  [111. 5] 

Therefore a circle does not cut a circle at more 
points than two. 


Q. E. D.” 


This demonstration is claimed by Heron (see an-Nairizi, ed. Curtze, 
pp. 120—1). It is incomplete because it assumes that the point X which is 
taken as the centre of the circle ABC 15 within the circle DEF It can 
however be completed by means of 111. 8 and the corresponding proposition 
with reference to a point om the circumference of a circle which was enunciated 
in the note on m1. 8. For (1) if the point X is om the circumference of the 
circle DEF; we obtain a contradiction of the latter proposition which asserts 
that only ἔσο equal straight lines can be drawn from X to the circumference 
of the circle DEF; (2) if the point KX is outside the circle DEF, we obtain a 
contradiction of the corresponding part of 111. 8. 

Euclid’s proof contains an unproved assumption, namely that the lines 
bisecting BG, BA at right angles wz meet in a point P. For a discussion 
of this assumption see note on IV. 5. 


PROPOSITION II. 


Lf two circles touch one another internally, and their centres 
be taken, the straight line soning their centres, 1f zt be also 
produced, will fall on the point of contact of the circles. 


For let the two circles A&C, ADE touch one another 
internally at the point A, and let 
the centre F of the circle “3.50, and H 
the centre G of ADE, be taken: 

I say that the straight line joined 
from G to F and produced will fall 
on A. 

For suppose it does not, but, 
if possible, let it fall as GA, and 
let AF, AG be joined. 

Then, since 4G, GF are greater 
than /'A, that is, than “7, 

let ΖΦ be subtracted from each: 


therefore the remainder AG is greater than the remainder 


* 


Ό 
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But AG is equal to GD; 
therefore GD is also greater than GZ, 
the less than the greater: which is impossible. 


Therefore the straight line joined from / to G will not 
fall outside ; 


therefore it will fall at 4 on the point of contact. 


Therefore etc. 
Q. E. D. 


2. the Straight line joining their centres, literally “the straight line joined to their 
centres” (ἡ ἐπὶ τὰ κέντρα αὐτῶν ἐπιζευγνυμένη εὐθεῖα). 
3. point of contact is here συναφή, and in the enunciation of the next proposition 


ἐπαφή. 


Again August and Heiberg give in an Appendix the additional or 
alternative proof, which however shows little or no variation from the genuine 
proof and can therefore well be dispensed with. 

The genuine proof is beset with difficulties in consequence of what it 
tacitly assumes in the figure, on the ground, probably, of its being obvious to 
the eye. Camerer has set out these difficulties-in a most careful note, the 
heads of which may be given as follows : 


He observes, first, that the straight line joining the centres, when produced, 
must necessarily (though this is not stated by Euclid) be produced 7m the 
divection of the centre of the circle which touches the other internally. (For 
brevity, I shall call this circle the “inner circle,” though I shall imply nothing 
by that term except that it is the circle which touches the other on the inner 
side of the latter, and therefore that, in accordance with the definition of 
touching, points on it in the immediate neighbourhood of the point of contact 
are necessarily wzthin the circle which it touches.) Camerer then proceeds by 
the following steps. 


1. The two circles, touching at the given point, cannot zfersect at any 
point. For, since points on the “inner” in the immediate neighbourhood of 
the point of contact are within the “outer” circle, the inner circle, if it 
intersects the other anywhere, must pass outside it and then return. This 15 
only possible (a) if it passes out at one point and returns at another point, or 
(2) if it passes out and returns through one and the same point. (a) is impossible 
because it would require two circles to have z4vee common points ; (4) would 
require that the inner circle should have a zode at the point where it passes 
outside the other, and this is proved to be impossible by drawing any radius 
cutting both loops. 

2. Since the circles cannot intersect, one must be eztzre/y within the 
other. 

3. Therefore the outer circle must be greater than the inner, and the 
radius of the outer greater than that of the inner. 


4. Now, if / be the centre of the greater and G of the inner circle, and 
if FG produced beyond G does of pass through A, the given point of 
contact, then there are three possible hypotheses. 


(a) A may lie on GF produced beyond /: 
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(6) «4 may lie outside the line #G altogether, in which case #G produced 
beyond G must, in consequence of result 2 above, either 


(i) meet the circles in a point common to both, or 


(ii) meet the circles in two points, of which that which is on the inner 
circle is nearer to G than the other is. 


(a) is then proved to be impossible by means of the fact that the radius of the 
inner circle is less than the radius of the outer. 


(6) (ii) is Euclid’s case; and his proof holds equally of (6) (i), the hypothesis, 
namely, that D and in the figure coincide. 

Thus all alternative hypotheses are successively shown to be impossible, 
and the proposition is completely established. 


I think, however, that this procedure may be somewhat shortened in the 
following manner. 

In order to make Euclid’s proof absolutely conclusive we have only (1) to 
take care to produce Κα beyond G, the centre of the “inner” circle, and then 
(2) to prove that the point in which /G so produced meets the “inner” circle 
is not further from G than is the point in which it meets the other circle. 
Euclid’s proof is equally valid whether the first point is nearer to G than the 
second or the first point and the second coincide. 

If #G produced beyond G does not pass through 4, there are two 


Χ Ὀ 


G) 
as 
x 


conceivable hypotheses: (@) 4d may lie on GF produced beyond ¥% or (δ) A 
may be outside #G produced either way. In either case, if “G produced 
meets the ‘‘inner” circle in JD and the other in A, and if GD is greater than 
GH, then the “inner” circle must cut the “outer” circle at some point 
between 4 and JD, say X. 

But, if two circles have a common point X lying on one side of the line of 
centres, they must have another corresponding point on the other side of the 
line of centres. This is clear from 11. 7, 8; for the point is determined by 
drawing from / and G, on the opposite side to that where X is, straight 
lines ΖΦ GY making with #D angles equal to the angles DFX, DGX 
respectively. 

Hence the two circles will have at least three points common: which is 
impossible. 

Therefore GD cannot be greater than GH; accordingly GD must be 
either equal to, or less than, GH, and Euclid’s proof is valid. 

The particular hypothesis in which #G is supposed to be in the same 
straight line with 4 but G is on the side of / away from 4 is easily disposed 
of, and would in any case have been left to the reader by Euclid. 

For GJ is either equal to or less than GH. 

Therefore GD is less than ΖΚ, and therefore less than «ΖΩ͂. 

But GD is equal to GA, and therefore greater than F4: which is 
impossible. ) 
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Subject to the same preliminary investigation as that required by Euclid’s 
proof, the proposition can also be proved directly from ul. 7. 

For, by 11. 7, G/ is the shortest straight line that can be drawn from G 
to the circle with centre /; 


therefore G'A is less than GA, 
and therefore less than GD: which is absurd. 


This proposition is the crucial one as regards circles which touch internally ; 
and, when it is once established, the relative position of the circles can be 
completely elucidated by means of it and the propositions which have preceded 
it. Thus, in the annexed figure, if / be the centre 
of the outer circle and G the centre of the inner, 
and if any radius #Q of the outer circle meet the 
two circles ‘in Q, FP respectively, it follows, from 
111. 7, ΠῚ. 8, or the corresponding theorem with 
reference to a point om the circumference, that “4 
is the maximum straight line from / to the circum- 
ference of the inner circle, #P is less than ΖΩ͂, 
and #? diminishes in length as #Q moves round 
from #4 until #P reaches its minimum length 
#B. Hence the circles do not meet at any other 
point than 4, and the distance PQ cut off between them on any radius FO 
of the outer circle becomes greater and greater as “QO moves round from FA 
to #C and is a maximum when /OQ coincides with FC, after which it 
diminishes again on the other side of FC. 

The same consideration gives the partial converse of tm. 11 which forms 
the 6th lemma of Pappus to the first book of the Zacttones of Apollonius 
(Pappus, VII. p. 826). This is to the effect that, 7 AB, AC are 1 one straight 
line, and on one side of A, the circles described on AB, AC as diameters touch 
(internally at the point A). Pappus concludes this from the fact that the 
circles have a common tangent at 4; but the truth of it is clear from the fact 
that #P diminishes as “Q moves away from “4 on either side ; whence the 
circles meet at 4 but do not cut one another. 

Pappus’ sth lemma (vir. p. 824) is another partial converse, namely that, 
given two circles touching internally at A, and a line ABC drawn from A cutting 
both, then, tf the centre of the outer circle lies on ABC, so does the centre of the 
inner. Pappus himself proves this, by means of the common tangent to the 
circles at 4, in two ways. (1) The tangent is at right angles to 4C and 
therefore to 48: therefore the centre of the inner circle lies on 4B. (2) By 
III. 32, the angles in the alternate segments of both circles are right angles, so 
that 4.8 Ὁ is a diameter of both. 


[ PROPOSITION 12. 


If two circles touch one another externally, the straight 
line gowning ther centres will pass through the pownt of 
contact. 

For let the two circles ABC, ADE touch one another 


5 externally at the point 4, and let the centre / of ABC, and 
the centre G of ADE, be taken ; 
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I say that the straight line joined from F to G will pass 
through the point of contact at 4. 


For suppose it does not, B 
ro but, if possible, let it pass as 
FCDG, and let A’, AG be 
joined. 
Then, since the point / is δὲ τ 
the centre of the circle AAC, 


15 FA is equal to FC. 
Again, since the point G is 
the centre of the circle 4.) 8, 
GA is equal to GD. 
But A was also proved equal to /C; 
20 therefore /-4, AG are equal to /C, GD, 
so that the whole /G is greater than δι, AG; 
but it is also less [1. 20]: which is impossible. 


Therefore the straight line joined from / to G will not 
fail to pass through the point of contact at 4 ; 


25 therefore it will pass through it. | 
Therefore etc. Q. E. D.| 


23. will not fail to pass. The Greek has the double negative, οὐκ dpa %...ev@eta... 
οὐκ ἐλεύσεται, literally “ the straight line...will not zzof-pass....” 


Heron says on 11. 11: ‘Euclid in proposition rz has supposed the two 
circles to touch internally, made his proposition deal with this case and proved 
what was sought init. But [will show how it ts to be proved if the contact ts 
external.” We then gives substantially the proof and figure of 1. 12. It 
seems clear that neither Heron nor an-Nairizi had 111. 12 in this place. 

Campanus and the Arabic edition of Nasiraddin at-Tusi have nothing more 
of 111. 12 than the following addition to 111. 11. “In the case of external 
contact the two lines ae and εὖ will be greater than αὖ, whence ad and εὖ will 
be greater than the whole αὖ, which is false.” (The points a, ὁ, ¢, 4, 4 cor- 
respond respectively to αι # C, D, A in the above figure.) It is most 
probable that Theon or some other editor added Heron’s proof in his edition 
and made Prop. 12 out of it (an-Nairizi, ed. Curtze, pp. 1212). An-Naitrizi 
and Campanus, conformably with what has been said, number Prop. 13 of 
Heiberg’s text Prop. 12, and so on through the Book. 


What was said in the note on the last proposition applies, mutatis mutandis, 
to this. Camerer proceeds in the same manner as before; and we may use 
the same alternative argument in this case also. 

Euclid’s proof is valid provided only that, if “G, joining the assumed 
centres, meets the circle with centre “in C and the other circle in D, C is 
not within the circle dDZ and D is not within the circle 4.5. (The proof 
is equally valid whether C, D coincide or the successive points are, as drawn 
in the figure, in the order ἢ C, D, G.) Now, if C is within the circle 4.25 
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and D within the circle ABC, the circles must have cut between 4 and C 
and between 4 and J. Hence, as before, they must also have another 
corresponding point common on the other side of CD. That is, the circles 
must have ‘tree common points: which is impossible. 

Hence Euclid’s proof is valid if 7 4A, G form a triangle, and the only 
hypothesis which has still to be disproved is the 
hypothesis which he would in any case have left to 
the reader, namely that 4 does not lie on FG but 
on 4G produced in either direction. In this case, as 
before, either C, D must coincide or C is nearer 
# than Dis. Then the radius ΖῸ must be equal 
to #A: which is impossible, since #C cannot be C6 
greater than “D, and must therefore be /ess than ie, 
LA. 
Given the same preliminaries, 111. 12 can be proved by means of m1. 8. 
Again, when the proposition 111. 12 is once proved, m1. 8 helps us to prove 


at once that the circles lie entirely outside each other and have no other 
common point than the point of contact. 


Among Pappus’ lemmas to Apollonius’ Zactiones are the two partial 
converses of this proposition corresponding to those given in the last note. 
Lemma 4 (vir. p. 824) is to the effect that, 7 AB, AC de iz one straight line, B 
and C being on opposite sides of A, the circles drawn on AB, AC as diameters 
touch externally at A, Lemma 3 (vil. p. 822) states that, 27. two circles touch 
externally at A and BAC 7s drawn through A cutting both circles and containing 
the centre of one, BAC will also contain the centre of the other. The proofs, as 
before, use the common tangent at 4. 


Mr H. M. Taylor gets over the difficulties involved by ml. 11, 12 Ina 
manner which Is most ingenious but not Euclidean. He first proves that, 2/ two 
circles meet at a point not in the same straight line with thetr centres, the circles 
intersect at that point; this is very easily established by means of ur. 7, ὃ and 
the third similar theorem. Then he gives as a corollary the statement that, Ζῇ 
two circles touch, the point of contact ts in the same straight line with ther 
centres. It is not explained how this is inferred from the substantive 
proposition; it seems, however, to be a Jogical inference simply. By the 
proposition, every 4 (circles meeting at a point not in the same straight line 
with the centre) is & (circles which intersect); therefore every not-# 15 not-A, 
1.6. circles which do not intersect do not meet at a point not in the same 
straight line with the centres. Now non-intersecting circles may either meet 
(i.e. touch) or not meet. In the former case they must meet ov the line of 
centres: for, if they met at a point not in that line, they would intersect. But 
such a purely /ogical inference is foreign to Euclid’s manner. As De Morgan 
says, “‘ Euclid may have been ignorant of the identity of ‘Every X is Y’ and 
‘Every not- Y is not-X,’ for anything that appears in his writings; he makes 
the one follow from the other by a new proof each time” (quoted in Keynes’ 
formal Logit, p. 81). 

There is no difficulty in proving, by means of 1. 20, Mr Taylor’s next 
proposition that, 7f ¢wo circles meet at a point which lies in the same straight 
line as their centres and 1s between the centres, the circles touch at that point, and 
each circle lies without the other, But the similar proof, by means of 1. 20, of 
the corresponding theorem for internal contact seems to be open to the same 
objection as Euclid’s proof of 111. 11 in that it assumes without proof that the 
circle which has its centre nearest to the point of meeting is the “inner” 
Circle. Lastly, in order to prove that, if two cirdes have a point of contact, they 
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do not meet at any other point, Mr Taylor uses the questionable corollary. 
Therefore in any case his alternative procedure does not seem preferable to 
Euclid’s. 

The alternative to Eucl. ui. 11-13 which finds most favour in modern 
continental text-books (eg. Legendre, Baltzer, Henrici and ‘Treutlein, 
Veronese, Ingrami, Enriques and Amaldi) connects the number, position and 
nature οὗ the coincidences between points on two circles with the relation in 
which the distance between their centres stands to the length of their radii. 
Enriques and Amaldi, whose treatment of the different cases is typical, give 
the following propositions (Veronese gives them in the converse form). 


1. Lf the distance between the centres of two circles ts greater than the sum 
of the radi, the two circles have no point common and are external to one 
another. 

Let O, O' be the centres of the circles (which we will call “ the circles 
O, ΟἽ, x, + their radi respectively. 

Since then OO'>++ 7, a fortiori OO'>r, and Οἱ is therefore exterior to 
the circle O. 

Next, the circumference of the circle O intersects OO’ in a point 4, and 
since OO'>r+r’, 46 »γ', and A 15 
external to the circle Ὁ", 

But O’A is less than any straight 
line, as O'2, drawn to the circum- 
ference of the circle O [111. 8]; hence 
all points, as Z, on the circumference 
of the circle O are external to the circle 
O’. 

Lastly, if C be any point internal 
to the circle O, the sum of OC, O’C is 
greater than O'O, and a fortiori greater than r+ ζ΄. 

But OC 15 less than ~: therefore Οὐ Οἱ is greater than γ΄, or C is external 
to O. 

Similarly we prove that any point on or within the circumference of the 
circle O' is external to the circle O. 


2. Lf the distance between the centres of two unegual circles ts less than the 
difference of the radit, the two circumferences have no common point and the lesser 
circle ts entirely within the greater. 

Let O, O' be the centres of the two circles, 7, 7 their radii respectively 
(r<7), 

Since OO' <r — x, a fortiori OO' <r’, so that O is 
internal to the circle Οἱ, 

If A, A’ be the points in which the straight line 
O'O intersects respectively the circumferences of the 
circles O, Οἱ, AVA 

O'0O is less than Οἱ 4’ -- OA, 
so that O'O+ OA, or O'A, is less than O'4’, 
and therefore 4 is internal to the circle Οἱ. 


But, of all the straight lines from O’ to the circumference of the circle O, 
O'A passing through the centre O is the greatest [111. 7] ; 


whence all the points of the circumference of O are internal to the circle Οἱ. 


_ A similar argument to the preceding will show that all points within the 
circle O are internal to the circle Οὐ. 
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3. Lf the distance between the centres of two circles ts equal to the sum of the 
radit, the two circumferences have one point common and one only, and that point 
is on the line of centres. Each circle ts external to the other. 

Let O, O' be the centres, 7, 7 the radii of the circles, so that OO’ is equal 
ἴο 7. 7΄. 

Thus ΟΟ' is greater than 7, so that Οἱ 
is external to the circle O, and the circum- 
ference of the circle O cuts OO’ in a 
point A. 

And, since OO’ is equal to r+~7, and 
OA to 7, it follows that O'A is equal to γ΄, 
so that 4 belongs also to the circumference 
of the circle ΟἹ. 

The proof that all other points on, and 
all points within, the circumference of the circle O are external to the circle O' 
follows the similar proof of prop. 1 above. And similarly all points (except 4) 
on, and all points within, the circumference of the circle Οἱ are external to the 
circle O. 

The two circles, having one common point only, Zouch at that point, which 
lies, as shown, on the line of centres. And, since the circles are external to 
one another, they touch externally. 


4. Lf the distance between the centres of two unegual circles is equal to the 
difference between the radi, the two carcumferences have one point and one only in 
common, and that point lies on the line of centres. The lesser cixcle ts within the 
other. 


The proof is that of prop. 2 above, mutatis mutandis. 
The circles here touch zvzternally at the point on the line of centres. 


5. Lf the distance between the centres of two circles is less than the sum, and 
greater than the difference, of the radit, the two circumferences have two common 
points symmetrically situated with respect to the line of centres but not lying on 
that line. 

Let O, O' be the centres of the two circles, , 7 their radu, 7 being the 
greater, so that 

r—r< OC «γεΐ. 

It follows that in any case OO'+r> γ΄, so that, if OA be taken on O'O 
produced equal to 7 (so that 47 is on the circumference of the circle O), AZ is 
external to the circle Οἱ, 

We have to use the same Postulate as in Eucl. 1. 1 that 

An are of a circle whith has one extremity within and the other without a 
given circle has one point common with the 
latter and only one; from which it follows, A 
if we consider two such arcs making a 
complete circumference, that, ¢f @ circum- 
ference of a circle passes through one point 
internal to, and one point external to a Μ 
given circle, it cuts the latter circle in two 
points. 

We have then to prove that the circle O, 
besides having one point AZ of its circum- 
ference external to the circle O’, has one other point of its circumference (2) 
internal to the latter circle. 
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32 BOOK III [tit 12, 13 


Three cases have to be distinguished according as OO' 1s greater than, equal 
to, or less than, the radius ~ of the lesser circle. 


(1 OO'>r. (See the preceding figure.) A 
Measure OZ along OO’ equal to 7, so that 

Z lies on the circumference of the circle O. 
Then, since OO’ <r+7, ΟἽ will be less ΛΝ 


than 7’, so that Z is within the circle O’. M Ὁ 
(2) OO =r. 
In this case the circumference of the circle 
O passes through O’, or Z coincides with ΟἹ. *5 

(3): OO = 7. 

If we measure OZ along OO’ equal to 7, the point Z will lie on the 


circumference of the circle O. 
Then OL=r- 00, Ὰ 


so that ΟΖ «-7, and a fortiori OL <r, so that Z 
lies within the circle 0’. 
Thus, in all three cases, since the circumference yy 


of O passes through one point (J7) external to, and 
one point (Z) internal to, the circle O’, the two 
circumferences intersect in two points 4, B | Post. | 


And A, & cannot lie on the line of centres OO’, B 
since this straight line intersects the circle O in 
LI, M only, and of these points one 15 inside, the other outside, the circle O’. 
Since 4.8 is a common chord of both circles, the straight line bisecting it 
at right angles passes through both centres, 1.6. is identical with OO’. 
And again by means of 111. 7, 8 we prove that all points except 4, & on 
the arc 4.2.8 lie within the circle O’, and all points except A, B on the arc 
AMB outside that circle ; and so on. 


PROPOSITION 13. 


A circle does not touch a circle at more points than one, 
whether it touch τέ internally or externally. 


For, if possible, let the circle ASDC touch the circle 
EBFL, first internally, at more 
5 points than one, namely 2), ὁ. 
Let the centre G of the circle 
ABDC, and the centre A of 
EBFD, be taken. 
Therefore the straight line 
τὸ joined from G to A will fall on 
δ, δ. [ππ||. 13] 
Let it so fall, as BGAD. 
Then, since the point G is 
the centre of the circle 4.200, 


15 BG is equal to GD; 
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therefore SG is greater than HD; 
therefore BH is much greater than HD. 


Again, since the point A is the centre of the circle 
EBED, 


20 Bf is equal to HD; 


but it was also proved much greater than it: which is 
impossible. 

Therefore a circle does not touch a circle internally at 
more points than one. 


25 I say further that neither does it so touch it externally. 
For, if possible, let the circle ACK touch the circle 
ABDC at more points than one, namely A, C, 


and let AC be joined. 


Then, since on the circumference of each of the circles 

30 ABDC, ACK two points 4, C have been taken at random, 
the straight line joining the points will fall within each 
circle ; | [π|. 2] 


but it fell within the circle ABCD and outside ACK 
(111. Def. 3]: which is absurd. 


35 Therefore a circle does not touch a circle externally at 
more points than one. 
And it was proved that neither does it so touch it 
internally. 
Therefore etc. Q. E. Ὁ. 


3, 7, 14, 27, 30, 33. ABDC. Euclid writes 1.8.6 (here and in the next proposition), 
notwithstanding the order in which the points are placed in the figure. 

25, 37. does it so touch it. It is necessary to supply these words which the Greek 
(ὅτι οὐδὲ ἐκτός and ὅτι οὐδὲ ἐντός) leaves to be understood. 


The difficulties which have been felt in regard to the proofs of this 
proposition need not trouble us now, because they have already been disposed 
of in the discussion of the more crucial propositions 111. 11, 12. 

Euclid’s proof of the first part of the proposition differs from Simson’s ; 
and we will deal with Euclid’s first. On this Camerer remarks that it is 
assumed that the supposed second point of contact lies on the line of centres 
produced beyond the centre of the “outer” circle, whereas all that is proved in 
III. 11 is that the line of centres produced beyond the centre of the “inner” circle 
passes through a point of contact. But, by the same argument as that given 
ΟἿ Ill. 11, we show that the circles cannot have a point of contact, or even 
any common point, outside the line of centres, because, if there were such a 
point, there would be a corresponding common point on the other side of the 
line, and the circles would have /4vee common points. Hence the only 
hypothesis left is that the second point of contact may be ov the line of 
centres but in the direction of the centre of the “‘ oud¢er” circle; and Euclid’s 
proof disposes of this hypothesis. 
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Heron (in an-Nairizi, ed. Curtze, pp. 122—4), curiously enough, does not 
question Euclid’s assumption that the line of centres passes through both 
points of contact (if double contact is possible) ; but he devotes some space to 
proving that the centre of the “outer” circle must lie within the “inner” circle, a 
fact which he represents Euclid as asserting (“sicut dixit Euclides”), though 
there is no such assertion in our text. The proof of the fact 1s of course easy. 
If the line of centres passes through def points of contact, and the centre of 
the “outer” circle lies either on or outside the ‘‘inner” circle, the line of 
centres must cut the “inner” circle in ¢4vee points in all: which 1s impossible, 
as Heron shows by the lemma, which he places here (and proves by 1, 16), 
that a straight line cannot cut the circumference of a circle tn more points 
than tivo. 

Simson’s proof is as follows (there is no real need for giving two figures as 
he does). 

“If it be possible, let the circle #A/ touch the circle 4&C in more 
points than one, and first on the inside, in the 
points B, DY; join BD, and draw GAH bisecting 
LD at right angles. 

Therefore, because the points 4, J are in the 
circumference of each of the circles, the straight 
line AD falls within each of them: And their 
centres are in the straight line GA which bisects 
BD at right angles: 

Therefore GAH passes through the point of 
contact (1. τα}; but it does not pass through it, 
because the points &, DY are without the straight lime GAH: which is absurd. 

Therefore one circle cannot touch another on the mside in more points 
than one.” 

On this Camerer remarks that, unless 11. 11 be more completely elucidated 
than it is by Euclid’s demonstration, which Simson has, it is not sufficiently 
clear that, besides the point of contact in which Ο meets the circles, they 
cannot have another point of contact either (1) on GH or (2) outside it. 
Here again the latter supposition (2) is rendered impossible because in that 
case there would be a third common point on the opposite side of GA7; and 
the former supposition (1) is that which Euclid’s proof destroys. 

Simson retains Euclid’s proof of the second part of the proposition, though 
his own proof of the first part would apply to the second part also if a 
reference to II. 12 were substituted for the reference to ΠῚ. 11. Euclid might 
also have proved the second part by the same method as that which he 
employs for the first part. 


PROPOSITION I4. 


In a circle equal strarght lines are equally distant from 
the centre, and those which are equally distant from the centre 
are equal to one another. 

Let ABDC be a circle, and let 44, CD be equal straight 
lines in it; 

I say that 418, CY are equally distant from the centre. 
For let the centre of the circle ABDC be taken [m. 1], 
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and let it be &; from 5 let 27, EG be drawn perpendicular 
to AB, CD, and let AZ, EC be joined. 


Then, since a straight line £/ through D 
the centre cutsa straight line 42 not through 
the centre at right angles, it also bisects it. 8 


[ππ|. 4] 


Therefore 4F is equal to FA; 
therefore AZ is double of AF. G 
For the same reason 
CD is also double of CG: 
and AZ is equalto CD; 
therefore AF is also equal to CG. 
And, since AZ is equal to AC, 
the square on AZ is also equal to the square on EC. 
But the squares on 4/, AF are equal to the square on AZ, 
for the angle at F is right ; 


and the squares on £G, GC are equal to the square on EC, 
for the angle at G is right ; [1. 47] 


therefore the squares on AF, FE are equal to the 
squares on CG, GE&, 


of which the square on AY is equal to the square on CG, 
for Af is equal to CG ; 


therefore the square on ΚΦ which remains is equal to 
the square on £G, 


therefore £F is equal to £G. 


But in a circle straight lines are said to be equally distant 
from the centre when the perpendiculars drawn to them from 
the centre are equal ; πη. Def. 4] 


therefore 44, CD are equally distant from the centre. 
Next, let the straight lines 42, Ο be equally distant 
from the centre; that is, let AF be equal to £G. 
I say that AZ its also equal to CD. 
For, with the same construction, we can prove, similarly, 


that AB is double of AF, and CD of CG. 
And, since AZ is equal to CZ, 
the square on AZ is equal to the square on CL. 


But the squares on 4 F/, (A are equal to the square on AZ, 
and the squares on EG, GC equal to the square on CZ. [τ 47] 


3-θἪ 2 


Ὁ 
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Therefore the squares on 52, (A are equal to the 
squares on EG, GC, 
of which the square on “F is equal to the square on £G, 
for EF is equal to AG; 
therefore the square on 4A/ which remains is equal to the 
square on CG ; 
therefore 4F is equal to CG. 
And AB is double of Af, and CD double of CG; 
therefore ABZ is equal to CD. 
Therefore etc. 
Q. E. D. 


Heron (an-Nairizi, pp. 1257) has an elaborate addition to this proposition 
in which he proves, first by veductio ad absurdum, and then directly, that the 
centre of the circle falls between the two chords. 


PROPOSITION 15. 


Of straight lines in a circle the diameter ts greatest, 
and of the vest the nearer to the centre 2s always greater than 
the niore remote. 


Let ABCD be a circle, let AD be its diameter and £ 
the centre; and let BC be nearer to the 
diameter AD, and /G more remote ; 

I say that 4D is greatest and BC 
greater than FG. 

For from the centre 5 let FH, EK 
be drawn perpendicular to BC, FG. 

Then, since BC is nearer to the 
centre and /G more remote, EK is 
greater than AH. (111. Def. 5] 

Let AL be made equal to AH, 
through ZL let ZW be drawn at right 


angles to #X and carried through to. N, and let WE, EN, 
FE, £G be joined. 


Then, since EA is equal to EL, 

BC is also equal to AZN. (11. 14] 
Again, since AZ is equal to EM, and ED to EN, 

AD is equal to ME, EN. 


Ill. 15, 16] PROPOSITIONS 14—16 37 


But AZZ, EN are greater than WN, ᾿ [x. 20] 
and AZM is equal to BC; 
therefore 4D is greater than BC. 


And, since the two sides AZZ, EN are equal to the two 
sides FA, AG, 


and the angle JZE.N greater than the angle FAG, 
therefore the base AZ is greater than the base FG. [1 24] 


But ZN was proved equal to BC. 


Therefore the diameter 4D is greatest and AC greater 
than Ζ Ὁ. 


Therefore etc. 
Q. Ε. Ὁ. 


1. Οὐ straight lines. The Greek leaves these words to be understood. 


It will be observed that Euclid’s proof differs from that given in our text- 
books (which is Simson’s) in that Euclid introduces another line AZ, which 
is drawn so as to be equal to AC but at right angles to #X and therefore 
parallel to δ. Simson dispenses with AZV and bases his proof on a similar 
proof by Theodosius (Sphaerica 1.6). He proves that the sum of the squares 
on LH, HS is equal to the sum of the squares on £XK, KF; whence he 
infers that, since the square on . 24 15 less than the square on 4A, the square 
on BA is greater than the square on #X. It may be that Euclid would have 
regarded this as too complicated an inference to make without explanation or 
without an increase in the number of his axioms. But, on the other hand, 
Euclid himself assumes that the angle subtended at the centre by AV is 
greater than the angle subtended by /G, or, in other words, that 44, /V both 
fall outside the triangle “EG. This is a similar assumption to that made in 
il. 7, 8, as already noticed; and its truth is obvious because 2, ZX, being 
radii of the circle, are greater than the distances from & to the points in which 
MN cuts EF, EG, and therefore the latter points are nearer than AZ, /Vare to 
ZI, the foot of the perpendicular from # to ALN. 

Simson adds the converse of the proposition, proving it in the same way 
as he proves the proposition itself. 


PROPOSITION 16. 


The straight line drawn at right angles to the diameter 
of actrcle from τίς extremity wrll fall outside the circle, and 
onto the space between the strarght tine and the circumference 
another straight line cannot be interposed ; further the angle 
of the semzcircle 1s greater, and the remaining angle less, than 
any acute rectileneal angle. 


Let ABC be a circle about J as centre and AZ as 
diameter ; 
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I say that the straight line drawn from 4 at right angles 
to AB from its extremity will fall 
outside the circle. 

For suppose it does not, but, 
if possible, let it fall within as CA, 
and let DC be joined. 

Since DA is equal to DC, 

the angle DAC is also equal to 
the angle 4CD. [5 -- π-ῶξεε 

But the angle DAC is right; 

therefore the angle ACD is also right: 
thus, in the triangle ACD, the two angles DAC, ACD are 
equal to two right angles: which is impossible. [τ 17] 

Therefore the straight line drawn from the point A at 
right angles to BA will not fall within the circle. 

Similarly we can prove that neither will it fall on the 
circumference ; 

therefore it will fall outside. 


Let it fallas AZ; 

I say next that into the space between the straight line AZ 
and the circumference C/7A another straight line cannot be 
interposed. 

For, if possible, let another straight line be so interposed, 
as FA, and let DG be drawn from the point D perpendicular 
to FA. 

Then, since the angle AGWD is right, 

and the angle DAG is less than a right angle, 
AJL is greater than DG. [1. 19] 

But DA is equal to D7; 

therefore D// is greater than DG, the less than the 
greater: which is impossible. 

Therefore another straight line cannot be interposed into 
the space between the straight line and the circumference. 


I say further that the angle of the semicircle contained by 
the straight line GA and the circumference C/7A is greater 
than any acute rectilineal angle, 


and the remaining angle contained by the circumference CHA 
and the straight line _4Z is less than any acute rectilineal angle. 

For, if there is any rectilineal angle greater than the 
angle contained by the straight line 6 and the circumference 
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(ΠΩ͂, and any rectilineal angle less than the angle contained 
by the circumference CHA and the straight line 4Z, then 
into the space between the circumference and the straight line 
AF a straight line will be interposed such as will make an 
angle contained by straight lines which is greater than the 
angle contained by the straight line B4 and the circumference 
C/7A, and another angle contained by straight lines which 
is less than the angle contained by the circumference CHA 
and the straight line AZ. 
But such a straight line cannot be interposed ; 


therefore there will not be any acute angle contained by 
straight lines which is. greater than the angle contained by 
the straight line BA and the circumference CHA, nor yet 
any acute angle contained by straight lines which is less than 
the angle contained by the circumference CHA and the 
straight line 42.— 


Porism. From this it is manifest that the straight line 
drawn at right angles to the diameter of a circle from its 


extremity touches the circle. ἄς ED 


4. cannot be interposed, literally ‘‘ will not fall in between” (οὐ παρεμπεσεῖϊται), 


This proposition is historically interesting because of the controversies to 
which the last part of it gave rise from the 13th to the 17th centuries. 
History was here repeating itself, for it 1s certain that, in ancient Greece, both 
before and after Euclid’s time, there had been a great deal of the same sort 
of contention about the nature of the “angle of a semicircle” and the 
“remaining angle” between the circumference of the semicircle and the 
tangent at its extremity. As we have seen (note on 1. Def. 8), the latter angle 
had a recognised name, κερατοειδὴς γωνία, Aorn-like or cornicular angle ; 
though this term does not appear in Euclid, it 1s often used by Proclus, 
evidently as a term well understood. While it is from Proclus that we get the 
best idea of the ancient controversies on this subject, we may, I think, infer 
their prevalence in Euclid’s time from this solitary appearance of the two 
“angles” in the £Léements. Along with the definition of the angle of a 
segment, it seems to show that, although these angles are only mentioned to 
be dropped again immediately, and are of no use in elementary geomeiry, or 
even at all, Euclid thought that an allusion to them would be expected of 
him ; it is as if he merely meant to guard himself against appearing to ignore 
a subject which the geometers of his time regarded with interest. If this 
conjecture is right, the mention of these angles would correspond to the 
insertion of definitions of which he makes no use, e.g. those of a rhombus and 
a rhomboid. 

Proclus has no hesitation in speaking of the “angle of a semicircle” and 
the “horn-like angle” as true azgées. Thus he says that “angles are contained 
by a straight line and a circumference in two ways; for they are either 
contained by a straight line and a convex circumference, like that of the semi- 
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circle, or by a straight line and a concave circumference, like the κερατοειδῆς ” 
(p. 127, 11—14). ‘There are mzxed lines, as spirals, and angles, as the angle 
of a semicircle and the xeparoedys” (p. 104, 16—18). The difficulty which 
the ancients felt arose from the very fact which Euclid embodies in this 
proposition. Since an angle can be divided by a line, it would seem to be a 
magnitude; “but if it is a magnitude, and all homogeneous magnitudes which 
are finite have a ratio to one another, then all homogeneous angles, or rather 
all those on surfaces, will have a ratio to one another, so that the cornicular 
will also have a ratio to the rectilineal. But things which have a ratio to one 
another can, if multiplied, exceed one another. Therefore the cormicudar 
angle will also sometime exceed the rectilineal ; which is impossible, for it 1s 
proved that the former is less than any rectilineal angle” (Proclus, p. 121, 
24—122, 6). The nature of contact between straight lines and circles was 
also involved in the question, and that this was the subject of controversy 
before Euclid’s time is clear from the title of a work attributed to Democritus 
(fl. 420—400 B.C.) περὶ διαφορῆς γνώμονος ἢ περὶ ψαύσιος κύκλου καὶ odaipys, 
On a difference in a gnomon or on contact of a circle and a sphere. ‘There 15, 
however, another reading of the first words of this title as given by Diogenes 
Laertius (1x. 47), namely περὶ διαφορῆς γνώμης, On a difference of opinion, etc. 
May it not be that neither reading is correct, but that the words should be 
περὶ διαφορῆς ywvins ἢ wept ψαύσιος κύκλου καὶ σφαίρης, On a difference in an 
angle or on contact with a circle and a sphere? There would, of course, 
hardly be any “angle” in connexion with the sphere; but I do not think that 
this constitutes any difficulty, because the sphere might easily be tacked on as 
a kindred subject to the circle. A curiously similar collocation of words 
appears in a passage of Proclus, though this may be an accident. He says 
(p. 50, 4) πῶς δὲ γωνιῶν διαφορὰς λέγομεν καὶ αὐξήσεις αὐτῶν ... and then, in 
the next line but one, πῶς δὲ τὰς ἁφὰς τῶν κύκλων ἢ τῶν εὐθειῶν, “In what 
sense do we speak of differences of angles and of tncreases of them ...and in 
what sense of the contacts (or meetings) of cércées or of straight lines?” 
I cannot help thinking that this subject of cormicudar angles would have had 
a fascination for Democritus as being akin to the question of infinitesimals, 
and very much of the same character as the other question which Plutarch 
(On Common Notions, XXXIX. 3) says that he raised, namely that of the 
relation between the base of a cone and a section of it by a plane parallel to 
the base and apparently, to judge by the context, infinitely near to it: “‘if 
a cone were cut by a plane parallel to its base, what must we think of the 
surfaces of the sections, that they are equal or unequal? For, if they are 
unequal, they will make the cone irregular, as having many indentations like 
steps, and unevennesses; but, if they are equal, the sections will be equal, 
and the cone will appear to have the property of the cylinder, as being made 
up of equal and not unequal circles, which is the height of absurdity.” 

The contributions by Democritus to such investigations are further attested 
by a passage in a new fragment of Archimedes (see Heiberg, Zine neue 
Archimedes-Handschrift in Hermes XL. 1907, pp. 235—303), which says 
(doc. ct#., pp. 245, 246) that, though Eudoxus was the first to discover the 
scientific proof of the propositions (attributed to him) that the cone and the 
pyramid are one-third of the cylinder and prism respectively which have 
the same base and height, they were first stated, without proof, by Democritus. 

A full history of the later controversies about the cornicular “‘ angle ἢ 
cannot be given here; more on the subject will be found in Camerer’s 
Euclid (Excursus rv. on m1. 16) or in Cantor’s Geschichte der Mathematth, 
Vol. τ, (see Contingenzwinkel in the index). But the following short note 
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about the attitude of certain well-known mathematicians to the question will 
perhaps not be out of place. Johannes Campanus, who edited Euclid in 
the 13th century, inferred from 11. 16 that there was a flaw in the principle 
that the transition from the less to the greater, or vice versié, takes place through 
all intermediate quantities and therefore through the equai. Τί a diameter of a 
circle, he says, be moved about its extremity until it takes the position of the 
tangent to that circle, then, as long as it cuts the circle, it makes an acute 
angle éess than the “angle of a semicircle”; but the moment it ceases to cut, 
it makes a right angle grea/er than the same “angle of a semicircle.” The 
rectilineal angle is never, during the transition, eguva/ to the “angle of a semi- 
circle.” There is therefore an apparent inconsistency with x. τ, and Campanus 
could only observe (as he does on that proposition), in explanation of the 
paradox, that “these are not angles in the same sense (univoce), for the 
curved and the straight are not things of the same kind without qualification 
(simpliciter).” The argument assumes, of course, that the right angle 2s 
greater than the “angle of a semicircle.” 

Very similar is the statement of the paradox by Cardano (1501—1576) 
who observed that a guantity may continually increase without limit, and 
another diminish without limit; and yet the first, however increased, may be less 
than the second, however diminished. The first quantity is of course the angle 
of contact, as he calls it, which may be “‘increased” indefinitely by drawing 
smaller and smaller circles touching the same straight line at the same point, 
but will always be less than any acute rectilineal angle however small. 

We next come to the French geometer, Peletier (Peletarius), who edited the 
Elements in 1557, and whose views on this subject seem to mark a great advance. 
Peletier’s opinions and arguments are most easily accessible in the account of 
them given by Clavius (Christoph Schliissel, 1537—1612) in the 1607 edition 
of his Euclid. The violence of the controversy between the two will be 
understood from the fact that the arguments and counter-arguments (which 
sometimes run into other matters than the particular question at issue) cover, 
in that book, 26 pages of small print. Peletier held that the “angle of 
contact” was not an angle at all, that the “contact of two circles,” Le. the 
‘‘angle” between the circumferences of two circles touching one another 
internally or externally, is not a guantity, and that the “contact of a straight 
line with a circle” is not a guanfity either; that angles contained by a 
diameter and a circumference whether inside or outside the circle are righ? 
angles and equal to rectilineal right angles, and that angles contained by a 
diameter and the circumference in αὐ circles are egual. The proof which 
Peletier gave of the latter proposition in a letter to Cardano is sufficiently 
ingenious. If a greater and a less semicircle be placed with their diameters 
terminating at a common point and lying in a straight line, then (1) the angle 
of the larger obviously cannot be Zess than the azgfe of the smaller. Neither 
(2) can the former be greater than the latter; for, if it were, we could obtain 
another azgle of a semicircle greater still by drawing a still larger semicircle, 
and so on, until we should ultimately have an axg/e of a semicircle greater than 
a right angle: which is impossible. Hence the axgles of semicircles must all 
be egua/, and the differences between them xzothing. Having satisfied himself 
that all angles of contact are not-angles, zo¢-quantities, and therefore xothings, 
Peletier holds the difficulty about x. 1 to be at an end. He adds the 
interesting remark that the essence of an angle is in cudfimg, not contact, and 
that a tangent is not clined to the circle at the point of contact but is, as it 
were, zvimiersed in it at that point, just as much as if the circle did not diverge 
from it on either side. 
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The reply of Clavius need not detain us. He argues, evidently appealing 
to the eye, that the angle of contact can be divided by the arc of a circle 
greater than the given one, that the angles of two semicircles of different sizes 
cannot be equal, since they do not coincide if they are applied to one another, 
that there is nothing to prevent azigles of contact from being guaniities, it being 
only necessary, in view of x. 1, to admit that they are not of the same kind as 
rectilineal angles; lastly that, if the angle of contact had been a zothing, 
Euclid would not have given himself so much trouble to prove that it 1s less 
than any acute angle. (The word is desudasset, which is certainly an 
exaggeration as applied to what is little more than an odzfer dictum in I. 16.) 

Vieta (1540—1603) ranged himself on the side of Peletier, maintaining 
that the angle of contact is no angle; only he uses a new method of proof. 
The circle, he says, may be regarded as a plane figure with an infinite number 
of sides and angles; but ἃ straight line touching a straight line, however short 
it may be, will coincide with that straight line and untl not make an angle. 
Never before, says Cantor (1), p. 540), had it been so plainly declared what 
exactly was to be understood by conzact. 

Galileo Galilei (1564--1642) seems to have held the same view as Vieta 
and to have supported it by a very similar argument derived from the com- 
parison of the circle and an inscribed polygon with an infinite number of 
sides. 

The last writer on the question who must be mentioned 15 John Wallis 
(1616—1703). He published in 1656 a paper entitled De angulo contactus et 
semicircull tractatus in which he also maintained that the so-called angle was 
not a true angle, and was not a guantity. Vincent Leotaud (1595—1672) 
took up the cudgels for Clavius in his Cyclomathia which appeared in 1663. 
This brought a reply from Wallis in a letter to Leotaud dated 17 February, 
1667, but not apparently published till it appeared in A defense of the treatise 
of the angle of contact which, with a separate title-page, and date 1684, was 
included in the English edition of his Algebra dated 1685. The essence of 
Wallis’ position may be put as follows. According to Euclid’s definition, a 
plane angle is an zuclination of two lines; therefore two lines forming an angle 
must zuclize to one another, and, if two lines meet without being znclined to 
one another at the point of meeting (which is the case when a circumference 
is touched by a straight line), the lines do not form an azgle. The “angle of 
contact ” is therefore no angle, because az the point of contact the straight line 
is not inclined to the circle but lies on it ἀκλινῶς, or is coincident with it. 
Again, as a point 1s not a line but a degzmning of a line, and a line is not a 
surface but a degzzning of a surface, so an angle is not the distance between 
two lines, but their initial tendency towards separation: Aneulus (seu gradus 
divaricationis) Distantia non est sed Inceptivus distantiae. How far lines, which 
at their point of meeting do not form an angle, separate from one another as 
they pass on depends on the degree of curvature (gradus curvitatis), and it is 
the latter which has to be compared in the case of two lines so meeting. The 
arc of a smaller circle is more curved as having as much curvature in a lesser 
length, and is therefore curved in a greater degree. Thus what Clavius called 
angulus contactus becomes with Wallis gradus curvitatis, the use of which 
expression shows that curvature and curvature can be compared according to 
one and the same standard. A straight line has the least possible curvature ; 
but of the ‘‘angle” made by it with a curve which it touches we cannot say that 
it is greater or less than the “angle” which a second curve touching the same 
straight line at the same point makes with the first curve; for in both cases 
there is no true angle at all (cf. Cantor 111, Ὁ. 24). 
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The words usually given as a part of the corollary “and that a straight line 
touches a circle at one point only, since in fact the straight line meeting it in 
two points was proved to fall within it” are omitted by Heiberg as being an 
undoubted addition of Theon’s. It was Simson who added the further remark 
that “it is evident that there can be but one straight line which touches the 
circle at the same point.” 


PROPOSITION 17. 


From a gwen point to draw a straight line touching a 
given circle, 


Let 4 be the given point, and BCD the given circle ; 
thus it is required to draw from the point 4 a straight line 
touching the circle BCD. 

For let the centre £ of the circle 
be taken ; (111. 1] 


let JE be joined, and with centre 5 
and distance AA let the circle 4G 
be described ; 


from 2 let DF be drawn at right 
angles to ZA, 


and let £/’, AB be joined ; 
I say that AB has been drawn from 
the point 4 touching the circle BCD. 
For, since & is the centre of the circles BCD, AFG, 
LA 1s equal to AF, and ED to £L; 
therefore the two sides 4, HZ are equal to the two sides Ὁ 
LL, LL» 
and they contain a common angle, the angle at £; 
therefore the base YF is equal to the base 44, 
and the triangle DZ is equal to the triangle BZA, 
and the remaining angles to the remaining angles ; [1. 4] 
therefore the angle EDF is equal to the angle ALA. 
But the angle ADF is right ; 
therefore the angle EBA is also right. 
Now &A# is a radius; 
and the straight line drawn at right angles to the diameter 
of a circle, from its extremity, touches the circle; [π|. τό, Por.] 
therefore AZ touches the circle BCD. 
Therefore from the given point 4 the straight line AA 
has been drawn touching the circle BCD. Q. EF. 
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The construction shows, of course, that two straight lines can be drawn 
from a given external point to touch a given circle; and it is equally obvious 
that these two straight lines are equal in length and equally inclined to the 
straight line joining the external point to the centre of the given circle. 
These facts are given by Heron (an-Nairizi, p. 130). 

It is true that Euclid leaves out the case where the given point [165 oz the 
circumference of the circle, doubtless because the construction is so directly 
indicated by τη. 16, Por. as to be scarcely worth a separate statement. 

An easier solution is of course possible as soon as we know (11. 31) that 
the angle in a semicircle is a night angle; for we have only to describe a 
circle on AZ as diameter, and this circle cuts the given circle in the two points 
of contact. 


PROPOSITION 18. 


Lf a straight line touch a circle, and a straight line be 
joined from the centre to the point of contact, the straight line 
so goined well be perpendicular to the tangent. 


For let a straight line DA touch the circle ABC at the 
point C, let the centre / of the 
circle ABC be taken, and let AC 
be joined from / to C; 


I say that /C is perpendicular to 
DE: 


For, if not, let FG be drawn 
from / perpendicular to DZ. 
Then, since the angle FGC is 
right, 
the angle ACG is acute; [1 17] 


and the greater angle is subtended 
by the greater side ; [1. 19] 


therefore FC is greater than FG. 
But FC is equal to FB; 
therefore /Z is also greater than FG, 
the less than the greater: which is impossible. 
Therefore /G is not perpendicular to 222. 


Similarly we can prove that neither is any other straight 
line Except δῸ; 


therefore /C is perpendicular to DE. 
Therefore etc. 
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Just as ΗΠ. 3 contains two partial converses of the Porism to Ul. 1, so 
the present proposition and the next give two partial converses of the 
corollary to 111. 16. We may show their relation thus: suppose three things, 
(1) a tangent at a point of a circle, (2) a straight line drawn from the centre to 
the point of contact, (3) right angles made at the point of contact [with (1) or 
(2) as the case may be}. Then the corollary to 1. 16 asserts that (2) and (3) 
together give (1), 1. 18 that (τ) and (2) give (3), and 111. 19 that (1) and (3) 
give (2), 1.6. that the straight line drawn from the point of contact at right 
angles to the tangent passes through the centre. 


PROPOSITION 10. 


If a strawght line touch a circle, and from the potnt of 
contact a straight line be drawn at right angles to the tangent, 
the centre of the circle will be on the straight line so drawn. 


For let a straight line D£ touch the circle 4 AC at the 


point ὦ, and from C let CA be 
drawn at right angles to DE ; 
I say that the centre of the circle 
is on AC. 

For suppose it is not, but, if 
possible, let # be the centre, 
and let C/ be joined. 

Since a straight line DZ touches 
the circle ABC, 
and #C has been joined from the 9 Ο Ε 
centre to the point of contact, 

FC is perpendicular to DE ; (111. 18] 
therefore the angle (CZ is right. 
But the angle 4CZ is also right ; 
therefore the angle CZ is equal to the angle 4CZ, 
the less to the greater: which is impossible. 

Therefore / is not the centre of the circle 4 BC. 

Similarly we can prove that neither is any other point 
except a point on 4C. 

Therefore ete. 


Q. E. Ὁ. 


We may also regard 111. 19 as a partial converse of 111. 18. Thus suppose 
(1) a straight line through the centre, (2) a straight line through the point of 
contact, and suppose (3) to mean perpendicular to the tangent; then in. 18 
asserts that (1) and (2) combined produce (3), and m1. 19 that (2) and (3) 
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produce (1); while again we may enunciate a second partial converse of 111. 18, 
corresponding to the statement that (1) and (3) produce (2), to the effect that 
a straight line drawn through the centre perpendicular to the tangent passes 
through the point of contact. 

We may add at this point, or even after the Porism to 111. 16, the theorem 
that fewo circles which touch one another internally or externally have a common 
tangent at their potnt of contact. For the line joining their centres, produced 
if necessary, passes through their point of contact, and a straight line drawn 
through that point at right angles to the line of centres is a tangent to both 
circles. 


PROPOSITION 20. 


Ln a circle the angle at the centre 2s double of the angle 
at the circumference, when the angles have the same circum- 
ference as base. 


Let ABC be a circle, let the angle GAC be an angle 
sat its centre, and the angle BAC an 
angle at the circumference, and let 
them have the same circumference BC 
as base; 
I say that the angle 5.0 is double of 4 
τὸ the angle BAC. C 
For let 4 be joined and drawn Ε 
through to / 
Then, since £4 is equal to ZB, B 
the angle £ AB is also equal to the 
15 angle ABA ; iss 
therefore the angles LAL, ELA are double of the angle 
EAB. 
But the angle BZF is equal to the angles EAB, EBA; 
[τι 32] 
therefore the angle BEF is also double of the angle 
200 LAB. 


For the same reason 
the angle FEC is also double of the angle ZAC. 


Therefore the whole angle BEC is double of the whole 
angle BAC. 


2s Again let another straight line be inflected, and let there 


be another angle BDC; let DE be joined and produced 
to G. 
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Similarly then we can prove that the angle GEC is 
double of the angle ADC, 


of which the angle GEB is double of the angle 528; 


therefore the angle B2C which remains is double of the 
angle BDC. 


Therefore etc. Q. E. Ὁ. 


25- let another straight line be inflected, κεκλάσθω δὴ πάλιν (without εὐθεῖα). The 
verb κλάω {to break of) was the regular technical term for drawing from a point a (broken) 
straight line which first meets another straight line or curve and is then dez¢ dack from it 
to another point, or (in other words) for drawing straight lines from two points meeting at a 
point on a curve or another straight line. κεκλάσθαι is one of the geometrical terms the 
definition of which must according to Aristotle be assumed (Amal. Post, 1. 10, 76 Ὁ 9). 


The early editors, Tartagha, Commandinus, Peletarius, Clavius and others, 
gave the extension of this proposition to the case where the segment is less 
than a semicircle, and where accordingly the “angle” corresponding to 
Huclid’s “angle at the centre” is greater than two right angles. The 
convenience of the extension is obvious, and the proof of it is the same as the 
first part of Euclid’s proof. By means of the extension 111. 21 is demonstrated 
without making two cases; 111. 22 will follow immediately from the fact that 
the sum of the “angles at the centre” for two segments making up a whole 
circle is equal to four nght angles; also 111. 31 follows immediately from the 
extended proposition. 

But all the editors referred to were forestalled in this matter by Heron, as 
we now learn from the commentary of an-Nairizi (ed. Curtze, p. 131 sqq.). 
Heron gives the extension of Euclid’s proposition which, he says, it had been 
left for him to make, but which is necessary in order that the caviller may not 
be able to say that the next proposition (about the equality of the angles 
in any segment) is not established generally, 1.6. in the case of a segment less 
than a semicircle as well as in the case of a segment greater than a semicircle, 
inasmuch as Ill. 20, aS given by Euclid, only enables us to prove it in the 
latter case. Heron’s enunciation is important as showing how he describes 
what we should now call an “angle” greater than two right angles. (The 
language of Gherard’s translation is, in other respects, a little obscure; but 
the meaning is made clear by what follows.) 

“The angle,” Heron says, “ which is at the centre of any circle is double 
of the angle which is at the circumference of it when one arc zs the base of both 
angles; and the remaining angles which are at the centre, and fill up the four 
right angles, are double of the angle at the circumference of the are which is 
subtended by the [original] angle which is at the centre.” 

Thus the “angle greater than two right angles” is for Heron the sum of 
certain “angles” in the Euclidean sense of angles less than two right angles. 
The particular method of splitting up which Heron adopts will be seen from 
his proof, which is in substance as follows. 

Let ΟΡ. be an angie at the centre, CAB that at the circumference, 

Produce BD, CD to #7, G; 


take any point Z on BC, and join BZ, EC, ED. 


Then any angle in the segment GAC is half of the angle BDC; and 
the sum of the angles BDG, GDF, FDC is double of any angle in the 
segment BEC. 
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Proof. Since CD is equal to £D, 
the angles DCH, DEC are equal. 


Therefore the exterior angle GD£ is equal to 
twice the angle DEC. 
Similarly the exterior angle DZ is equal to 
twice the angle DZS. 
By addition, the angles GDA, ΕΖ are double 
of the angle BEC. 

But 

the angle BDC is equal to the angle “DG, 


therefore ¢he sum of the angles BDG, GDF, FDC 
ἧς double of the angle BEC. 

And Euclid has proved the first part of the 
proposition, namely that the angle BDC is double 
of the angle BAC. 

Now, says Heron, BAC is any angle in the segment SAC, and therefore 
any angle in the segment BAC is half of the angle BDC. 

Therefore all the angles in the segment BAC are equal. 

Again, BEC is any angle in the segment SLC and is equal to half the 
sum of the angles BDG, GDF, FDC. 

Therefore all the angles in the segment BC are equal. 

Hence ll. 21 1s proved generally, 

Lastly, says Heron, 
since the sum of the angles BDG, GDF, FDC 15 double of the angle BEC, 
and the angle BDC is double of the angle BAC, 


therefore, by addition, the saz of four right angles is double of the sum of 
the angles BAC, BEC. 

Hence the angles 5.53.0, BEC are together equal to two right angles, and 
Ill. 22 1s proved. 


The above notes of Heron show conclusively, if proof were wanted, that 
Euclid had no idea of 111. 20 applying zz ferms (either as a matter of 
enunciation or proof) to the case where the angle at the circumference, or the 
angle in the segment, 1s oétuse. He would not have recognised the “angle” 
greater than two right angles or the so-called “straight angle” as being an 
angle at all. This is indeed clear from his definition of an angle as the 
inclination x.t.€, and from the language used by other later Greek mathe- 
maticians where there would be an opportunity for introducing the extension. 
Thus Proclus’ notion of a “four-sided triangle” (cf. the note above on the 
definition of a triangle) shows that he did not count a re-entrant angle as an 
angle, and Zenodorus’ application to the same figure of the word ‘‘hollow- 
angled” shows that in that case it was the exterior angle only which he would 
have called an angle. Further it would have been inconvenient to have 
introduced at the beginning of the Evements an “angle” equal to or greater 
than two right angles, because other definitions, eg. that of a right angle, 
would have needed a qualification. If an “angle” might be equal to two 
right angles, one straight line in a straight line with another would have 
satisfied Euclid’s definition of a right angle. This is noticed by Dodgson 
(p. 160), but it is practically brought out by Proclus on 1.13. “For he did 
not merely say that ‘any straight line standing on a straight line either makes 
two right angles or angles equal to two right angles’ but “77 2 make angles.’ 
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If it stand on the straight line at its extremity and make one angle, is it 
possible for this to be equal to two right angles? It is of course impossible ; 
Jor every rectilineal angle is less than two right angles, as every solid angle is 
less than four right angles (p. 292, 13—20).” [It is true that it has been 
generally held that the meaning of “angle” is tacitly extended in vi. 33, but 
there is no real ground for this view. See the note on the proposition. | 

It will be observed that, following his usual habit, Euclid omits the 
demonstration of the case which some editors, e.g. Clavius, have thought it 
necessary to give separately, the case namely where one of the lines forming 
the angle in the segment passes through the centre. Evuclid’s proof gives so 
obviously the means of proving this that it is properly left out. 

Todhunter observes, what Clavius had also remarked, that there are two 
assumptions in the proof of ||. 20, namely that, if 4 is double of & and C 
double of D, then the sum, or difference, of 4 and C 1s equal to double the 
sum, or difference, of 4 and P respectively, the assumptions being particular 
cases of v. τ and v. 5. But of course it is easy to satisfy ourselves of the 
correctness of the assumption without any recourse to Book v. 


PROPOSITION 21. 


In a circle the angles in the same segnient ave egual to one 
another. 


Let ABCD be a circle, and let the angles BAD, BED 
be angles in the same segment BALD; 
I say that the angles BAD, BED are 
equal to one another. 

For let the centre of the circle 
ABCD be taken, and let it be /; let 
BF, FD be joined. 

Now, since the angle L/D 1s at 
the centre, 

and the angle BAD at the circum- SC 
ference, 

and they have the same circumference BCD as base, 
therefore the angle B/D is double of the angle BAL. [ut 20] 

For the same reason 

the angle BFD is also double of the angle BED ; 

therefore the angle BAD is equal to the angle BED. 

Therefore etc. 


A 


Q. E. Ὁ. 


Under the restriction that the “angle at the centre” used in 11. 20 must 
be less than two right angles, Euclid’s proof of this proposition only applies 
to the case of a segment greater than a semicircle, and the case of a segment 
equal to or less than a semicircle has to be considered separately. The 
simplest proof, of many, seems to be that of Simson. 


H. E, Il. 4 
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“But, if the segment BALD be not greater than a semicircle, let BAD, 
BED be angles in it: these also are equal to one 
another. 

Draw AF to the centre, and produce it to C, and 
join CZ. 

Therefore the segment BADC is greater than a 
semicircle, and the angles in it BAC, BEC are equal, 
by the first case. 

For the same reason, because ChZD is greater 
than a semicircle, 

the angles CAD, C&D are equal. 
Therefore the whole angle BAD is equal to the whole angle BED.” 


We can prove, by means of reductio ad absurdum, the important converse 
of this proposition, namely that, 27. there be any two triangles on the same base 
and on the same side of it, and with equal vertical angles, the circle passing 
through the extremities of the base and the vertex of one triangle wll pass 
through the wertex of the other triangle also. That a circle can be thus 
described about a triangle is clear from Euclid’s construction in ΠΙ. 9, which 
shows how to draw a circle passing through any three points, though it is 
in tv. § only that we have the problem stated. Now, 
suppose a circle BAC drawn through the angular D 
points of a triangle BAC, and let BDC be another A 
triangle with the same base &C and on the same side 
of it, and having its vertical angle 2 equal to the 
angle A. Then shall the circle pass through D. 

For, if it does not, it must pass through some point 
£ on SD or on BD produced. If then ZC be Bg 
joined, the angle BEC is equal to the angle BAC, 
by ul 21, and therefore equal to the angle BDC. 

Therefore an exterior angle of a triangle is equal to 
the interior and opposite angle: which 15 impossible, by 1. 16. 

Therefore D lies on the circle BAC. 

Similarly for any other triangle on the base AC and with vertical angle 
equal to A. Thus, 27 any number of triangles be constructed on the same base 
and on the same side of it, with equal vertical angles, the vertices will all lie on 
the circumference of a segment of a circle. 


A useful theorem derivable from 111. 21 is given by Serenus (De sectione 
coni, Props. 52, 53). 
If ADB be any segment of a circle, and C be such a point on the 
circumference that AC is equal to CB, and if 
there be described with C as centre and radius Ε 
CA or (5 the circle 4.41}, then, 4.22.5. being 
any other angle in the segment 4CS, and BD 
being produced to meet the outer segment in 
£, the sum of 4D, DB is equal to BEL. E 
If BC be produced to meet the outer 
segment in /, and #4 be joined, 


CA, CL, CF are by hypothesis equal. 
Therefore the angle #4C is equal to the 


angle AFC. : ἡ 
Also, by πι. 21, the angles ACA, ADB are equal ; 


Q 
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therefore their supplements, the angles 462, ADE, are equal. 

Further, by 111. 21, the angles 448, AFB are equal. 

Hence in the triangles 4 CF, A DZ two angles are respectively equal ; 

therefore the third angles EAD, FAC are equal. 

But the angle #4 C is equal to the angle AFC, and therefore equal to the 
angle ALD. 

Therefore the angles 42D, HAD are equal, or the triangle DEA is 
isosceles, 

and AD is equal to DE. 
Adding SD to both, we see that 
BE is equal to the sum of 4D and DB. 

Now, &F being a diameter of the circle of which the outer segment is 
a part, 

&F is greater than BZ; 

therefore 4C, ΟΡ are together greater than 4D, DB. 

And, generally, of aif triangles on the same base and on the same side of it 
whith have equal verttcal angles, the isosceles triangle ts that which has the 
greatest perimeter, and of the others that has the lesser perimeter which ts 
further from being tsosceles. 

The theorem of Serenus gives us the means of solving the following 
problem given in Todhunter’s Euclid, p. 324. 

To find a point in the circumference of a given segment of a circle such that 
the straight lines which join the point to the extremities of the straight line on 
which the segment stands may be together equal to a gtven straight line (the 
length of which is of course subject to limits). 

Let ACB in the above figure be the given segment. Find, by bisecting 
AB at right angles, a point C on it such that 4C is equal to CZ. 

Then with centre C and radius CA or ΟΝ describe the segment of a 
circle 4H on the same side of AL. 

Lastly, with 4 or & as centre and radius equal to the given straight line 
describe a circle. ‘This circle will, if the given straight line be greater than 
AB and less than twice 4C, meet the outer segment in two points, and if we 
join those points to the centre of the circle last drawn (whether 4 or J), the 
joining straight lines will cut the inner segment in points satisfying the given 
condition. If the given straight line be egua/ to twice AC, C is of course 
the required point. If the given straight line be greater than twice 4C, there 
is no possible solution. 


PROPOSITION 22. 
The opposite angles of quadrilaterals im circles are equal 
to two right angles. 
Let ABCD be a circle, and let dSCD be a quadrilateral 
in it; 
I say that the opposite angles are equal to two right angles. 


Let AC, BD be joined. 
Then, since in any triangle the three angles are equal to 
two right angles, [1. 32] 


AZ 
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the three angles CAB, ABC, BCA of the triangle ABC 
are equal to two right angles. 


But the angle CAB is equal to the 
angle BDC, for they are in the same A Β 
segment BADC; [π|. 21] 
and the angle 4CB& is equal to the angle 
ADB, for they are in the same segment 
ADCEB ; δ 
therefore the whole angle 4DC is equal τ: 
to the angles BAC, ACL. 

Let the angle ABC be added to each ; 
therefore the angles ABC, LAC, ACBL are equal to the 
angles ABC, ADC. 

But the angles 4 BC, BAC, ACS are equal to two right 
angles ; 
therefore the angles ABC, APC are also equal to two right 
angles. 

Similarly we can prove that the angles 54D, DCB are 
also equal to two right angles. 

Therefore etc. 

Oke Ὁ. 

As Todhunter remarks, the converse of this proposition is true and very 
important: tf two opposite angles of a quadrilateral be together egual to two 
right angles, a circle may be circumscribed about the quadrilateral. We can, by 
the method of 111. 9, or by Iv. 5, circumscribe a circle about the triangle 


ABC; and we can then prove, by veductio ad absurdum, that the circle 
passes through the fourth angular point D. 


PROPOSITION 23. 
On the same straight line there cannot be constructed two 
semilar and unequal segments of circles on the same side. 


For, if possible, on the same straight line AB let two 
similar and unequal segments of circles 
ACS, ADB be constructed on the same 


side ; = 
let ACD be drawn through, and tet CB, LEN 


DB be joined. ᾿ Β 


Then, since the segment ACB is 
similar to the segment ADB, 
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and similar segments of circles are those which admit equal 


angles, fut. Def. rz] 
the angle ACB is equal to the angle ADB, the exterior 
to the interior: which is impossible. [x 16] 


Therefore etc. 


r. cannot be constructed, οὐ συσταθήσεται, the same phrase as in 1. 7. 

Clavius and the other early editors point out that, while the words “on 
the same side” in the enunciation are necessary for Euclid’s proof, it is 
equally true that neither can there be two similar and unequal segments on 
opposite sides of the same straight line; this is at once made clear by causing 
one of the segments to revolve round the base till it is on the same side with 
the other. 

Simson observes with reason that, while Euclid in the following proposition, 
111. 24, thinks it necessary to dispose of the hypothesis that, if two similar 
segments on equal bases are applied to one another with the bases coincident, 
the segments cannot cut in any other point than the extremities of the base 
(since otherwise two circles would cut one another in more points than two), 
this remark is an equally necessary preliminary to U1. 23, in order that we 
may be justified in drawing the segments as being one inside the other. 
Simson accordingly begins his proof of 111. 23 thus: 

‘“‘ Then, because the circle ACZ cuts the circle 4DZ in the two points 
A, B, they cannot cut one another in any other point: 


One of the segments must therefore fall within the other. 
Let 4CB fall within ADS and draw the straight line ACD, etc.” 


Simson has also substituted ‘‘not coinciding with one another” for 
“unequal” in Euclid’s enunciation. 

Then in m1. 24 Simson leaves out the words referring to the hypothesis 
that the segment 442 when applied to the other ΟΣ may be “ otherwise 
placed as CGD”; in fact, after stating that 42 must coincide with CD, he 
merely adds words quoting the result of 111. 23: ‘Therefore, the straight line 
AB coinciding with CD, the segment 424 must coincide with the segment 
CFD, and is therefore equal to it.” 


PROPOSITION 24. 


Similar segments of cercles on equal straight lines are equat 
to one another. 


For let ALB, CFD be similar segments of circles on 
equal straight lines 44, CP; 
5.1 say that the segment 4 ZZ is equal to the segment C/D. 
For, if the segment 4 £8 be applied to C/D, and if the 
point 4 be placed on C and the straight line 42 on CD, 
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the point .5 will also coincide with the point 2), because 
AB is equal to CD; 


1 δ8πά, AB coinciding with CY, 
the segment 4.8.8 will also coincide with CFD. 


Ε Ε G 
A B C D 


For, if the straight line 4B coincide with CD but the 
segment ALS do not coincide with CAD, 


it will either fall within it, or outside it ; 


15 or it will fall awry, as CGD, and a circle cuts a circle at more 
points than two: which is impossible. (11. ro] 


Therefore, if the straight line 4B be applied to CD, the 
segment 4 AA will not fail to coincide with CFD also ; 


therefore it will coincide with it and will be equal to it. 


20 Therefore etc. 
Q. E. D. 


15. fall awry, παραλλάξει, the same word as used in the like case ini. 8. The word 
implies that the applied figure will partly fall short of, and partly overlap, the figure to 
which it is applied. 


Compare the note on the last proposition. I have put a semicolon instead 
of the comma which the Greek text has after “outside it,” in order the better 
to indicate that the inference ‘“‘and a circle cuts a circle in more points than 
two” only refers to the third hypothesis that the applied segment is “otherwise 
placed (παραλλάξει) as CGD.” The first two hypotheses are disposed of by 
a tacit reference to the preceding proposition 111. 23. 


PROPOSITION 25. 
Given a segment of a circle, to describe the complete circle 
of which τέ ws ὦ segment. 
Let 4&C be the given segment of a circle ; 


thus it is required to describe the complete circle belonging 
to the segment AAC, that is, of which it is a segment. 


For let 4C be bisected at D, let DA be drawn from the 
point 29) at right angles to 4C, and let AZ be joined ; 
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the angle ALD is then greater than, equal to, or less 
than the angle BAD. 


First let it be greater ; 


and on the straight line BA, and at the point A on it, let 
the angle BAF be constructed equal to 

the angle ABD; let DZ be drawn through A 

to &, and let EC be joined. 


Then, since the angle 4 AZ is equal to 
the angle BAEZ, B E 
the straight line ZA is also equal to 
EA. ft. 6] 
And, since AD is equal to DC, 
and DE is common, 
the two sides JL), DE are equal to the two sides CD, DE 
respectively ; 
and the angle ADE is equal to the angle CDZ, for each is 
right ; 
therefore the base 44 is equal to the base (5. 
But AF was proved equal to BF; 
therefore LF is also equal to CZ; 
therefore the three straight lines d#, ES, EC are equal to 
one another. 


Therefore the circle drawn with centre & and distance 
one of the straight lines 44, £4, AC will also pass through 
the remaining points and will have been completed. [ππ|. 9] 

Therefore, given a segment of a circle, the complete circle 
has been described. 

And it is manifest that the segment AAC is less than a 
semicircle, because the centre & happens to be outside it. 

Similarly, even if the angle d5D be equal to the angle 
BAD, 


AD being equal to each of the two BD, DC, 


the three straight lines DA, D&B, DC will | 
be equal to one another, B D 


D will be the centre of the completed circle, 
and A&C will clearly be a semicircle. 


A 
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But, if the angle 4 2D be less than the angle BAD, 


and if we construct, on the straight line BA 
and at the point 4 on it, an angle equal to A 
the angle ABD, the centre will fall on DB 
within the segment ABC, and the segment 


ABC will clearly be greater than a semi- ἢ " 
circle: 
Therefore, given a segment of a circle, © 
the complete circle has been described. 
Q. E. F, 


1. to describe the complete circle, προσαναγράψαι τὸν κύκλον, literally ‘to describe 
the circle ov to zt.’ 


It will be remembered that Simson takes first the case in which the angles 
ABD, BAD are equal to one another, and then takes the other two cases 
together, telling us to “produce 4D, if necessary.” This is a little shorter 
than Euclid’s procedure, though Euclid does not repeat the proof of the first 
case in giving the third, but only refers to it as equally applicable. 

Campanus, Peletarius and others give the solution of this problem in 
which we take two chords not parallel and bisect each at right angles by 
straight lines, which must meet in the centre, since each contains the centre 
and they only intersect in one point. Clavius, Billingsley, Barrow and others 
give the rather simpler solution in which the two chords have one extremity 
common (cf. Euclid’s proofs of 111. 9, ro). This method De Morgan favours, 
and (as noted on im. rt above) would make ul. 1, this proposition, and 
Iv. 5 all corollaries of the theorem that “the line which bisects a chord 
perpendicularly must contain the centre.” Mr H. M. Taylor practically 
adopts this order and method, though he finds the centre of a circle by 
means of any two non-parallel chords; but he finds ¢he centre of the circle of 
whith a given arc ts a part (his proposition corresponding to 1. 25) by 
bisecting at right angles first the base and then the chord joining one extremity 
of the base to the point in which the line bisecting the base at right angles 
meets the circumference of the segment. Under De Morgan’s alternative the 
relation between Euclid 111. 1 and the Porism to it would be reversed, and 
Euclid’s notion of a Porism or corol/ary would have to be considerably 
extended. 

If the problem is solved after the manner of Iv. 5, it is still desirable to 
state, as Euclid does, after proving 42, ZB, EC to be all equal, that “the 
circle drawn with centre £ and distance one of the straight lines 4Z, £3, 
LC will also pass through the remaining points of the segment” [ππ|. 9], in 
order to show that part of the circle described actually coincides with the 
given segment. This is not so clear if the centre is determined as the 
intersection of the straight lines bisecting at right angles chords which join 
pairs of four different points. 


PROPOSITION 26. 


Ln equal circles equal angles stand on equal circumferences, 
whether they stand at the centres or at the circumferences. 
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Let ABC, DEF be equal circles, and in them let there 
be equal angles, namely at the centres the angles BGC, 
ΕΠ, and at the circumferences the angles BAC, EDF: 


I say that the circumference BKC is equal to the circum- 
ference: 2 L/. 


A 


For let BC, ZF be joined. 
Now, since the circles ABC, DEF are equal, 


the radii are equal. 


Thus the two straight lines BG, GC are equal to the 
two straight lines FH, AF; 


and the angle at G is equal to the angle at H; 
therefore the base BC is equal to the base EF [4] 
And, since the angle at 4 is equal to the angle at D, 
the segment ZAC is similar to the segment ADF; 
[ππ||. Def. rr] 
and they are upon equal straight lines. 
But similar segments of circles on equal straight lines are 
equal to one another ; [u1. 24] 
therefore the segment BAC is equal to EDF. 
But the whole circle ABC is also equal to the whole circle 
DEF: 
therefore the circumference BAC which remains is equal to 
the circumference 2LF. 


Therefore etc. 9. Ἐ. Ὁ. 


As in 111, 21, if Euclid’s proof 15 to cover all cases, it requires us to take 
cognisance of “angles at the centre” which are equal to or greater than two 
right angles. Otherwise we must deal separately with the cases where the 
angle at the circumference is equal to or greater than a right angle. The 
case of an odfuse angle at the circumference can of course be reduced by 
means of 111. 22 to the case of an acute angle at the circumference ; and, in 
case the angle at the circumference is right, it is readily proved, by drawing 
the radii to the vertex of the angle and to the other extremities of the lines 
containing it, that the latter two radii are in a straight line, whence they make 
equal bases in the two circles as in Euclid’s proof. 
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Lardner has another way of dealing with the right angle or obtuse angle 
at the circumference. In either case, he says, “bisect them, and the halves 
of them are equal, and it can be proved, as above, that the arcs upon which 
these halves stand are equal, whence it follows that the arcs on which the 
given angles stand are equal.” 


PROPOSITION 27. 


In equal circles angles standing on equal circumferences 
ave egual to one another, whether they stand at the centres or 
at the circumferences. 


For in equal circles ABC, DEF, on equal circumferences 
BC, EF, \et the angles SGC, AA/F stand at the centres G, 
Hf, and the angles BAC, EDF at the circumferences ; 


I say that the angle BGC is equal to the angle A/F, 
and the angle BAC is equal to the angle ADF. 


For, if the angle BGC is unequal to the angle A/7F; 


one of them 15 greater. 


Let the angle SGC be greater; and on the straight line BG, 
and at the point G on it, let the angle GK be constructed 


equal to the angle FAL. [᾿- 23] 
Now equal angles stand on equal circumferences, when 
they are at the centres ; [π|. 26] 


therefore the circumference 2X is equal to the circum- 
ference AF. 


But £F is equal to BC; 


therefore LF is also equal to A&C, the less to the 
greater: which is impossible. 


Therefore the angle BGC is not unequal to the angle 
EHF: 


therefore it is equal to it. 


Il. 27, 28] PROPOSITIONS 26—28 59 


And the angle at 4 is half of the angle BGC, 
and the angle at D half of the angle EHF; [111. 20] 
therefore the angle at 4 is also equal to the angle at D. 
Therefore ete. - 
ο. Ἐ-. Ὁ. 


This proposition 15 the converse of the preceding one, and the remarks 
about the method of treating the different cases apply here also. 


PROPOSITION 28. 


In equal circles equal straight lines cut off equal ctrcum- 
is the greater egual to the greater and the less to the 
eSS. 


Let ABC, DEF be equal circles, and in the circles let 
AB, DE be equal straight lines cutting off ACB, DFE as 
greater circumferences and AGS, DLE as lesser ; 

I say that the greater circumference ACB is equal to the 


greater circumference D/E, and the less circumference AGB 
to DHE. 


For let the centres K, Z of the circles be taken, and let 
AK, KB, DL, LE be joined. 
Now, since the circles are equal, 
the radii are also equal ; 
therefore the two sides AK, K& are equal to the two 
sides DL, LE; 
and the base AB is equal to the base 28 ; 
therefore the angle AZ is equal to the angle DLE. 


(1. 8] 
But equal angles stand on equal circumferences, when 
they are at the centres ; [π|. 26] 


therefore the circumference AGB is equal to DATEL. 
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And the whole circle ABC is also equal to the whole 
circle DEF; 
therefore the circumference 4 C4 which remains is also equal 
to the circumference DFZ which remains. 


Therefore etc. 
Q. E. D. 


Euclid’s proof does not in terms cover the particular case in which the 
chord in one circle passes through its centre; but indeed this was scarcely 
worth giving, as the proof can easily be supplied. Since the chord in one 
circle passes through its centre, the chord in the second circle must also be a 
diameter of that circle, for equal circles are those which have equal diameters, 
and all other chords in any circle are less than its diameter [Π|. 15]; hence 
the segments cut off in each circle are semicircles, and these must be equal 
because the circles are equal. 


PROPOSITION 20. 


In equal circles equal cercumferences are subtended by equal 
straight lines. 

Let ABC, DEF be equal circles, and in them let equal 
circumferences BGC, LAF be cut off; and let the straight 
lines BC, EF be joined ; 

I say that BC is equal to ZF. 


B eer Ε Ε 
Η 
For let the centres of the circles be taken, and let them 
be K, Z; let BK, KC, EL, LF be joined. 
Now, since the circumference BGC is equal to the 
circumference FHF, 
the angle BKC is also equal to the angle EZ/. [iu. 27] 
And, since the circles ABC, DEF are equal, 
the radii are also equal ; 
therefore the two sides BX, KC are equal to the two sides 
EL, LF; and they contain equal angles ; 
therefore the base BC is equal to the base AF. [1.4] 
Therefore etc. 
Q. E. 1). 
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The particular case of this converse of 111. 28 in which the given arcs are 
arcs of semicircles is even easier than the corresponding case of ul. 28 itself. 

The propositions 11. 26—z29 are of course equally true if the same circle 
is taken instead of ¢wo eguad circles. 


PROPOSITION 30. 
Lo bisect a given circuniference. 


Let 4 DZ be the given circumference ; 
thus it is required to bisect the circumference 4 DB. 
Let AB be joined and bisected at 


C; from the point C let CD be drawn D 
at right angles to the straight line 4B, 
and let 4D, DB be joined. 
Then, since 4C is equal to CB, A δ Β 


and (2 is common, 
the two sides 4C, CY are equal to the two sides BC, CD; 
and the angle 4CDY is equal to the angle BCD, for each is 
right ; 
therefore the base 4D is equal to the base DB. [4] 


But equal straight lines cut off equal circumferences, the 
greater equal to the greater, and the less to the less; __[111. 28] 


and each of the circumferences 4D, DSF is less than a 
semicircle ; 


therefore the circumference 4D is equal to the circum- 
ference DB. 


Therefore the given circumference has been bisected at 
the point D. 
Q. E. F. 


PROPOSITION 31. 


In ἃ circle the angle wn the semicircle ts right, that in ὦ 
greater segment less than a right angle, and that im a@ less 
segment greater than a right angle; and further the angle of 
the greater segment is greater than a right angle, and the angle 
of the less segment less than a right angle. 
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Let 4 BCD be a circle, let BC be its diameter, and & its 
centre, and let BA, AC, AD, DC 
be joined ; 
I say that the angle SAC in the D 
semicircle GAC is right, 
the angle AAC in the segment ASC 
greater than the semicircle is less 
than a right angle, 
and the angle ADC in the segment 
ADC less than the semicircle is 7 
greater than a right angle. 
Let AF be joined, and let BA 
be carried through to / 
Then, since BF is equal to £4, 
the angle 4.3. is also equal to the angle BAL. (i. 5] 
Again, since CZ is equal to ZA, 
the angle 4CZ is also equal to the angle CAL. (1. 5] 
Therefore the whole angle BAC is equal to the two angles 
ABC, ACL. 
But the angle “AC exterior to the triangle AAC is also 


Cc 


equal to the two angles ABC, ACB; fx, 32] 
therefore the angle BAC is also equal to the angle “AC; 
therefore each is right ; [1. Def. το 


therefore the angle BAC in the semicircle BAC is right. 


Next, since in the triangle ABC the two angles ALC, 
BAC are less than two right angles, [τ 17] 


and the angle BAC is a right angle, 
the angle AAC is less than a right ΤΕ 


and it is the angle in the segment ABC greater than the 
semicircle. 


Next, since 4.50} is a quadrilateral in a circle, 
and the opposite angles of quadrilaterals in circles are equal 
to two right angles, (11. 22] 
while the angle AAC is less than a right angle, 
therefore the angle 4DC which remains is greater than a 
right angle ; 
we it is the angle in the segment ADC less than the semi- 
circle. 
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I say further that the angle of the greater segment, namely 
that contained by the circumference ABC and the straight 
line AC, is greater than a right angle ; 
and the angle of the less segment, namely that contained by 
the circumference 4 DC and the straight line AC, is less than 
a right angle. 


This is at once manifest. 
For, since the angle contained by the straight lines BA, AC 
is right, 

the angle contained by the circumference AAC and the 
straight line AC is greater than a right angle. 


Again, since the angle contained by the straight lines 
AC, AF is right, 

the angle contained by the straight line CA and the 
circumference αἰ is less than a right angle. 


Therefore etc. Q. Ε. Ὁ. 


As already stated, this proposition is immediately deducible from 111. 20 if 
that theorem is extended so as to include the case where the segment is equal 
to or less than a semicircle, and where consequently the “ angle at the centre” 
is equal to two right angles or greater than two right angles respectively. 

There are indications in Aristotle that the proof of the first part of the 
theorem in use before Euclid’s time proceeded on different lines. Two 
passages of Aristotle refer to the proposition that the angle in a semicircle 
is aright angle. The first passage is Anal. Post. 0. τι, 94 a 28: ‘Why is 
the angle in a semicircle a right angle? Or what makes it a right angle? 
(τίνος ὄντος ὀρθή,) Suppose A to be a night angle, B half of two nght 
angles, C the angle in a semicircle. Then 4 is the cause of A, the nght 
angle, being an attribute of C, the angle in the semicircle. For .5 is equal to 
A, and Cto B; for Cis half of two right angles. Therefore it is in virtue of 
B being half of two right angles that 4 is an attribute of C; and the latter 
means the fact that the angle in a semicircle is right.” Now this passage 
by itself would be consistent with a proof like Euclid’s or the alternative 
interpolated proof next to be mentioned. But the second passage throws a 
different light on the subject. This is “Ἰείαῤ᾽. 1051 a 26: “Why is the angle 
in a semicircle a right angle invariably (καθόλου) Because, if there be three 
straight lines, two forming the base, and the third set up at right angles at tts 
middle point, the fact is obvious by simple inspection to any one who knows 
the property referred to” (ἐκεῖνο is the property that the angles of a triangle 
are together equal to two right angles, mentioned two 
lines before). That is to say, the angle at the middle 
point of the circumference of the semicircle was taken 
and proved, by means of the two isosceles right-angled 
triangles, to be the sum of two angles each equal to [4 Ν 
one-fourth of the sum of the angles of the large triangle 
in the figure, or of two right angles; and the proof 
must have been completed by means of the theorem of 111. 21 (that angles 
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in the same segment are equal), which Euclid’s more general proof does 
not need. 

In the Greek texts before that of August there is an alternative proof 
that the angle BAC (in a semicircle) is nght. August and Heiberg relegate 
it to an Appendix. 

“Since the angle 4 ZC is double of the angle BAZ (for it is equal to the 
two interior and opposite angles), while the angle AZZ is also double of the 
angle FAC, 

the angles 4.8, AEC are double of the angle BAC. 

But the angles 4.8.8, AEC are equal to two right angles ; 

therefore the angle BAC 15 right.” 


Lardner gives a slightly different proof of the second part of the theorem. 
If ABC be a segment greater than a semicircle, 

draw the diameter «4.9, and join CD, Cd. 
Then, in the triangle ACD, the angle ACD is right 

(being the angle in a semicircle) ; 


therefore the angle 4DC is acute. 


But the angle ADC is equal to the angle 4.50 in 
the same segment ; 
therefore the angle ASC is acute. 


Euclid’s references in this proposition to the angle of a segment greater 
or less than a semicircle respectively seem, like the part of 11. 16 relating to 
the angle of a semicircle, to be a survival of ancient controversies and not to 
be put in deliberately as being an essential part of elementary geometry. Cf. 
the notes on 11. Def. 7 and 11. τό. 

The corollary ordinarily attached to this proposition is omitted by Heiberg 
as an interpolation of date later than Theon. It is to this effect: “ From 
this it is manifest that, if one angle of a triangle be equal to the other two, 
the first angle is right because the exterior angle to it is also equal to the 
same angles, and if the adjacent angles be equal, they are right.” No doubt 
the corollary is rightly suspected, because there is no necessity for it here, and 
the words ὅπερ ἔδει δεῖξαι come before it, not after it, as is usual with Euclid. 
But, on the other hand, as the fact stated does appear in the proof of m1. 31, 
the Porism would be a Porism after the usual type, and I do not quite follow 
Heiberg’s argument that, “if Euclid had wished to add it, he ought to have 
placed it after 1. 32.” 

It has already been mentioned above (p. 44) that this proposition supplies 
us with an alternative construction for the problem in m1. 17 of drawing the 
two tangents to a circle from an external point. 

Two theorems of some historical interest which follow directly from 111.31 
may be mentioned. 

The first is a lemma of Pappus on “the 
24th problem” of the second Book of Apol- 
lonius’ lost treatise on νεύσεις (Pappus VII. 


p. 812) and 15 to this effect. Ifa circle, as ia 
DEF, pass through ὦ, the centre of a circle 7 
ABC, and if through #, the other point in a 


which the line of centres meets the circle A D Cc oF 
DEF, any straight line be drawn (and produced 
if necessary) meeting the circle DEF in £& and the circle ABC in 8, G, 
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then Z is the middle point of AG, For, if DF be joined, the angle DEF 
(in a semicircle) is a right angle [11, 31]; and DZ, being at right angles to 
the chord SG of the circle A BC, also bisects it [ππ|. 3]. 

The second is a proposition in the Lider Assumptorum, attributed (no 
doubt erroneously as regards much of it) to Archimedes, which has reached 
us through the Arabic (Archimedes, ed. Heiberg, τι. pp. 439—440), 

Lf two chords AB, CD in a circle intersect at right angles in a point O, 
the sum of the squares on AO, BO, CO, DO és egual to the square on the 

zameter. 


For draw the diameter CZ, and join 4C, CB, AD, BE. 


Then the angle CAO is equal to the angle CHB. (This follows, in the 
first figure, from 111. 21 and, in the second, from 1. 13 and 111. 22.) Also the 
angle COA, being right, 1s equal to the angle CBZ which, being the angle in a 
semicircle, is also right [111 31]. 

Therefore the triangles 4OC, EBC have two angles equal respectively ; 
whence the third angles 4CO, #CS are equal. (In the second figure the 
angle 4CO is, by 1. 13 and 11. 22, equal to the angle 4 BL, and therefore 
the angles 4BD, ECB are equal.) 

Therefore, in both figures, the arcs 4D, BZ, and consequently the chords 
AD, BE subtended by them, are equal. 111. 26, 29] 

Now the squares on 40, DO are equal to the square on 4D [1. 47], that 
is, to the square on BL. 

And the squares on CO, 4O are equal to the square on BC. 

Therefore, by addition, the squares on 40, BO, CO, DO are equal to the 
squares on LB, BC, i.e. to the square on CE. [τ 47] 


PROPOSITION 32. 


Tf a straight line touch a circle, and from the pornt of 
contact there be drawn across, im the circle, a straight line 
cutting the circle, the angles which τό makes with the tangent 
wll be egual to the angles in the alternate segments of the 
circle. 

For let a straight line ZY touch the circle ABCD at 
the point 95, and from the point & let there be drawn across, 
in the circle 4 ACD, a straight line BL cutting it; 

I say that the angles which BD makes with the tangent £/' 
will be equal to the angles in the alternate segments of the 


H. E Il. 5 
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circle, that is, that the angle “BD is equal to the ‘angle 
constructed in the segment BAD, and the angle ABD is 
equal to the angle constructed in the 
segment DCS. A 
For let BA be drawn from & at τ 
right angles to Zs, 
let a point C be taken at random on 
the circumference SD, 
and let AD, DC, CB be joined. 
Then, since a straight line 5 δ 
touches the circle ABCD at ZB, Ξ 5 7 
and BA has been drawn from the point 
of contact at right angles to the tangent, 
the centre of the circle ABCD is on BA. (m1. 19] 
Therefore BA is a diameter of the circle 450}; 


therefore the angle ADS, being an angle in a semicircle, 


is right. [ππ|. 31] 
Therefore the remaining angles BAD, ABD are equal to 
one right angle. [1. 32] 


But the angle 44/ is also right ; 
therefore the angle ABF is equal to the angles BAD, ABD. 
Let the angle 44D be subtracted from each ; 
therefore the angle D4/F which remains is equal to the angle 
BAD in the alternate segment of the circle. 
Next, since 4 SCP is a quadrilateral in a circle, 
its opposite angles are equal to two right angles. [11 22] 
But the angles DBF, DBF are also equal to two right 
angles ; 
therefore the angles DBF, DBE are equal to the angles 
BAD, BCD, 


of which the angle BAD was proved equal to the angle 
DDL 


cherefote the angle DBE which remains is equal to the 
angle DCB in the alternate segment DCB of the circle. 

Therefore etc. 9. Ἐ, Ὁ. 

The converse of this theorem is true, namely that, Jf a straight line 
a through one extremity of a chord of a circle make with that chord 


ngles equal respectively to the angles in the alternate segments of the ciréle, 
rs straight line so drawn touches the circle. 
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This can, as Camerer'and Todhunter remark, be proved indirectly ; or we 
may prove it, with Clavius, directly. Let BD be the given chord, and let ZF 
be drawn through J so that it makes with BD angeles equal to the angles in 
the alternate segments of the circle respectively. 

Let BA be the diameter through #, and let C be any point on the 
circumference of the segment DCB which does not contain 4, Join 42, 
DC, CB. 

Then, since, by hypothesis, the angle “2D is equal to the angle BAL, 
let the angle 4 LD be added to both; 

therefore the angle 42F is equal to the angles ABD, BAD. 

But the angle DA, being the angle in a semicircle, is a right angle; 

therefore the remaining angles ABD, RAD in the triangle ABD are 
equal to a right angle. 

Therefore the angle dB/'is right ; 
hence, since £4 is the diameter through B, 


EF touches the circle at B. (111. 16, Por.] 


Pappus assumes in one place (iv. p. 196) the consequence of this 
proposition that, Jf two circles touch, any straight line drawn through the point 
of contact and terminated by both circles cuts off segments in each which are 
respectively similar. Pappus also shows how to prove this (vil. p. 826) by 
drawing the common tangent at the point of contact and using this proposition, 
II. 32. 


PROPOSITION 33. 


On a given straight line to describe a segment of a cercle 
admitting an angle equal to a given rectelineal angle. 


Let 4B be the given straight line, and the angle at C the 
given rectilineal angle ; 
thus it is required to describe ᾿ 


on the given straight line ae 
AB a segment ofa circle ad- 
mitting an angle equal to the : 
angle at C. C 
The angle at C is then B 
acute, or right, or obtuse. 
First let it be acute, " 


and, as in the first figure, on 
the straight line 4B, and at the point A, let the angle BAD 
be constructed equal to the angle at C; 

therefore the angle BAD is also acute. 


Let AE be drawn at right angles to DA, let AB be 


5-2 


68 BOOK III [irr 33 


bisected at /; let /G be drawn from the point / at right 
angles to 4B, and let GZ be joined. 


Then, since AF is equal to FB, 

and F/G is common, 
the two sides A/, /G are equal to the two sides BY, FG; 
and the angle 4/G is equal to the angle B/G; 
therefore the base AG is equal to the base BG. [1 4] 

Therefore the circle described with centre G and distance 
GA will pass through & also. 

Let it be drawn, and let it be 4388; 
let EB be joined. 

Now, since 4D is drawn from 4, the extremity of the 
diameter AZ, at right angles to AL, 


therefore AD touches the circle ABZ. [π|. 16, Por.] 
Since then a straight line 4D touches the circle ABEL, 


and from the point of contact at 4 a straight line AL is 
drawn across in the circle 4.56, 


the angle DAB is equal to the angle AS in the alternate 
segment of the circle. [111. 32] 


But the angle DAZ is equal to the angle at C; 
therefore the angle at Cis also equal to the angle 4.8. 


Therefore on the given straight line 44 the segment 
ALB ofa circle has been described admitting the angle 4.2.8 
equal to the given angle, the angle at C. 


Next let the angle at C be right ; 


i, 


9 Α 


Ε 


B 


and let it be again required to describe on AB a segment 
of a circle admitting an angle equal to the right angle at C. 

Let the angle BAD be constructed equal to the right 
angle at C, as is the case in the second figure ; 
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let AB be bisected at 22 and with centre F and distance 
either 4-4 or BZ let the circle 4 ZB be described. 
Therefore the straight line 4D touches the circle ABE, 
because the angle at 4 is right. (11. τό, Por.] 
And the angle GAD is equal to the angle in the segment 
ALL, tor the latter too is itself a right angle, being an 
angle in a semicircle. [π|. 31] 
But the angle BAD is also equal to the angle at C. 
Therefore the angle 4 £3 is also equal to the angle at C. 
Therefore again the segment AAA of a circle has been 
described on AZ admitting an angle equal to the angle at C. 


Next, let the angle at C be obtuse; 


᾿ ἥν 


C 


ἢ 


E 
and on the straight line 4A, and at the point A, let the 
angle BAD be constructed equal to it, as is the case in the 
third figure ; 
let AL be drawn at right angles to 4D, let AL be again 
bisected at 25 let /G be drawn at right angles to 4Z, and 
let GB be joined. 
Then, since 4f ts again equal to FB, 
and F/G is common, 
the two sides 4/, /G are equal to the two sides B/, FG ; 
and the angle AFG is equal to the angle B/G; 
therefore the base 4G is equal to the base BG. [1.4] 
Therefore the circle described with centre G and distance 
GA will pass through B also; let it so pass, as AZZ. 
Now, since 4 is drawn at right angles to the diameter 
AF from its extremity, 
AD touches the circle AEB. [11. 16, Por.] 
And AF has been drawn across from the point of contact 
at A ; 
therefore the angle B.AD is equal to the angle constructed 
in the alternate segment AZ of the circle. [111. 32] 
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But the angle BAD is equal to the angle at C. 
Therefore the angle in the segment A/7Z is also equal to 


the angle at C. 
Therefore on the given straight line AL the segment 
AHB of a circle has been described admitting an angle equal 


to the angle at C. 
Q. EL F. 


Simson remarks truly that the first and third cases, those namely in which 
the given angle is acute and obtuse respectively, have exactly the same 
construction and demonstration, so. that there is no advantage in repeating 
them. Accordingly he deals with the cases as one, merely drawing two 
different figures. It is also true, as Simson says, that the demonstration of 
the second case in which the given angle is a right angle “is done in a round- 
about way,” whereas, as Clavius showed, the problem can be more easily 
solved by merely bisecting 48 and describing a semicircle on it. <A glance 
at Euclid’s figure and proof will however show a more curious fact, namely 
that he does not, in the proof of the second case, use the angle in the 
alternate segment, as he does in the other two cases. He might have done so 
after proving that 4D touches the circle; this would only have required his 
point & to be placed on the side of 4B opposite to D. Instead of this, he 
uses 11. 31, and proves that the angle 4/2 is equal to the angle C, because 
the former is an azgd/e in a semicircle, and is therefore a right angle as C is. 

The difference of procedure is no doubt owing to the fact that he has not, 
in ΠΙ. 32, distinguished the case in which the cutting and touching straight 
lines are at right angles, i.e. in which the two alternate segments are semicircles. 
To prove this case would also have required 111. 31, so that nothing would 
have been gained by stating it separately in m1. 32 and then quoting the 
result as part of 111. 32, instead of referring directly to 111. 31. 

It is assumed in Euclid’s proof of the first and third cases that 4Z and 
FG will meet; but of course there is no difficulty in satisfying ourselves 
of this, 


PROPOSITION 24: 


From a given circle to cut off a segnvent adnutting an angle 
equal to a given recttlineal angle. 


Let ABC be the given circle, and the angle at D the 
given rectilineal angle; 
thus it is required to cut off from the circle 4BC a segment 
admitting an angle equal to the given rectilineal angle, the 
angle at 2). 

Let £/be drawn touching ABC at the point 2, and on 
the straight line /B, and at the point B on it, let the angle 
FBC be constructed equal to the angle at D. [τ 23] 

Then, since a straight line EF touches the circle 4BC, 
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and BC has been drawn across from the point of contact 
at 8, 


the angle ‘BC is equal to the angle constructed in the alternate 
seopment BAC. fin 32] 


C 


aa 


But the angle /BC is equal to the angle at 2; 


therefore the angle in the segment BAC is equal to the 
angle at D. 

Therefore from the given circle 4 AC the segment BAC 
has been cut off admitting an angle equal to the given recti- 
lineal angle, the angle at D. 

QE F. 
An alternative construction here would be to make an “angle at the 


centre” (in the extended sense, if necessary) double of the given angle; and, 
if the given angle is right, it is only necessary to draw a diameter of the circle. 


PROPOSITION 35. 


If in a circle two strayght lines cut one another, the 
rectangle contained by the segments of the one τς egual-to the 
rectangle contacned by the segments of the other. 


For in the circle 4 SCL let the two cuiaient lines AC, 
BD cut one another at the point £ ; 


I say that the rectangle contained by 4, 
EC is equal-to the rectangle contained by _ 4 
DE, EB. 


Ifnow AC, BD are through the centre, 
so that Z is the centre of the circle ABCD, 


it is manifest that, JZ, EC, DE, EB 

béing equal, 

the rectangle contained by AZ, EC is also equal to the 
rectangle contained by 222, δ. 
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Next let 4C, D# not be through the centre ; 
let the centre of 4BCD be taken, and 
let it be 42; 
from F let FG, ΗΠ be drawn perpen- 


dicular to the straight lines AC, DB, “ . 
and let ‘FB, /C, ΣῈ be joined. 
Then, since a straight line GF 
through the centre cuts a straight line 
AC not through the centre at right 
angles, BG 


it also bisects it; [ur. 3] 
therefore AG is equal to GC. 

Since, then, the straight line 4C has been cut into equal 
parts at G and into unequal parts at 2, 
the rectangle contained by 42, AC together with the square 
on £G is equal to the square on GC; (11. 5] 

Let the square on GF be added ; 
therefore the rectangle 44, /C together with the squares 
on 63, GF is equal to the squares on CG, GF. 

But the square on /’E is equal to the squares on AG, GF, 
and the square on /C 15 equal to the squares on CG, GF; 

[I. 47 

therefore the rectangle 4, EC together with the Bt 
on /& is equal to the square on FC. 

And ΖῸ is equal to FB; 
therefore the rectangle 4 Z, EC together with the square on 
LF is equal to the square on 2.2. 

For the same reason, also, 
the rectangle DE, ἘΦ together with the square on FE is 
equal to the square on FZ. 

But the rectangle 4, EC together with the square on 
FE was also proved equal to the square on 2. ; 
therefore the rectangle 4£, ZC together with the square on 
fF is equal to the rectangle DZ, EP together with the 
square on FE. 

Let the square on ΖΕ be subtracted from each ; 
therefore the rectangle contained by 4.2, EC which remains 
is equal to the rectangle contained by DZ, EB. 

Therefore εἴς, 

9. Εν Ὁ, 
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In addition to the two cases in Euclid’s text, Simson (following Campanus) 
gives two intermediate cases, namely (1) that in which one chord passes through 
the centre and bisects the other which does not pass through the centre at right . 
angles, and (2) that in which one passes through the centre and cuts the other 
which does not pass through the centre but not at right angles. Simson then 
reduces Euclid’s second case, the most general one, to the second of the two 
intermediate cases by drawing the diameter through Z. His note is as 
follows: “As the 25th and 33rd propositions are divided into more cases, 
so this 35th 15 divided into fewer cases than are necessary. Nor can it be 
supposed that Euclid omitted them because they are easy; as he has given 
the case which by far is the easiest of them all, viz. that in which both the 
straight lines pass through the centre: And in the following proposition he 
separately demonstrates the case in which the straight line passes through the 
centre, and that in which it does not pass through the centre: So that it 
seems Theon, or some other, has thought them too long to insert: But cases 
that require different demonstrations should not be left out in the Elements, 
as was before taken notice of: These cases are in the translation from the 
Arabic and are now put into the text.” Notwithstanding the ingenuity of the 
argument based on the separate mention by Euclid of the simplest case of 
all, I think the conclusion that Euclid himself gave four cases is unsafe; In 
fact, in giving the simplest and most difficult cases only, he seems to be 
following quite consistently his habit of avoiding zou great multiplicity of cases, 
while not ignoring their existence. 

The deduction from the next proposition (111. 36) which Simson, following 
Clavius and others, gives as a corollary to it, namely that, Jf from any point 
without a circle there be drawn two straight lines cutting tt, the rectangles 
contained by the whole lines and the parts of them without the circle are equal to 
one another, can of course be combined with 111. 35 in one enunciation. 

As remarked by Todhunter, a large portion of the proofs of 111. 35, 36 
amounts to proving the proposition, Jf any point be taken on the base, or the 
base produced, of an isosceles triangle, the rectangle contained by the segments of 
the base (i.e. the respective distances of the ends of the base from the point) ts 
equal to the difference between the square on the straight line joining the point to 
the vertex and the square on one of the equal sides of the triangle. This is of 
course an immediate consequence of 1. 47 combined with 11. 5 or 11. 6. 

The converse of m1. 35 and Simson’s corollary to ΠῚ. 36 may be stated 
thus. Jf wo straight lines AB, CD, produced if necessary, intersect at O, and if 
the rectangle AO, OB be equal to the rectangle CO, OD, the circumference of a 
circle will pass through the four points A, B,C, D. The proof is indirect. 
We describe a circle through three of the points, as 4, B, C (by the method 
used in Euclid’s proofs of m1. 9, 10), and then we prove, by the aid of 111. 35 
and the corollary to m1. 36, that the circle cannot but pass through D also. 


PROPOSITION 36. 


77 a point be taken outside a circle and from τέ there fall 
on the cercle two straight lines, and if one of them cut the 
circle and the other touch wt, the rectangle contained by the 
whole of the straight line which cuts the circle and the straight 
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line intercepted on it outsede between the point and the convex 
circumference wll be egual to the square on the tangent. 

For let a point D be taken outside the circle ABC, 
and from D let the two straight lines DCA, 
DB fall on the circle ABC; let DCA cut A 
the circle 4 AC and let AD touch it; 
I say that the rectangle contained by 4D, 
DC is equal to the square on DB. 

Then DCA is either through the centre 
or not through the centre. . 

First let it be through the centre, and 
let F be the centre of the circle ABC; 
let FB be joined ; 

therefore the angle FAD is right. [π|. 18] 

And, since AC has been bisected at 2 and CY is added 
to it, 
the rectangle 4D, DC together with the square on FC is 
equal.to the square on YD. [τ 6] 

But FC is equal to FB; 
therefore the rectangle 4D, DC together with the square on 
FB is equal to the square on 7D. 

And the squares on 2.5, BLD are equal to the square on 

I. 4 

σι the rectangle 4D, DC together with the sii ᾿ 
FB is equal to the squares on 5.5, BD, 

Let the square on “SZ be subtracted from each ; 
therefore the rectangle 4D, DC which remains is equal to 
the square on the tangent DB. 

i let DCA not be through the centre of the circle 
let the centre / be taken, and from £ 
let &/ be drawn perpendicular to AC; 


let EB, EC, ED be joined. a 
Then the angle FAD is right. A 
(111. 18] 
And, since a straight line EF ὃ Ὁ 


through the centre cuts a straight line 
AC not through the centre at right angles, 
it also bisects it ; (111. 3] 
erciore AF is equal to FC. 
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Now, since.the straight line 4C has been bisected at the 
point /; and.CD 15 added to it, 
the rectangle contained by 4D, DC together with the square 
on /C is equal to the square on Ζ Ὁ. [x1 6] 
Let the square on, /Z be added to each; 


therefore the rectangle AD, DC together with the squares 
on CF, ΣῈ is equal to the squares on FD, FE. 


But the square on £C is equal to the squarés on CF, FE, 
for the angle ZFC is right ; [1.-47] 
and the square on £V is equal to the squares on DF, FE . 


therefore the rectangle 4D, DC together with the square on 
EC is equal to the square on AD, 


And £C is equal to δ; 


therefore the rectangle 4D, DC together with the square on 
EB is equal to the square on ZY. 


- But the squares on £4, SY are equal to the square on 
ED, for the angle EBD is right ; [1. 47] 
therefore the rectangle 4D, DC together with the square on 
EB is equal to the squares on EB, BD. 


Let the square on /Z be subtracted from each ; 
therefore the rectangle 4D, DC which remains is equal to 
the square on DB. 


Therefore etc. Ο. Ε. Ὁ. 


Cf. note on the preceding proposition. Observe that, whereas it would 
be natural with us to prove first that, if A 15 an external point, and two 
straight lines 4.8, AFC cut the circle in #, B and ¥#, C respectively, the 
rectangle BA, AF is equal to the rectangle ΟΖ, A, and thence that, the 
tangent from A being a straight line like AEB in its limiting position when 
E and B coincide, either rectangle is equal to the square on the tangent 
(cf. Mr H. M. Taylor, p. 253), Euclid and the Greek geometers generally did 
not allow themselves to infer the truth of a proposition in a dimiting case 
directly from the general case including it, but preferred a separate proof of 
the limiting case (cf. Apollonius of Perga, p. 40, 139—140). This accounts for 
the form of 111. 36. 


PROPOSITION 37. 


If a point be taken outside a circle and from the point 
there fall on the circle two straight lines, uf one of then cut 
the circle, and the other fall on it, and uf further the rect- 
angle contained by the whole of the straight line which cuts 
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the circle and the straight lene intercepted on τέ outside 
between the point and the convex circumference be egual to 
the square on the straight line which falls on the circle, the 
straight line which falls on τέ will touch the circle. 


For let a point D be taken outside the circle A&C; 
from D let the two straight lines 
DCA, DB fall on the circle ACH; 
let DCA cut the circle and DA 
fall on it; and let the rectangle 4D, 
DC be equal to the square on DB. 


I say that DZ touches the circle 
Cc. 


D E 


A 
For let DE be drawn touching 
ABC: let the centre of the circle 4.5.0 be taken, and let it 
be F; let FA, FB, FD be joined. 
Thus the angle FAD is right. [π|. 18] 
Now, since DE touches the circle 4 AC, and DCA cuts it, 
the rectangle 4D, DC is equal to the square on DE&. [πιὰ 36] 
But the rectangle 4D, DC was also equal to the square 
on DB; | 
therefore the square on DE is equal to the square on DB; 
therefore DZ is equal to 22). 
And FE is equal to #B ; 
therefore the two sides 223, EF are equal to the two sides 
DB, BF; 
and /'D is the common base of the triangles ; 
therefore the angle DEF is equal to the angle DAF. 


1. 8 
But the angle DEF is right ; = 
therefore the angle DAF is also right. 
And /& produced is a diameter ; 
and the straight line drawn at right angles to the diameter 
of a circle, from its extremity, touches the circle; [11. 16, Por.] 
therefore DZ touches the circle. 


Similarly this can be proved to be the case even if the 
centre be on 4C. 
Therefore etc. 9. Ε. Ὁ. 


De Morgan observes that there is here the same defect as in 1. 48, ie. an 
apparent avoidance of indirect demonstration by drawing the tangent DE on 
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the opposite side of D#& from DB. The case is similar to the aparently 
direct proof which Campanus gave. He drew the straight line from D 
passing through the centre, and then (without drawing a second tangent) 
proved by the aid of 11. 6 that the square on DF is equal to the sum of the 
squares on D&S, BF; whence (by 1. 48) the angle DBF is a nght angle, 
But this proof uses 1. 48, the very proposition to which De Morgan’s original 
remark relates. 

The undisguised indirect proof is easy. If DB does not touch the circle, 
it must cut it if produced, and it follows that the square on D& must be 
equal to the rectangle contained by DZ and a longer line: which is absurd. 


BOOK IV. 
DEFINITIONS. 


1. A rectilineal figure is said to be inscribed in a 
rectilineal figure when the respective angles of the 
inscribed figure lie on the respective sides of that in which 
it is inscribed. 


2. Similarly a figure is said to be circumscribed about 
a figure when the respective sides of the circumscribed 
figure pass through the respective angles of that about which 
it is circumscribed. 


3. A rectilineal figure is said to be inscribed in a 
circle when each angle of the inscribed figure lies on the 


circumference of the circle. 


4. A rectilineal figure is said to be circumscribed 
about a circle, when each side of the circumscribed figure 
touches the circumference of the circle. 


5. Similarly a circle is said to be inscribed in a figure 
when the circumference of the circle touches each side of the 
figure in which it is inscribed. 


6. Acircle is said to be circumscribed about a figure 
when the circumference of the circle passes through each 
angle of the figure about which it is circumscribed. 


7. Astraight line is said to be fitted into a circle when 
its extremities are on the circumference of the circle. 


DEFINITIONS I—7. 
I append, as usual, the Greek text of the definitions. 


I. Σχῆμα εὐθύγραμμον εἰς σχῆμα εὐθύγραμμον ἐγγράφεσθαι λέγεται, ὅταν 
ἑκάστη τῶν τοῦ ἐγγραφομένου σχήματος γωνιῶν ἑκάστης πλευρᾶς τοῦ, εἰς ὃ 
ἐγγράφεται, ἅπτηται. 
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2. Σχῆμα δὲ ὃ ὁμοίως περὶ σχῆμα περιγράφεσθαι λέγεται, ὅταν ἑκάστη πλευρὰ 
τοῦ περιγραφομένου ἑκάστης γωνίας τοῦ, περὶ ὃ περιγράφεται, ἅπτηται, 


4. Σχῆμα εὐθύγραμμον εἰς κύκλον ἐγγράφεσθαι λέγεται, 6 ὅταν ἑκάστη γωνία 
τοῦ ἐγγραφομένου ἅπτηται τῆς τοῦ κύκλου περιφερείας. 


4. Σχῆμα δὲ εὐθύγραμμον περὶ κύκλον περιγράφεσθαι λέγεται, ὅ ὅταν ἑκάστη 
πλευρὰ τοῦ περιγραφομένον ἐφάπτηται τῆς τοῦ κύκλου περιφερείας. 


5. Κύκλος δὲ εἰς σχῆμα ὁμοίως ᾿ἐγγράφεσθαι λέγεται, ὅταν ἡ τοῦ κύκλου 
περιφέρεια ἑκάστης πλευρᾶς τοῦ, εἰς ὃ ἐγγράφεται, ἅπτηται. 


6. Κύκλος δὲ περὶ σχῆμα περιγράφεσθαι λέγεται, ὅταν καὶ τοῦ κύκλου περιφέρεια 
ἑκάστης γωνίας τοῦ, περὶ ὃ περιγράφεται, ἅπτηται. 


rE Εὐθεῖα εἰς κύκλον ἐναρμόξεσθαι λέγεται, ὅταν τὰ πέρατα αὐτῆς ἐπὶ τῆς 
περιφερείας ἦ τοῦ κύκλου. 


In the first two definitions an English translation, if it is to be clear, must 
depart slightly from the exact words used in the Greek, where “each side” of 
one figure is said to pass through “‘each angle” of another, or ‘‘each angle” 
(i. 8. angular point) of one lies on “each side” of another (ἑκάστη πλευρά, 
ἑκάστη yovia), 

It is also necessary, in the five definitions 1, 2, 3, 5 and 6, to translate 
the same Greek word ἅπτηται in three different ways. It was observed on 
i. Def. 2 that the usual meaning of ἅπτεσθαι in Euclid is to meez, in contra- 
distinction to ἐφάπτεσθαι, which means to fouch. Exceptionally, as in Def. 5, 
ἅπτεσθαι has the meaning of Zouch. But two new meanings of the word appear, 
the first being to Ze on, as in Deff. τ and 3, the second to pass through, as in 
Deff. 2 and 6; “each angle” lies on (ἅπτεται) a side or on a circle, and 
“each side,” or a circle, passes through (ἅπτεται) an angle or “each angle.” 
The first meaning of lying on is exemplified in the phrase of Pappus ἄψεται τὸ 
σημεῖον θέσει δεδομένης εὐθείας, “will lie on a straight line given in position”; 
the meaning of passing through seems to be much rarer (I have not seen it in 
Archimedes or Pappus), but, as pointed out on 1. Def. 2, Aristotle uses the 
compound ἐφάπτεσθαι in this sense. 

Simson proposed to read ἐφάπτηται in the case (Def. 5) where ἅπτηται 
means fouches. He made the like suggestion as regards the Greek text of 11. 
II, 12, 13, 18, 19; in the first four of these cases there seems to be ms. 
authority. for the compound verb, and in the fifth Heiberg adopts Simson’s. 
correction. 


BOOK IV. PROPOSITIONS 


PROPOSITION I. 


Into a given circle to fit a straight line equal to a given 
straight line which τς not greater than the diameter of the 
cuvele. 


Let ABC be the given circle, and D the given straight 
line not greater than the diameter 
of the circle ; a) 


— 


thus it is required to fit into the 
circle 4 4C a straight line equal 
to the straight line J. Β 
‘Let a diameter SC of the 
circle ALC be drawn. 
Then, if BC is equal to D, i 
that which was enjoined will have 
been done; for SC has been fitted into the circle ALC equal 
to the straight line D. 
But, if BC is greater than D, 
let CE be made equal to D, and with centre C and distance 
CE let the circle E_AF be described ; 
let CA be joined. 
Then, since the point C is the centre of the circle E.AF, 
CA is equal to CZ. 
But CZ is equal to D ; 
therefore D is also equal to CA. 


Therefore into the given circle 4 AC there has been fitted 
CA equal to the given straight line D. 
Q. E. F. 
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Of this problem as it stands there are of course an infinite number of 
solutions ; and, if a particular point be chosen as one extremity of the chord 
to be “fitted in,” there are two solutions. More difficult cases of “ fitting 
into” a circle a chord of given length are arrived at by adding some further 
condition, e.g. (1) that the chord is to be parallel to a given straight line, or 
(2) that the chord, produced if necessary, shall pass through a given point. 
The former problem is solved by Pappus (111. Ρ. 132); instead of drawing the 
chord as a tangent to a circle concentric with the given circle and having as 
radius a straight line the square on which is equal to the difference between 
the squares on the radius of the given circle and on half the given length, he 
merely draws the diameter of the circle which is parallel to the given direction, 
measures from the centre along it in each direction a length equal to half the 
given length, and then draws, on one side of the diameter, perpendiculars to it 
through the two points so determined. 

The second problem of drawing a chord of given length, being less than 
the diameter of the circle, and passing through a given point, is more 
important as having been one of the problems discussed by Apollonius in his 
work entitled νεύσεις, now lost. Pappus states the problem thus (vit. p. 670): 
“A circle being given in position, to fit into it a straight line given in 
magnitude and verging (νεύουσαν) towards a given (point).” To do this we 
have only to place any chord “XX in the given 
circle (with centre QO) equal to the given length, 
take Z the middle point of it, with O as centre and 
OZ as radius describe a circle, and lastly through 
the given point C draw a tangent to this circle 
meeting the given circle in 4, B. ABisthen one ἢ 
of ¢wo chords which can be drawn satisfying the ἡ 
given conditions, if C is outside the inner circle; if A 
C is oz the inner circle, there is one solutidn only ; 
and, if C 15 within the inner circle, there is no 
solution. Thus, if C is within the outer (given) 
circle, besides the condition that the given length must not be greater than the 
diameter of the circle, there is another necessary condition of the possibility 
of a solution, viz. that the given length must not be Zss than double of the 
straight line the square on which is equal to the difference between the squares 
(1) on the radius of the given circle and (2) on the distance between its 
centre and the given point. 


K 


PROPOSITION 2, 


ln a gwen circle to enscribe a triangle equiangular with a 
given triangle. 

Let ABC be the given circle, and DEF the given 
triangle ; 
thus it is required to inscribe in the circle AC a triangle 
equiangular with the triangle DEAF. | 

Let GA/be drawn touching the circle dC at A [u. 16, Por]; 


H. E. Il. 6 


$2 BOOK IV [Iv. 2 


on the straight line 4/7, and at the point 4 on it, let the 
angle HAC be constructed equal to the angle DEF, 

and on the straight line 4G, and at the point 4 on it, let 
the angle GAB be constructed equal to the angle DFE; 


(1234 
let BC be joined. 


Then, since a straight line 4A touches the circle 4 BC, 


and from the point of contact at 4 the straight line AC is 
drawn across in the circle, 


therefore the angle (ZAC is equal to the angle ALC in the 
alternate segment of the circle. [ππἰ. 32] 


But the angle ZAC is equal to the angle 2); 
therefore the angle 4BC is also equal to the angle DEF. 
For the same reason 
the angle 4CB is also equal to the angle DFE ; 
therefore the remaining angle LAC is also equal to the 


remaining angle ADF. [1. 32] 
Therefore in the given circle there has been inscribed a 
triangle equiangular with the given triangle. Q. ELF, 


Here again, since any point on the circle niay be taken as an angular 
point of the triangle, there are an infinite number of solutions. Even when a 
particular point has been chosen to form one angular point, the required 
triangle may be constructed in six ways. For any one of the three angles 
may be placed at the point; and, whichever is placed there, the positions of 
the two others relatively to it may be interchanged. ‘The sides of the triangle 
wil, in all the different solutions, be of the same length respectively; only 
their relative positions will be different. 

This problem can of course be reduced (as it was by Borelli) to m1. 34, 
namely the problem of cutting off from a given circle a segment containing an 
angle equal to a given angle. It can also be solved by the alternative method 
applicable to 111. 34 of drawing “angles at the centre” equal to double the 
angles of the given triangle respectively ; and by this method we can easily 
solve this problem, or mI. 34, with the further condition that one side of the 
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required triangle, or the base of the required segment, respectively, shall be 
parallel to a given straight line. 

As a particular case, we can, by the method of this proposition, describe 
an egutlateral triangle in any circle after we have first constructed any 
equilateral triangle by the aid of 1. 1. The possibility of this is assumed in 
iv. 16. It is of course equivalent to dividing the circumference of a circle 
into ¢hree equal parts. As De Morgan says, the idea of dividing a revolution 
into equal parts should be kept prominent in considering Book iv.; this 
aspect of the construction of regular polygons is obvious enough, and the 
reason why the division of the circle into ¢vee equal parts is not given by 
Euclid is that it happens to be as easy to divide the circle into three parts 
which are in the ratio of the angles of any triangle as to divide it into three 
equal parts. 


PROPOSITION 3. 


A bout a given circle to circumscribe a triangle equiangular 
with a given triangle. 
Let ABC be the given circle, and DAY the given 
triangle ; 
sthus it is required to circumscribe about the circle ABC a 
triangle equiangular with the triangle DEF. 


M H 
F D 
A 
B 
ΒΕ. 
G 
L C N 


Let EF be produced in both directions to the points 
G, £7, 
let the centre K of the circle ABC be taken [1. τ], and let 
το the straight line AB be drawn across at random ; 
on the straight line AA, and at the point A on it, let the 
angle BKA be constructed equal to the angle DEG, 


and the angle BKC equal to the angle D/L; [1. 23] 
and through the points 4, BS, Clet LAM, MBN, NCL be 
τς drawn touching the circle ABC. [ππ|. 16, Por.] 


Now, since LIZ, IN, NL touch the circle ABC at the 
points 4, B, C, 
and KA, KB, KC have been joined from the centre A to 
the points 4, B, C, 
6-—2 
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20 therefore the angles at the points A, δ, Care right. [iu 18] 


And, since the four angles of the quadrilateral AZBK 
are equal to four right angles, inasmuch as 4/744 is in fact 
divisible into two triangles, 


and the angles KAM, KAM are right, 


25 therefore the remaining angles dA L, AMZ are equal to two 
right angles. 


But the angles DEG, DAF are also equal to two right 
angles ; [τ 13] 
therefore the angles AKL, AME are equal to the angles 

30 DEG, DEF, 
of which the angle AZ is equal to the angle DEG; 


therefore the angle AAZZ which remains is equal to the 
angle DEF which remains. 


Similarly it can be proved that the angle LZ is also 
35 equal to the angle ΖΕ ; 


therefore the remaining angle AZZN is equal to the 
angle ADF. [1. 32] 
Therefore the triangle ZAZV is equiangular with the 


triangle DEF; and it has been circumscribed about the 
4o circle AAC. 


Therefore about a given circle there has been circum- 
scribed a triangle equiangular with the given triangle. 
Q. E. F. 


ws ἔτυχεν. The same expression is used 


32 


το. at random, literally ‘as it may chance, 
in IIT. 1 and commonly. 
22, is in fact divisible, καὶ διαιρεῖται, literally “is actually divided.” 


The remarks as to the number of ways in which Prop. 2 can be solved 
apply here also. 

Euclid leaves us to satisfy ourselves that the three tangents zez/7 meet and 
form a triangle. This follows easily from the fact that each of the angles 
AKB, BKC, CKA \s jess than two right angles. The first two are so by 
construction, being the supplements of two angles of the given triangle re- 
spectively, and, since all three angles round X are together equal to four 
right angles, it follows that the third, the angle AC, is equal to the sum 
of the two angles #, / of the triangle, 1.6. to the supplement of the angle .2), 
and is therefore less than two right angles. 

Peletarius and Borelli gave an alternative solution, first inscribing a triangle 
equiangular to the given triangle, by Iv. 2, and then drawing tangents to the 
circle parallel to the sides of the inscribed triangle respectively. This method 
will of course give two solutions, since two tangents can be drawn parallel to 
each of the sides of the inscribed triangle. 

If the three pairs of parallel tangents be drawn and produced far enough, 
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they will form eight triangles, two of which are the triangles circumscribed to 
the circle in the manner required in the proposition. The other six triangles 
are so related to the circle that the circle touches two of the sides in each 
produced, i.e. the circle is an eser?bed circle to each of the six triangles. 


PROPOSITION 4. 


L[n ἃ given triangle to inscribe a circle. 


Let ABC be the given triangle ; 
thus it is required to inscribe a circle in the triangle 4 BC. 
Let the angles ABC, ACB 
s be bisected by the straight lines 
BD, CD [1.9], and let these meet 
one another at the point D; 
from 229 let DE, DF, DG be 
drawn perpendicular tothestraight 
10 lines 4B, BC, CA. 
Now, since the angle 44D 
is equal to the angle CBD, 


and the right angle BZD is also equal to the right angle 
BFD, 


53 ABD, FBP are two triangles having two angles equal to two 
angles and one side equal to one side, namely that subtending 
one of the equal angles, which is BD common to the 
triangles ; 

therefore they will also have the remaining sides equal to 
20 the remaining sides ; [τ 26] 
therefore DZ is equal to DF. 
For the same reason 


DG is also equal to DF. 
Therefore the three straight lines DZ, DF, DG are equal 
28 to one another ; 
therefore the circle described with centre J and distance 
one of the straight lines D2, 2, DG will pass also 
through the remaining points, and will touch the straight 
lines AL, BC, CA, because the angles at the points £, 4, G 
30 are right. 
For, if it cuts them, the straight line drawn at right angles 
to the diameter of the circle from its extremity will be found 
to fall within the circle: which was proved absurd ; (x11. 16] 


35 


40 
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therefore the circle described with centre J and distance 
one of the straight lines DZ, DF, DG will not cut the 
straight lines 44, BC, CA; 


therefore it will touch them, and will be the circle inscribed 
in the triangle ABC. [iv. Def. 5] 


Let it be inscribed, as AGE. 
Therefore in the given triangle ALC the circle ΕΖ Ὸ has 
been inscribed. 
Q. E. F. 


26, 34. and distance one of the (straight lines D)E, (D)F, (D)G. The words 
and letters here shown in brackets are put in to fill out the rather careless language of the 
Greek. Here and in several other places in Book 1v. Euclid says literally ‘‘and with distance 
one of the (points) Z, 7, G” (καὶ διαστήματι ἑνὶ τῶν E, Z, H} and the like. In one case (Iv. 13) 
he actually has ‘‘ with distance one of the pozuts G, H, K, L, M” (διαστήματι evi τῶν H, 9, 
K, A, Μ σημείων). Heiberg notes “ Graecam locutionem satis miram et negligentem,” but, 
in view of its frequent occurrence in good Mss., does not venture to correct it. 


Euclid does not think it necessary to prove that BD, CLD τοῦ meet ; this 
is indeed obvious, for the angles D&C, DCS are together half of the angles 
ABC, ACB, which themselves are together less than two right angles, and 
therefore the two bisectors of the angles 4, C must meet, by Post. 5. 

It follows from the proof of this proposition that, if the bisectors of two 
angles B, C of a triangle meet in D, the line joining D to A also bisects the 
third angle 4, or the bisectors of the three angles of a triangle meet in 
a point. 

It will be observed that Euclid uses the zzdirect form of proof when 
showing that the circle touches the three sides of the triangle. Simson proves 
it directly, and points out that Euclid does the same in 111. 17, 33 and 37, 
whereas in Iv. 8 and 13 as well as here he uses the zmdirect form. The 
difference is unimportant, being one of form and not of substance; the 
indirect proof refers back to 11. 16, whereas the direct refers back to the 
Porism to that proposition. 

We may state this problem in the more general form: Zo describe a circle 
touching three given straight lines which do not all meet in one point, and of 
which not more than two are parallel. 

In the case (1) where two of the straight lines are parallel and the third 
cuts them, two pairs of interior angles are formed, one on each side of the 
third straight line. If we bisect each of the interior angles on one side, the 
bisectors will meet in a point, and this point will be the centre of a circle 
which can be drawn touching each of the three straight lines, its radius being 
the perpendicular from the point on any one of the three. Since the a/ternate 
angles are equal, two equal circles can be drawn in this manner satisfying the 
given condition. 

In the case (2) where the three straight lines form a triangle, suppose each 
straight line produced indefinitely. Then each straight line will make two 
pairs of interior angles with the other two, one pair forming two angles of the 
triangle, and the other pair being their supplements. By bisecting each angle 
of either pair we obtain, in the manner of the proposition, two circles 
satisfying the conditions, one of them being the inscribed circle of the triangle 
and the other being a circle eserzbed to it, 1.e, touching one side and the other 
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two sides produced. Next, taking the pairs of interior angles formed by a 
second side with the other two produced indefinitely, we get two circles 
satisfying the conditions, one of which is the same inscribed circle that we had 
before, while the other is a second escribed circle. Similarly with the third side. 
Hence we have the inscribed circle, and three escribed circles (one opposite 
each angle of the triangle), 1.6. four circles in all, satisfying the conditions of 
the problem. 

It may perhaps not be inappropriate to give at this point Heron’s elegant 
proof of the formula for the area of a triangle in terms of the sides, which we 
usually write thus ; 


A =,/s(s—a) (s— ὃ (s~ ὦ, 


although it requires the theory of proportions and uses some ungeometrical 
expressions, e.g. the product of two areas and the “side” of such a product, 
where of course the areas are so many square units of length. The proof is 
given in the A@edrica, 1. 8, and in the Dioptra, 30 (Heron, Vol. u1., Teubner, 
1903, pp. 20—24 and pp. 280—4, or Heron, ed. Hultsch, pp. 235—7). 
Suppose the sides of the triangle 4.BC to be given in length. 
Inscribe the circle DF, and let G be its centre. 


Join AG, BG, CG, DG, EG, FG. 

Then BC. EG=2.48GC, 
CA. FG=2.4ACG, 
AB. DG=2.4A8G. 


Therefore, by addition, ΠΥ 
where 2 is the perimeter. 
Produce CB to A, so that BH = AD. 
Then, since 4D =4F, DB = BE, FC= CE, 
CH= 3 2. 
Hence CH.EG=A ABC. 
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But ΟΣ. ἘΦ is the “side” of the product CH?. ΣΟ", that is 
J CH?. EG? : 

therefore (A ABCY= CH?. EG. 

Draw GZ at right angles to CG, and BZ at night angles to C4, mecting 
at Z. Join CZ. 

Then, since each of the angles CGZ, CBZ is right, CGLL is a quadri- 
lateral in a circle. 

Therefore the angles CGB, CLF are equal to two right angles. 

Now the angles CGB, AGD are equal to two right angles, since AG, BC, 
CG bisect the angles at G, and the angles (6.8, AGD are equal to the 
angles 4GC, DGS, while the sum of all four is equal to four right angles. 

Therefore the angles 4GD, CLB are equal. 

So are the right angles dDG, CBL. 

Therefore the triangles 4GD, CZS& are similar. 


Hence BC: BL= AD: DG 
= BH:EG, 
and, alternately, CB: BH= BL: EG 
= BK: KE, 
whence, componendo, CH: AB =BL: EER. 
It follows that CH’?:CH.HB=BE.EC:CE.EK 
=BE.EC: EG’. 
Therefore 


(Δ ABC) = CH?. EG*= CH. HB. CE. EB 
= $2 (39 - BC) (5p - AB) (2-- AC). 


PROPOSITION 5. 


About a given triangle to ctrcumscribe a circle. 


Let ABC be the given triangle ; 


thus it is required to circumscribe a circle about the given 


triangle ABC, 
\EONY 


Let the straight lines 432, AC be bisected at the points 
vas Ε [1. το], and from the points 22, & let DF, EF be drawn 
at right angles to 4B, AC; 


they will then meet within the triangle ABC, or on the 
straight line BC, or outside BC. 
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First let them meet within at 2, and let FB, FC, FA be 


joined. 

Then, since 4D is equal to DB, 
and DF is common and at right angles, 
therefore the base 4/ is equal to the base FZ. (1. 4] 

Similarly we can prove that 

Cf is also equal to 44; 
so that ABA is also equal to FC; : 

therefore the three straight lines 4, FB, FC are equal 
to one another. 

Therefore the circle described with centre ¥ and distance 
one of the straight lines Ζιῖ, 5:5, AC will pass also through 
the remaining points, and the circle will have been circum- 
scribed about the triangle ABC. 

Let it be circumscribed, as 4 4C. 

Next, let D/, AF meet on the straight line BC at ἢ 
as is the case in the second figure; and let 4/ be joined. 

Then, similarly, we shall prove that the point / is the 
centre of the circle circumscribed about the triangle ABC. 

Again, let DF, EF meet outside the triangle ABC at F, 
as is the case in the third figure, and let 4/, BF, CF be 
joined. 

‘Then again, since 4D is equal to DBS, 
and YF is common and at right angles, 
therefore the base 4 is equal to the base B/. [1. 4] 

Similarly we can prove that 

CF is also equal to 4.2; 
so that BF is also equal to FC; 
therefore the circle described with centre / and distance one 
of the straight lines “4, 7B, FC will pass also through 
the remaining points, and will have been circumscribed about 
the triangle AAC. 

Therefore about the given triangle a circle has been 
circumscribed. 

Q. E. F. 

And it is manifest that, when the centre of the circle falls 
within the triangle, the angle BAC, being in a segment 
greater than the semicircle, is less than a right angle ; 
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when the centre falls on the straight line BC, the angle BAC, 
being in a semicircle, is right ; 


and when the centre of the circle falls outside the triangle, 
the angle BAC, being in a segment less than the semicircle, 
is greater than a right angle. [m1 31] 


Simson points out that Euclid does not prove that DZ, £F will meet, and 
he inserts in the text the following argument to supply the omission. 

“ DF, EF produced meet one another. For, if they do not meet, they 
are parallel, wherefore 48, AC, which are at right angles to them, are 
parallel for, he should have added, in a straight line]: which is absurd.” 

This assumes, of course, that straight lines which are at right angles to two 
parallels are themselves parallel; but this is an obvious deduction from 1. 28. 

On the assumption that DF, #F will meet Todhunter has this note: “It 
has been proposed to show this in the following way: join DZ; then the 
angles HDF and DEF are together less than the angles 4.2 and AZ F, that 
is, they are together less than two night angles; and therefore DF and £F 
will meet, by Axiom 12 [Post. 5]. This assumes that 4.28 and AED are 
acute angles ; it may, however, be easily shown that DZ is parallel to BC, so 
that the triangle 4DZ is equiangular to the triangle ABC; and we must 
therefore select the two sides 4B and AC such that 4.506 and ACB may be 
acute angles.” 

This is, however, unsatisfactory. Euclid makes no such selection in III. g 
and 111. ro, where the same assumption is tacitly made; and it is unnecessary, 
because it is easy to prove that the straight lines DF, ZF meet in αὐ cases, 
by considering the different possibilities separately and drawing a separate 
figure for each case. 

Simson thinks that Euclid’s demonstration had been spoiled by some 
unskilful hand both because of the omission to prove that the perpendicular 
bisectors meet, and because ‘‘ without any reason he divides the proposition 
into three cases, whereas one and the same construction and demonstration 
serves for them all, as Campanus has observed.” However, up to the usual 
words ὅπερ ἔδει ποιῆσαι there seems to be no doubt about the text. Heiberg 
suggests that Euclid gave separately the case where / falls on BC because, in 
that case, only “4.5 needs to be drawn and not BF, CF as well. 

The addition, though given in Simson and the text-books as a “corollary,” 
has no heading πόρισμα in the best Mss. ; it is an explanation like that which 
is contained in the penultimate paragraph of 111. 25. 

The Greek text has a further addition, which is rejected by Heiberg as not 
genuine, “So that, further, when the given angle happens to be less than a 
right angle, D/, LF will fall within the triangle, when it is right, on BC, and, 
when it 15 greater than aright angle, outside BC: (being) what it was required 
to do.” Simson had already observed that the text here is vitiated ‘“‘ where 
mention is made of a given angle, though there neither is, nor can be, any- 
thing in the proposition relating to a given angle.” 


IV. 5, 6] PROPOSITIONS «5, 6 gt 


PROPOSITION 6. 


Ln ἃ given circle to inscribe a square. 


Let ABCD be the given circle ; 
thus it is required to inscribe a square in the circle 4BCD. 

Let two diameters 4C, BD of the 
circle 4BCD be drawn at right angles Ὰ 
to one another, and let AB, BC, CD, 

DA _ be joined. 

Then, since BZ is equal to ED, for { 

F is the centre, B 0 
and «2.53 is common and at right angles, 

therefore the base AVF is equal to the 

base ἡ. (1. 4] C 

For the same reason 
each of the straight lines BC, CD is also equal to each of 
the straight lines 45, AD; 

therefore the quadrilateral A &CD is equilateral. 

I say next that it is also right-angled. 

For, since the straight line 2D is a diameter of the circle 
ABCD; | 
therefore BAD is a semicircle ; 

therefore the angle BAD is right. [π|. 31] 

For the same reason 
each of the angles ALC, BCD, CDA is also right ; 

therefore the quadrilateral J 2CD is right-angled. 

But it was also proved equilateral ; 
therefore it is a square; | [1. Def. 22] 
and it has been inscribed in the circle ABCD. 

Therefore in the given circle the square 44CD has been 
inscribed. 

Q. E. Ὁ. 


Euclid here proceeds to consider problems corresponding to those in 
Props. 2—5 with reference to figures of four or more sides, but with the 
difference that, whereas he dealt with triangles of any form, he confines 
himself henceforth to regular figures. It happened to be as easy to divide a 
circle into ‘Aree parts which are in the ratio of the angles, or of the supplements 
of the angles, of a triangle as into three egwa/ parts. But, when it 1s required to 
inscribe in a circle a figure equiangular to a given guadrilateral, this can only be 
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done provided that the quadrilateral has either pair of opposite angles equal 
to two right angles. Moreover, in this case, the problem may be solved in the 
same way as that of Iv. 2, i.e. by simply inscribing a triangle equiangular to one 
of the triangles into which the quadrilateral is divided by either diagonal, and 
then drawing on the side corresponding to the diagonal as base another 
triangle equiangular to the other triangle contained in the quadrilateral. But 
this 15 not the oxy solution; there are an infinite 
number of other solutions in which the inscribed 
quadrilateral will, unlike that found by this particular 
method, not be of the same form as the given quadri- 
lateral. For suppose 482CD to be the quadrilateral 
inscribed in the circle by the method of Iv. 2. Take 
any point B’ on AB, join AB’, and then make the 
angle DAD’ (measured towards AC) equal to the 
angle BAB’. Join BC, CD’. Then AS'CD' 1s also 
equiangular to the given quadrilateral, but not of the 
same form. Hence the problem 15 indeterminate in the case of the general 
quadrilateral. It is equally so if the given quadrilateral is a rectangle ; and it 
is determinate only when the given quadrilateral is a sguare. 


PROPOSITION 7. 


A bout a given circle to circumscribe @ square. 


Let ABCD be the given circle ; 
thus it is required to circumscribe a square about the circle 


ABCD. 


Let two diameters AC, ALD of the 
circle ALCLD be drawn at right angles’ G A F 


to one another, and through the points 
A, B,C, D let FG, GH, HK, KF be 


drawn touching the circle ABCD. 


[πτ||. 16, Por. | : i 
Then, since /G touches the circle \ / 
ABCD, ) ι ὲ ᾿ 


and #.A has been joined from the centre 
F to the point of contact at 4, 


therefore the angles at 4 are right. (111. 18] 
For the same reason 
the angles at the points B, C, D are also right. 
Now, since the angle 4 ZB is right, 
and the angle ZG is also right, 
therefore GH is parallel to _ AC. [τ 28] 
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For the same reason 


AC is also parallel to FX, 
so that G/Z is also parallel to FX. [τ 35] 
Similarly we can prove that 


each of the straight lines GF, AK is parallel to BED. 
Therefore GK, GC, AK, FB, BK are parallelograms ; 
therefore GF is equal to 1X, and GH to FX. [1. 34] 
And, since AC is equal to BD, 
and AC is also equal to each of the straight lines GH, FK, 
while BD is equal to each of the straight lines GF, HK, 


L 34 
therefore the quadrilateral PGA is equilateral. oa 


I say next that it is also right-angled. 
For, since GBA is a parallelogram, 
and the angle 4 ZZ is right, 
therefore the angle 4 GZ is also right. (1. 34] 
Similarly we can prove that 
the angles at 47, A, Fare also right. 
Therefore FGA is right-angled. 
But it was also proved equilateral ; 
therefore it is a square ; 
and it has been circumscribed about the circle ABCD. 


Therefore about the given circle a square has -been 
circumscribed. 
Q. EF, 


It is just as easy to describe about a given circle a polygon equiangular to 
any given polygon as it is to describe a square about a given circle. We have 
only to use the method of Iv. 3, 1.6. to take any radius of the circle; to 
measure round the centre successive angles in one and the same direction 
equal to the supplements of the successive angles of the given polygon and, 
lastly, to draw tangents to the circle at the extremities of the several radii so 
determined ; but again the polygon would in general not be of the same form 
as the given one ; it would only be so if the given polygon happeried to’ be 
such that a circle could be inscribed in it. To take the case of a guadrilateral 
only: it is easy to prove that, if a quadrilateral be described about a circle, 
the sum of one pair of opposite sides must be equal to the sum of the other 
pair. It may be proved, conversely, that, if a quadrilateral has the sums of the 
pairs of opposite sides equal, a circle can be inscribed in it. If then a given 
quadrilateral has the sums of the pairs of opposite sides equal, a quadrilateral 
can be described about any given circle not only equiangular with it but 
having the same form or, in the words of Book vi., s¢mifar to it. 
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PROPOSITION 8. 


In a given square to tnuscrebe a circle. 
Let ABCD be the given square ; 


thus it is required to inscribe a circle in the given square 


ABCD. 


Let the straight lines 4D, AB be A Ε D 
bisected at the points 4, δ᾽ ai “| i iN 
τ. rol, 
F K 


through & let AH be drawn parallel 


to either 42 or CY, and through 
F let ΕΑ be drawn parallel to either ὶ / 
AD oD: [1 5.1} ᾿ ἡ 4 


therefore each of the figures AK, KB, 
AH, HD, AG, GC, BG, GP is a parallelogram, 
and their opposite sides are evidently equal. [τὸ 34] 

Now, since 4D is equal to 4B, 
and AF is half of AD, and AF half of AB, 

therefore AF is equal to AF, 
so that the opposite sides are also equal; 
therefore /G is equal to 6 4. 

Similarly we can prove that each of the straight lines GZ, 
G£ is equal to each of the straight lines PG, GE; 

therefore the four straight lines GE, GF, GL, GK are 
equal to one another. 

Therefore the circle described with centre G and distance 
one of the straight lines GZ, GF, GH, GK will pass also 
through the remaining points. 

And it will touch the straight lines AB, BC, CD, DA, 
because the angles at £, F, H, Καὶ are right. 

For, if the circle cuts 4B, BC, CD, DA, the straight 
line drawn at right angles to the diameter of the circle from 
its extremity will fall within the circle: which was proved 
absurd ; (111. 16] 
therefore the circle described with centre G and distance 
one of the straight lines GZ, GF, GH, G& will not cut 
the straight lines AB, BC, CD, DA. 

Therefore it will touch them, and will have been inscribed 
in the square ABCD. 

Therefore in the given square a circle has been inscribed. 

Q. E. F. 
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As was remarked in the last note, a circle can be inscribed in any 
quadrilateral which has the sum of one pair of opposite sides equal to the sum 
of the other pair. In particular, it follows that a circle can be inscribed in a 
square or a rhombus, but not in a rectangle or a rhomboid. 


PROPOSITION 9. 


About a given square to circumscribe a ctrele. 
Let ABCD be the given square; 


thus it is required to circumscribe a circle about the square 


ABCD. 


For let AC, BD be joined, and let them A 
cut one another at £. 


Then, since DA is equal to AB, ( 
and AC is common, B D 
therefore the two sides DA, AC are equal 
to the two sides BA, AC; 
and the base DC is equal to the base BC; - 

therefore the angle DAC is equal to 
the angle BAC. (1. 8] 

Therefore the angle DAZ is bisected by AC. 

Similarly we can prove that each of the angles ABC, 
BCD, CDA is bisected by the straight lines AC, DB. 

Now, since the angle DAZ is equal to the angle 4 BC, 
and the angle Z'AZB is half the angle DAB, 
and the angle ZAZA half the angle ABC, 
therefore the angle 4.4Z is also equal to the angle ELA ; 
so that the side £4 is also equal to ZZ. [1. 6] 

Similarly we can prove that each of the straight lines 
EA, EB is equal to each of the straight lines EC, ED. 

Therefore the four straight lines ΖΩ͂, 55, EC, ED are 
equal to one another. 

Therefore the circle described with centre 4 and distance 
one of the straight lines 4.4, ZA, LC, ED will pass also 
through the remaining points ; 
and it will have been circumscribed about the square 4 ACD. 

Let it be circumscribed, as 4A ACD. 

Therefore about the given square a circle has been 


circumscribed. 
ΘᾺ BE, F. 
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PROPOSITION IO. 


To construct an tsosceles triangle having each of the angles 
at the base double of the rematning one. 


Let any straight liné 42 be set out, and let it be cut at 
the point C so that the rectangle 
contained by AL, LC is. equal to 
the square on CA; (11. 11] 
with centre 4 and distance AVA let 
the circle BDE be described, 
and let there be fitted in the circle 
BODE the straight line BD equal to 
the straight line 4C which is not 
greater than the diameter of the 
circle BDE. iv. 17 

Let AD, DC be joined, and let 
the circle ACD be circumscribed about the triangle ACD. 

: [iv. 5] 

Then, since the rectangle dL, BC is equal to the square 
on AC, | 


and AC is equal to BD, 
therefore the rectangle 4B, BC is equal to the square on BD. 


And, since a point B has been taken outside the circle 
ACD, 
and from £& the two straight ines BA, BD have fallen on 
the circle _ 4CY, and one of them cuts it, while the other falls 
on it, 
and the rectangle 4B, BC is equal to the square on BD, 
therefore BLD touches the circle ACD. fur. 37] 
Since, then, LY touches it, and MC is drawn across 
from the point of contact at D, 
therefore the angle BDC is equal to the angle DAC ‘in the 
alternate segment of the circle. [1i1. 32] 
Since, then, the angle BDC is equal to the angle DAC, 
let the angle CDA be added to each ; 


therefore the whole angle BDA is equal to the two angles 
CDA, DAC. 
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‘But the exterior angle BCD is equal to the angles CDA, 
DAC; [τ 32] 


therefore the angle BDA is also equal to the angle BCD. 


But the angle BDA is equal to the angle CBD, since the 
side 4D is also equal to 4B; (1. 5] 


so that the angle DBA is also equal to the angle BCD. 
Therefore the three angles BDA, DBA, BCD are equal 


to one another. 
And, since the angle D&C is equal to the angle BCD, 
the side BD is also equal to the side DC. [1. 6] 
But BD is by hypothesis equal to CA ; 
therefore C4 is also equal to CD, 
so that the angle CD is also equal to the angle DAC; 


[1- 5] 
therefore the angles CDA, DAC are double of the angle DAC. 


But the angle SCV is equal to the angles CDA, DAC; 
therefore the angle BCD is also double of the angle C4D. 


' But the angle BCD is equal to each of the angles BDA, 
DBA ; 


therefore each of the angles BDA, DBA is also double of 
the angle DAL. 


Therefore the isosceles triangle 4 4D has been constructed 
having each of the angles at the base DZ double of the 
remaining one. 


Q. E. F. 


There is every reason to conclude that the connexion of the triangle 
constructed in this proposition with the regular pentagon, and the construction 
of the triangle itself, were the discovery of the Pythagoreans. In the first 
place the Scholium iv. No. 2 (Heiberg, Vol. v. p. 273) says “this Book is the 
discovery of the Pythagoreans.” Secondly, the summary in Proclus (p. 65, 20) 
says that Pythagoras discovered “the construction of the cosmic figures,” 
by which must be understood the five regular solids. This is confirmed by 
the fragment of Philolaus (Boeckh, p. 160 sqqg.) which speaks of the “‘five 
bodies in the sphere,” and by the statement of Iamblichus (Vit. Pyfh. c. 18, 
s. 88) that Hippasus, a Pythagorean, was said to have been drowned for the 
impiety of claiming the credit of inscribing in a sphere the figure made of the 
twelve pentagons, whereas the whole was HIS discovery (ἐκείνου τοῦ ἀνδρός) ; 
“for it is thus they speak of Pythagoras, and they do not call him by his 
name.” Cantor has (1;, pp. 176 544.) collected notices which help us to form 
an idea how the discovery of the Euclidean construction for a regular 
pentagon may have been arrived at by the Pythagoreans. 

Plato puts into the mouth of Timaeus a description of the formation from 


H. E. It. q 
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right-angled triangles of the figures which are the faces of the first four regular 
solids. The face of the cube is the square which is formed from isosceles 
right-angled triangles by placing four of these triangles contiguously so that 
the four right angles are in contact at the centre. The 

equilateral triangle, however, which is the form of the faces of 

the tetrahedron, the octahedron and the icosahedron, cannot 

be constructed from isosceles right-angled triangles, but is 

constructed from a particular scalene right-angled triangle 

which Timaeus (54 A, B) regards as the most beautiful of all 

scalene right-angled triangles, namely that in which the square on one of the 
sides about the right angle is three times the square on the other. This is, of 
course, the triangle forming half of an equilateral triangle bisected by the 
perpendicular from one angular point on the opposite side. The Platonic 
Timaeus does not construct his equilateral triangle from two such triangles 
but from six, by placing the latter contiguously round a | 

point so that the hypotenuses and the smaller of the sides 

about the right angles respectively adjoin, and all of them 

meet at the common centre, as shown in the figure 

( Zimaeus, 54 Ὁ, E.). The probability that this exposition 

was Pythagorean is confirmed by the independent testimony 

of Proclus (pp. 304—5), who attributes to the Pythagoreans 

the theorem that six equilateral triangles, or three hexagons, or four squares, 
placed contiguously with one angular point of each at a common point, will 
just fill up the four right angles round that point, and that no other regular 
polygons in any numbers have this property. 

How then would it be proposed to split up into triangles, or to make up 
out of triangles, the face of the remaining solid, the dodecahedron? It would 
easily be seen that the pentagon could not be constructed by means of the 
two right-angled triangles which were used for constructing the square and the 
equilateral triangle respectively. But attempts would naturally be made to 
split up the pentagon into elementary triangles, and traces of such attempts 
are actually forthcoming. Plutarch has in two passages spoken of the division 
of the faces of the dodecahedron into triangles, remarking in one place 
(Quaest. Platon. v. 1) that each of the twelve faces is made up of 30 elemen- 


tary scalene triangles, so that, taken together, they give 360 such triangles, 
and in another (De defectu oraculorum, c. 33) that the elementary triangle of 
the dodecahedron must be different from that of the tetrahedron, octahedron 
and icosahedron. Another writer ef the 2nd cent., Alcinous, has, in his 
introduction to the study of Plato (De doctrina Platonis, c. 11), spoken 
similarly of the 360 elements which are produced when every one of the 
pentagons is divided into 5 isosceles triangles, and each of the latter into 
6 scalene triangles. Now, if we proceed to draw lines in a pentagon separating 
it into this number of small triangles as shown in the above figure, the figure 
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which stands out most prominently in the mass of lines is the “‘star-pentagon,” 
as drawn separately, which then (if the consecutive corners be joined) suggests 
the drawing, as part of a pentagon, of a triangle of a definite character. Now 
we are expressly told by Lucian and the scholiast to the Clouds of Aristophanes 
(see Bretschneider, pp. 85-86) that the triple interwoven triangle, the penta- 
gram (τὸ τριπλοῦν τρίγωνον, τὸ δι᾿ ἀλλήλων, τὸ πεντάγραμμον), was used by the 
Pythagoreans as ἃ symbol of recognition between the members of the same 
school (συμβόλῳ πρὸς τοὺς ὁμοδόξους ἐχρῶντο), and was called by them Health. 
There seems to be therefore no room for doubt that the construction of a 
pentagon by means of an isosceles triangle having each of its base angles 
double of the vertical angle was due to the Pythagoreans. 

The construction of this triangle depends upon 11. 11, or the problem of 
dividing a straight line so that the rectangle contained by the whole and one 
of the parts is equal to the square on the other part. This problem of course 
appears again in Eucl. vi. 30 as the problem of cutting a given straight line zz 
extreme and mean ratio, i.e. the problem of the golden section, which is no 
doubt “the section” referred to in the passage of the summary given by 
Proclus (p. 67, 6) which says that Eudoxus “greatly added to the number 
of the theorems which Plato originated regarding the section.” This idea that 
Plato began the study of the “‘golden section” as a subject in itself is not in 
the least inconsistent with the supposition that the problem of Eucl. 1m. 11 was 
solved by the Pythagoreans. The very fact that Euclid places it among other 
propositions which are clearly Pythagorean in origin is significant, as is also 
the fact that its solution is effected by “applying to a straight line a rectangle 
equal to a given square and exceeding by a square,” while Proclus says plainly 
(p. 419, 15) that, according to Eudemus, “the application of areas, their 
exceeding and their falling short, are ancient and discoveries of the Muse of 
the Pythagoreans.” 

We may suppose the construction of iv. 10 to have been arrived at by 
analysis somewhat as follows (Todhunter’s Euclid, p. 325). 

Suppose the problem solved, 1.6. let d&D be an isosceles triangle having 
each of its base angles double of the vertical angle. 

Bisect the angle 4.2) by the straight line DC meeting dB in C. [1.9] 

Therefore the angle BDC is equal to the angle BAY; and the angle 
CDA is also equal to the angle BAD, 


so that DC is equal to CA. 
Again, since, in the triangles BCD, BDA, 
the angle BLDC is equal to the angle BAD, 
and the angle & is common, 
the third angle BCD is equal to the third angle SLA, and therefore to 
the angle DAC. 


Therefore DC is equal to DS. 
Now, if a circle be described about the triangle 4CD [τν. 5], since the 
angle BDC is equal to the angle in the segment CAD, 


BD must touch the circle [by the converse of 111. 32 easily proved from it 
by reductio ad absurdum|, 


Hence [111. 36] the square on BD and therefore the square on CD, or 
AC, is equal to the rectangle 44, BC. 

Thus the problem is reduced to that of cutting 44 at C so that the 
rectangle 48, BC is equal to the square on AC. [π|. 11] 


τ 
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When this is done, we have only to draw a circle with centre 4 and radius 
AB and place in it a chord BD equal in length to AC. fiv. 1] 

Since each of the angles ABD, 4.2) is double of the angle BAD, the 
latter is equal to one-fifth of the sum of all three, 1.6. is one-fifth of two right 
angles, or two-fifths of a right angle, and each of the base angles is four-fifths 
of a right angle. 

If we bisect the angle BAD, we obtain an angle equal to one-fifth of a 
right angle, so that the proposition enables us fo dzvide a right angle into five 
egual parts. 

It will be observed that BD is the side of a regular decagon inscribed in 
the larger circle. 

Proclus, as remarked above (Vol. 1. p. 130), gives IV, τὸ as an instance in 
which two of the six formal divisions of a proposition, the se¢ting-out and the 
“definition,” are left out, and explains that they are unnecessary because 
there is no datum in the enunciation. This is however no more than formally 
true, because Euclid does begin his proposition by setting out “any straight 
line 428,” and he constructs an isosceles triangle having 4# for one of its 
equal sides, i.e. he does practically imply a datum in the enunciation, and a 
corresponding sezting-out and “‘ definition” in the proposition itself. 


PROPOSITION II. 


In a given circle to inscribe an equilateral and equiangular 
pentagon. 


Let ABCDE be the given circle ; 


thus it is required to inscribe in the circle dBCDE an equi- 
lateral and equiangular pentagon. 


Let the isosceles triangle “GA 


a F 
be set out having each of the angles 9 
at G, Hf double of the angle at /; 8 Ε Ν 
[ἴν. 10] 
let there be inscribed in the circle α H 
ABCDE the triangle ACD equi- τ = 
angular with the triangle “GA, so 
that the angle C-AZD is equal to the angle at / and the angles 
at G, respectively equal to the angles 4CD, CDA ; [w. 2] 


therefore each of the angles ACD, CDA is also double of the 
angle CAD. 

Now let the angles dCD, CDA be bisected respectively 
by the straight lines ΟΖ, DB [1. 9], and let 44, BC, DE, EA 
be joined. 

Then, since each of the angles 4CD, CDA is double of 
the angle CAD, 


and they have been bisected by the straight lines CZ, DB, 
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therefore the five angles DAC, ACE, ECD, CDB, BDA 


are equal to one another. 
But equal angles stand on equal circumferences; [π|. 26] 


therefore the five circumferences 42, BC, CD, DE, EA are 
equal to one another. 


_ But equal circumferences are subtended by equal straight 
lines ; [111. 29] 


therefore the five straight lines 42, BC, CD, DE, EA are 
equal to one another ; 


therefore the pentagon 4 8CDE is equilateral. 


I say next that it is also equiangular. 
For, since the circumference 4A is equal to the circum- 


ference DE, let BCD be added to each ; 


therefore the whole circumference 4ACD is equal to the 
whole circumference EDCB. 


And the angle 4ZD stands on the circumference 4 BCD, 
and the angle 8.4. on the circumference ADCB ; 


therefore the angle AE is also equal to the angle AAD. 


[π|. 27] 
For the same reason 


each of the angles ABC, BCD, CDE is also equal to each 
of the angles BAL, AED; 


therefore the pentagon 4.50. 5 is equiangular. 
But it was also proved equilateral ; 


therefore in the given circle an equilateral and equi- 
angular pentagon has been inscribed. 
Q. Ε- Ε. 


De Morgan remarks that “the method of rv. 11 is not so natural as 
making a direct use of the angle obtained in the last.” On the other hand, 
if we look at the figure and notice that it shows the whole of the sentagram- 
stay except one line (that connecting J and £), I think we shall conclude 
that the method 15 nearer to that used by the Pythagoreans, and therefore of 
much more historical interest. 

Another method would of course be to use Iv. τὸ to describe a decagon in 
the circle, and then to join any vertex to the next alternate one, the latter to 
the next alternate one, and so on. 
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Mr H. M. Taylor gives “a complete geometrical construction for in- 
scribing a regular decagon or pentagon in a given circle,” as follows. 

“Find O the centre. 

Draw two diameters AOC, BOD at right 
angles to one another. 

Bisect OD in £. 

Draw 4Z and cut off &/ equal to OL. 

Place round the circle ten chords equal 
to AL. 

These chords will be the sides of a regular 
decagon. Draw the chords joming five alternate 
vertices of the decagon ; they will be the sides 
of a regular pentagon.” 

The construction is of course only a com- 
bination of those in 11. 11 and Iv. 13; and the 
proof would have to follow that in Iv. ro. 


PROPOSITION 12. 


About a given circle to ctrcumscribe an egutlateral and 
eguiangular pentagon. 

Let ABCDE be the given circle; 
thus it is required to circumscribe an equilateral and equi- 


angular pentagon about the circle 
ABCDE. 


Let 4, &, C, ἢ, & be conceived to 
be the angular points of the inscribed 
pentagon, so that the circumferences 
AB, BC, CD, DE, EA are equal ; 

[τν. 11] 
through 4, 8, C, D, 5 let GH, AK, 
KL, LM, MG be drawn touching the 
circle ; [111. 16, Por.] 
let the centre / of the circle ABCDE be taken [m. 1], and 
let FB, PK, FC, FL, FD be joined. 


Then, since the straight line AZ touches the circle dBCDE 
atc; 


and FC has been joined from the centre / to the point of 
contact at C, 


therefore /C is perpendicular to KL ; [τπ|. 18] 
therefore each of the angles at C is right. 

For the same reason 

the angles at the points B, D are also right. 
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And, since the angle ΣῸΚ is right, 

therefore the square on ΖΚ is equal to the squares on FC, CK. 
For the same reason [1. 47] 
the square on /’ is also equal to the squares on FB, BK: 


so that the squares on /C, CK are equal to the squares 
on FA, BK, 


of which the square on FC is equal to the square on FB; 


therefore the square on CA which remains is equal to the 
square on LA. 


Therefore 4X is equal to CK. 
And, since #8 is equal to FC, 
and /-K common, 


the two sides 9} ΕΑ are equal to the two sides CF, ΖΑ; 
and the base 44 equal to the base CK; 


therefore the angle G/‘K is equal to the angle KFC, [1 8] 
and the angle BAF to the angle KC. 
Therefore the angle BFC is double of the angle KFC, 
and the angle BAC of the angle KC. 
For the same reason 
the angle Οὐ is also double of the angle CFZ, 
and the angle DLC of the angle ΖΖ2 6. 
Now, since the circumference #C is equal to CL, 
the angle BFC is also equal to the angle CFD. (x11. 27] 
And the angle BFC is double of the angle A/C, and the 
angle DFC of the angle LC; 
therefore the angle KFC is also equal to the angle 2 ΖῸ. 
But the angle /'CX is also equal to the angle PCL ; 
therefore FAC, FLC are two triangles having two angles 
equal to two angles and one side equal to one side, namely 
FC which is common to them ; 
therefore they will also have the remaining sides equal to the 
remaining sides, and the remaining angle to the remaining 
angle ; [x. 26] 
therefore the straight line KC is equal to CL, 
and the angle “KC to the angle PLC. 
And, since KC is equal to CZ, 
therefore AZ is double of AC. 
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For the same reason it can be proved that 
HK is also double of BX. 

And BK is equal to KC; 

therefore WX is also equal to KL. 

Similarly each of the straight lines HG, GM, ML can 
also be proved equal to each of the straight lines WK, KL ; 

therefore the pentagon GHALM is equilateral. 

I say next that it is also equiangular. 

For, since the angle /“KC is equal to the angle /LC, 
and the angle HAL was proved double of the angle MKC, 

and the angle AZ/Z double of the angle ALC, 

therefore the angle WZ is also equal to the angle KZ IZ. 

Similarly each of the angles KG, HGM, GML can also 
be proved equal to each of the angles WAL, KLM; 
therefore the five angles GX, HKL, KLM, LMG, MGH 
are equal to one another. 

Therefore the pentagon GU KL is equiangular. 

And it was also proved equilateral; and it has been 
circumscribed about the circle ABCDE. 

Q. EF. 


De Morgan remarks that Iv. 12, 13, 14 supply the place of the following : 
Having given a regular polygon of any number of sides tnscribed in a circle, to 
describe the same about the circle; and, having given the polygon, to inscribe and 
circumscribe a circle. For the method can be applied generally, as indeed 
Euclid practically says in the Porism to Iv. 15 about the regular hexagon and 
in the remark appended to rv. τό about the regular fifteen-angled figure. 

The conclusion of this proposition, ‘‘ therefore about the given circle an 
equilateral and equiangular pentagon has been circumscribed,” is omitted in 
the Mss. 


PROPOSITION 13. 


ln a given pentagon, which ts eguilateral and eguiangular, 
to inscribe a circle, 


Let ABCDE be the given equilateral and equiangular 
pentagon ; 


thus it is required to inscribe a circle in the pentagon 
ABCDE. 


For let the angles BCD, CDE be bisected by the 
straight lines ( DF respectively ; and from the point F, at 
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which the straight lines CF, DF meet one another, let the 
straight lines #2, ΖΑ͂, FE be joined. 
Then, since BC is equal to CD, 
and CF common, 
the two sides BC, CF are equal to the 
two sides DC, CF: 
and the angle SCF is equal to the 
angle DCF; 
therefore the base BF is equal 
to the base DF, 
and the triangle GCF is equal to the 
triangle DCF, 
and the remaining angles will be equal to the remaining angles, 
namely those which the equal sides subtend. ft. 4] 
Therefore the angle C4F is equal to the angle CDF. 
And, since the angle CDZ is double of the angle CDF, 
and the angle CY)£ is equal to the angle 4 ABC, 
while the angle CDF is equal to the angle CBF; 
therefore the angle CAA is also double of the angle CAF; 
therefore the angle AFF is equal to the angle PAC; 
therefore the angle ABC has been bisected by the straight 
line BL. 
Similarly it can be proved that 
the angles 5A LZ, AED have also been bisected by the straight 
lines (A, EZ respectively. 
Now let /G, FH, PK, FL, /M be drawn from the point 
F perpendicular to the straight lines 4.8, BC, CD, DA, ZA. 
Then, since the angle WC is equal to the angle ACF, 
and the right angle FAC is also equal to the angle FAC, 
FHC, FKC are two triangles having two angles equal to two 
angles and one side equal to one side, namely /C which is 
common to them and subtends one of the equal angles ; 
therefore they will also have the remaining sides equal to the 
remaining sides ; [x. 26] 
therefore the perpendicular “A is equal to the perpendicular 
Δ΄ 


Similarly it can be proved that 
each of the straight lines FZ, (JZ, FG is also equal to each 
of the straight lines #7, FX ; 
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therefore the five straight lines /G, FH, ΕΑ, FL, FM are 
equal to one another. 


Therefore the circle described with centre / and distance 
one of the straight lines δ, (HZ, ΚΑ, /L, HM will pass 
also through the remaining points ; 


and it will touch the straight lines 4B, BC, CD, DE, EA, 
because the angles at the points G, 7, K, 2, M are right. 


For, if it does not touch them, but cuts them, 


it will result that the straight line drawn at right angles to 
the diameter of the circle from its extremity falls within the 
circle: which was proved absurd. [π||. 16] 


Therefore the circle described with centre / and distance 
one of the straight lines σὰ, HH, FA, FL, MVM will not 
cut the straight lines 48, BC, CD, DZ, FA; 


therefore it will touch them. 


Let it be described, as CGY ALM. 
Therefore in the given pentagon, which is equilateral and 
equiangular, a circle has been inscribed. 


Q. E. F. 


PROPOSITION 14. 


About a given pentagon, which τς equilateral and egut- 
angular, to circumscribe a ctrcle. 


Let ABCDE be the given pentagon, which is equilateral 
and equiangular ; 


thus it is required to circumscribe a circle 
about the pentagon ABCDE. 


Let the angles BCD, CDE be bisected 
by the straight lines C/, DF respectively, 
and from the point /, at which the straight 
lines meet, let the straight lines 7B, ΣΑ͂, 
FE be joined to the points &, A, £. 

Then in manner similar to the pre- 
ceding it can be proved that the angles 
CBA, BAL, AED have also been bisected by the straight 
lines #L, ΖΑ͂, FE respectively. 
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Now, since the angle 8CD is equal to the angle CD Z, 
and the angle “CD is half of the angle BCD, 
and the angle CDF half of the angle CDZ, 
therefore the angle #CD is also equal to the angle CDF, 

so that the side /C is also equal to the side FD. [1. 6] 

Similarly it can be proved that 
each of the straight lines 7-8, ΣΑ͂, FE is also equal to each 
of the straight lines FC, FD; | 
therefore the five straight lines #4, FB, FC, FD, FE are 
equal to one another. 

Therefore the circle described with centre / and distance 
one of the straight lines 7-4, FB, FC, FD, FE will pass 
also through the remaining points, and will have been 
circumscribed. 

Let it be circumscribed, and let it be ABCDE. 

Therefore about the given pentagon, which is equilateral 
and equiangular, a circle has been circumscribed. 

Q. E. F. 


PROPOSITION 15. 


In a gtven circle to inscribe an equilateral and equiangular 
hexagon. 

Let ABCDEF be the given circle ; 
thus it is required to inscribe an equilateral and equiangular 
hexagon in the circle dABCDES. 

Let the diameter 4D of the circle 
ABCDEF be drawn; 
let the centre G of the circle be taken, and 
with centre D and distance YG let the 
circle EGCA be described ; 
let EG, CG be joined and carried through 
to the points 9, 2, 
and let 48, BC, CD, DE, EF, FA be 
joined. 

I say that the hexagon ABCDELF is 
equilateral and equiangular. 

For, since the point G is the centre of the circle ABCDES, 

GE is equal to GD. 
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Again, since the point D is the centre of the circle GCZ, 
DE is equal to DG. 
But GZ was proved equal to GD; 
therefore GF is also equal to ED; 


therefore the triangle &GD is equilateral ; 
and therefore its three angles GD, GDE, DEG are equal 


to one another, inasmuch as, in isosceles triangles, the angles 
at the base are equal to one another. (1. 5] 

And the three angles of the triangle are equal to two 
right angles ; [1. 32] 

therefore the angle £GJD is one-third of two right angles. 

Similarly, the angle DGC can also be proved to be one- 
third of two right angles. 

And, since the straight line CG standing on 4A makes 
the adjacent angles EGC, (Ὁ 5 equal to two right angles, 
therefore the remaining angle CGA 15 also one-third of two 
right angles. 

Therefore the angles EGD, DGC, CGB are equal to one 
another ; 
so that the angles vertical to them, the angles BGA, AGF, 
PGE are equal. [x. 15] 


Therefore the six angles EGD, DGC, CGB, BGA, AGF. 
PGE are equal to one another. 

But equal angles stand on equal circumferences; [π|- 26] 
therefore the six circumferences 48, BC, CD, DE, EF. FA 
are equal to one another. 

And equal circumferences are subtended by equal straight 
lines ; [τὰ]. 29] 

therefore the six straight lines are equal to one another; 
therefore the hexagon ABCDLF is equilateral. 

I say next that it is also equiangular. 


For, since the circumference /A is equal to the circum- 


ference AD, 
let the circumference 4 ACD be added to each ; 


therefore the whole FABCD is equal to the whole 
EDCBA ; 
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and the angle FZD stands on the circumference F4 BCD, 
and the angle 4/£ on the circumference EDCBA ; 


therefore the angle 4 is equal to the angle DEF. 


[111. 27] 

Similarly it can be proved that the remaining angles- of 

the hexagon ASCDEF are also severally equal to each of 
the angles AFF, FED ; 


therefore the hexagon 4 BCDEF is equiangular. 
But it was also proved equilateral ; 
and it has been inscribed in the circle ABCDEF. 


Therefore in the given circle an equilateral and equiangular 
hexagon has been inscribed. 


Ο. Ε. Ε. 


Porism. From this it is manifest that the side of the 
hexagon is equal to the radius of the circle. 

And, in like manner as in the case of the pentagon, if 
through the points of division on the circle we draw 
tangents to the circle, there will be circumscribed about the 
circle an equilateral and equiangular hexagon in conformity 
with what was explained in the case of the pentagon. 

And further by means similar to those explained in the 
case of the pentagon we can both inscribe a circle in a given 
hexagon and circumscribe one about it. 

ORs ἙἘ. 


Heiberg, I think with good reason, considers the Porism to this proposition 
to be referred to in the instance which Proclus (p. 304, 2) gives of a porism 
following a problem. As the text of Proclus stands, “the (porism) found 
in the second Book (τὸ δὲ ἐν τῷ δευτέρῳ βιβλίῳ κείμενον) is a porism to a 
problem”; but this is not true of the only porism that we find in the second 
Book, namely the porism to 1. 4. Hence Heiberg thinks that for τῷ 
δευτέρῳ βιβλίῳ should be read τῷ δ΄ βιβλίῳ, i.e. the fourth Book. Moreover 
Proclus speaks of he porism in the particular Book, from which we gather 
that there was only ove porism in Book Iv. as he knew it, and therefore that 
he did not regard as a porism the addition to iv. 5. Cf note on that 
proposition. 

It appears that Theon substituted for the first words of the Porism to 
Iv. 15 “And in like manner as in the case of the pentagon” (ὁμοίως δὲ 
τοῖς ἐπὶ τοῦ πενταγώνου) the simple word “and” or ‘‘also” (xac), apparently 
thinking that the words had the same meaning as the similar words lower 
down. This is however not the case, the meaning being that “if, as in the 
case of the pentagon, we draw tangents, we can prove, also as was done in 
the case of the pentagon, that the figure so formed is a circumscribed regular 
hexagon.” 
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PROPOSITION 16. 


In a given circle to inscribe a jifteen-angled figure which 
shall be both equilateral and egutangular. 

Let ABCD be the given circle ; 
thts it is required to inscribe in the circle ABCD a fifteen- 
angled figure which shall be 
both equilateral and equi- 4 
angular. 

In the circle ABCD let 
there be inscribed a side AC 
of the equilateral triangle 
inscribed in it,and a side AB 
of an equilateral pentagon ; 
therefore, of the equal seg- © 
ments of which there are 
fifteen in the circle ABCD, Cc D 
there will be five in the cir- 
cumference A&C which is 
one-third of the circle, and 
there will be three in the cir- : 
cumference 48 which is one-fifth of the circle ; 

therefore in the remainder AC there will be two of the 
equal segments. 

Let BC be bisected at #; [111. 30] 
therefore each of the circumferences 44, AC is a fifteenth 
of the circle ABCD. 

If therefore we join SZ, HC and fit into the circle ABCD 
straight lines equal to them and in contiguity, a fifteen-angled 
figure which is both equilateral and equiangular will have been 
inscribed in it. 

Q. E. F. 


And, in like manner as in the case of the pentagon, if 
through the points of division on the circle we draw 
tangents to the circle, there will be circumscribed about the 
circle a fifteen-angled figure which is equilateral and equi- 
angular. 

And further, by proofs similar to those in the case of the 
pentagon, we can both inscribe a circle in the given fifteen- 
angled figure and circumscribe one about it. 

Q. EL F, 
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Here, as in ΠῚ. 10, we have the term “circle” used by Euclid in its 
exceptional sense of the circumference of a circle, instead of the “plane figure 
contained by one line” of τ. Def. 15. Cf. the note on that definition (Vol. 1. 
pp. 184—5). 

Proclus (p. 269) refers to this proposition in illustration of his statement 
that Euclid gave proofs of a number of propositions with an eye to their use 
in astronomy. ‘‘ With regard to the last proposition in the fourth Book in 
which he inscribes the side of the fifteen-angled figure in a circle, for what 
object does anyone assert that he propounds it except for the reference of this 
problem to astronomy? For, when we have inscribed the fifteen-angled figure 
in the circle through the poles, we have the distance from the poles both of 
the equator and the zodiac, since they are distant from one another by the 
side of the fifteen-angled figure.” This agrees with what we know from other 
sources, namely that up to the time of Eratosthenes (circa 275—194 B.C.) 24° 
was generally accepted as the correct measurement of the obliquity of the 
ecliptic. This measurement, and the construction of the fifteen-angled figure, 
were probably due to the Pythagoreans, though it would appear that the 
former was not known to Oenopides of Chios (fl. czvca 460 B.c.), as we learn 
from Theon of Smyrna (pp. 198—9, ed. Hiller), who gives Dercyllides as his 
authority, that Eudemus (fl. cca 320 B.c.) stated in his ἀστρολογίαι that, 
while Oenopides discovered certain things, and Thales, Anaximander and 
Anaximenes others, it was the rest (of λοιποί) who added other discoveries 
to these and, among them, that “the axes of the fixed stars and of the planets 
respectively are distant from one another by the side of a fifteen-angled figure.” 
Eratosthenes evaluated the angle to ἐξτας of 180°, μ6. about 23° 51’ 20", 
which measurement was apparently not improved upon in antiquity (cf. Ptolemy, 
Syntaxis, ed. Heiberg, p. 68). 

Euclid has now shown how to describe regular polygons with 3, 4, 5, 6 
and 15 sides. Now, when any regular polygon is given, we can construct a 
regular polygon with twice the number of sides by first describing a circle 
about the given polygon and then bisecting all the smaller arcs subtended by 
the sides. Applying this process any number of times, we see that we can by 
Ejuclid’s methods construct regular polygons with 3.2”, 4.2", 5.2, 15.2” sides, 
where # is zero or any positive integer. 


BOOK ν. 


INTRODUCTORY NOTE. 


The anonymous author of a scholium to Book v. (Euclid, ed. Heiberg, 
Vol. v. p. 280), who is perhaps Proclus, tells us that “some say” this Book, 
containing the general theory of proportion which is equally applicable to 
geometry, arithmetic, music, and all mathematical science, “is the discovery 
of Eudoxus, the teacher of Plato.” Not that there had been no theory of 
proportion developed before his time; on the contrary, it is certain that the 
Pythagoreans had worked out such a theory with regard to zumders, by which 
must be understood commensurable and even whole numbers (a number 
being a “multitude made up of units,” as defined in Eucl. viz). Thus we 
are told that the Pythagoreans distinguished three sorts of means, the 
arithmetic, the geometric and the harmonic mean, the geometric mean 
being called proportion (ἀναλογία) par excellence; and further Iamblichus 
speaks of the ‘“‘most perfect proportion consisting of four terms and specially 
called harmonic,” in other words, the proportion 


αὖ 2ab 
a:—— =——: 
2 a+b ° 

which was said to be a discovery of the Babylonians and to have been first 
introduced into Greece by Pythagoras (Iamblichus, Comm. on Nicomachus, 
p. 118). Now the principle of similitude 15 one which is presupposed by all 
the arts of design from their very beginnings ; 1t was certainly known to the 
Egyptians, and it must certainly have been thoroughly familiar to Pythagoras 
and his school. This consideration, together with the evidence of the 
employment by him of the geomerric proportion, makes it indubitable that the 
Pythagoreans used the theory of proportion, in the form in which it was 
known to them, 1.86. as applicable to commensurables only, in their geometry. 
But the discovery, also due to Pythagoras, of the incommensurable would 
of course be seen to render the proofs which depended on the theory of 
proportion as then understood inconclusive; as Tannery observes (Za 
Gtoméirie grecque, Ὁ. 98), “the discovery of incommensurability must have 
caused a veritable logical scandal in geometry and, in order to avoid it, they 
were obliged to restrict as far as possible the use of the principle of similitude, 
pending the discovery of a means of establishing it on the basis of a theory of 
proportion independent of commensurability.” The glory of the latter dis- 
covery belongs then most probably to Eudoxus. Certain it is that the complete 
theory was already familiar to Aristotle, as we shall see later. 
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It seems probable, as indicated by Tannery (doc. cif.), that the theory 
of proportions and the principle of similitude took, in the earliest Greek 
geometry, an earlier place than they do in Euclid, but that, in consequence 
of the discovery of the incommensurable, the treatment of the subject was 
fundamentally remodelled in the period between Pythagoras and Eudoxus. 
An indication of this is afforded by the clever device used in Euclid 1. 44 
for applying to a given straight line a parallelogram equal to a given triangle; 
the equality of the “complements” in a parallelogram is there used for doing 
what is practically finding a fourth proportional to three given straight lines. 
Thus Euclid was no doubt following for the subject-matter of Books 1.—1Vv. 
what had become the traditional method, and this is probably one of the 
reasons why proportions and similitude are postponed till as late as Books 
V., VI. 

It is a remarkable fact that the theory of proportions is twice treated in 
Euclid, in Book v. with reference to magnitudes in general, and in Book vit. 
with reference to the particular case of numbers. The latter exposition 
referring only to commensurables may be taken to represent fairly the theory 
of proportions at the stage which it had reached before the great extension of 
it made by Eudoxus. The differences between the definitions etc. in Books v. 
and vil. will appear as we go on; but the question naturally arises, why did 
Kuchid not save himself so much repetition and treat numbers merely as a 
particular case of magnitude, referring back to the corresponding more 
general propositions of Book v. instead of proving the same propositions 
over again for numbers? It could not have escaped him that numbers 
fall under the conception of magnitude. Anistotle had plainly indicated 
that magnitudes may be numbers when he observed (4val fost. 1. 7, 
75 Ὁ 4) that you cannot adapt the arithmetical method of proof to the 
properties of magnitudes if the magnitudes are not numbers. Further 
Aristotle had remarked (Aaal. post. 1. 5, 74 ἃ 17) that the proposition that 
the terms of a proportion can be taken alternately was at one time proved 
separately for numbers, lines, solids and times, though it was possible to prove " 
it for all by one demonstration; but, because there was no common name 
comprehending them all, namely numbers, lengths, times and solids, and their 
character was different, they were taken separately. Now however, he adds, 
the proposition 18 proved generally. Yet Euclid says nothing to connect 
the two theories of proportion even when he comes in x. 5 to a proportion 
two terms of which are magnitudes and two are numbers (“‘Commensurable 
magnitudes have to one another the ratio which a number has to a number”). 
The probable explanation of the phenomenon is that Euclid simply followed 
tradition and gave the two theories as he found them. This would square 
with the remark in Pappus (vil. p. 678) as to Euclid’s fairness to others and 
his readiness to give them credit for their work. 


DEFINITIONS. 


1. A magnitude is a part of a magnitude, the less of 
the greater, when it measures the greater. 


2. The greater is a multiple of the less when it is 
measured by the less. 


H. E. Il. ὃ 
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3. Aratio is a sort of relation in respect of size between 
two magnitudes of the same kind. 


4. Magnitudes are said to have a ratio to one another 
which are capable, when multiplied, of exceeding one another. 


5. Magnitudes are said to be in the same ratio, the 
first to the second and the third to the fourth, when, if any 
equimultiples whatever be taken of the first and third, and 
any equimultiples whatever of the second and fourth, the 
former equimultiples alike exceed, are alike equal to, or alike 
fall short of, the latter equimultiples respectively taken in 
corresponding order. 


6. Let magnitudes which have the same ratio be called 
proportional. | 


7. When, of the equimultiples, the multiple of the first 
magnitude exceeds the multiple of the second, but the multiple 
of the third does not exceed the multiple of the fourth, then 
the first is said to have a greater ratio to the second than 
the third has to the fourth. 


8. A proportion in three terms is the least possible. 


9. When three magnitudes are proportional, the first is 
said to have to the third the duplicate ratio of that which 
it has to the second. 


10. When four magnitudes are <continuously > propor- 
tional, the first is said to have to the fourth the triplicate 
ratio of that which it has to the second, and so on con- 
tinually, whatever be the proportion. 


11. The term corresponding magnitudes is used of 
antecedents in relation to antecedents, and of consequents in 
relation to consequents. 


12. Alternate ratio means taking the antecedent in 
relation to the antecedent and the consequent in relation to 
the consequent. 


13. Inverse ratio means taking the consequent as 
antecedent in relation to the antecedent as consequent. 
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14. Composition of a ratio means taking the ante- 
cedent together with the consequent as one in relation to 
the consequent by itself. 


15. Separation of a ratio means taking the excess 
by which the antecedent exceeds the consequent in relation 
to the consequent by itself. 


16. Conversion of a ratio means taking the ante- 
cedent in relation to the excess by which the antecedent 
exceeds the consequent. 


17. A ratio ex aequali arises when, there being several 
magnitudes and another set equal to them in multitude which 
taken two and two are in the same proportion, as the first is 
to the last among the first magnitudes, so is the first to the 
last among the second magnitudes ; 

Or, in other words, it means taking the extreme terms 
by virtue of the removal of the intermediate terms. 


18. A perturbed proportion arises when, there being 
three magnitudes and another set equal to them in multitude, 
as antecedent is to consequent among the first magnitudes, 
so is antecedent to consequent among the second magnitudes, 
while, as the consequent is to a third among the first 
magnitudes, so is a third to the antecedent among the second 
magnitudes. 


DEFINITION 1. 


Μέρος ἐστὶ μέγεθος μεγέθους τὸ ἔλασσον τοῦ μείζονος, ὅταν καταμετρῇ τὸ 
μεῖζον. 

The word Zari (μέρος) is here used in the restricted sense of a submultiple 
or an aliquot part as distinct from the more general sense in which it is used 
in the Common Notion (5) which says that “the whole 15 greater than the 
part.” It is used in the same restricted sense in vil. Def. 3, which is the same 
definition as this with ‘‘number” (ἀριθμός) substituted for “magnitude.” 
vit. Def. 4, keeping up the restriction, says that, when a number does not 
measure another number, it is farts (in the plural), not a dart of it. Thus, 
I, 2, or 3, is a. part of 6, but 4 is not @ part of 6 but parts. The same 
distinction between the restricted and the more general sense of the word 
part appears in Aristotle, Mefaph. 1023 Ὁ 12: “In one sense a part is 
that into which quantity (τὸ ποσόν) can anyhow be divided ; for that which is 
taken away from quantity, gud quantity, is always called a ‘part’ of it, as 
e.g. two is said to be in a sense a part of three. But in another sense a 
‘part’ is only what measures (τὰ καταμετροῦντα) such quantities. Thus two 
is in one sense said to be a part of three, in the other not.” 


8—2 
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DEFINITION 2. 


ἸΠολλαπλάσιον δὲ τὸ μεῖζον τοῦ ἐλάττονος, ὅταν καταμετρῆται ὑπὸ τοῦ 
ἐλάττονος. 

DEFINITION 3. 

Λόγος ἐστὶ δύο μεγεθῶν ὁμογενῶν ἡ κατὰ πηλικότητα ποιὰ σχέσις. 

The best explanation of the definitions of χγαζίο and proportion that I have 
seen is that of De Morgan, which will be found in the articles under those 
titles in the Penny Cyclopaedia, Vol. xix. (1841); and in the following notes 
I shall draw largely from these articles. Very valuable also are the notes on 
the definitions of Book v. given by Hankel (fragment on Euclid published as 
an appendix to his work Zur Geschichte der Mathematik in Alterthum und 
Mittelalter, 1874). 

There has been controversy as to what is the proper translation of the 
word πηλικότης in the definition. σχέσις κατὰ πηλικότητα has generally been 
translated “relation in respect of guantity.” Upon this De Morgan remarks 
that it makes nonsense of the definition; “for magnitude has hardly a 
different meaning from quantity, and a relation of magnitudes with respect to 
quantity may give a clear idea to those who want a word to convey a notion 
of architecture with respect to building or of battles with respect to fighting, 
and to no others.” The true interpretation De Morgan, following Wallis and 
Gregory, takes to be guantuplictty, referring to the number of times one 
magnitude is contained in the other. For, he says, we cannot describe 
magnitude in language without quantuplicitative reference to other magni- 
tude; hence he supposes that the definition simply conveys the fact that the 
mode of expressing quantity in terms of quantity is entirely based upon the 
notion of quantuplicity or that relation of which we take cognizance when we 
find how many times one is contained in the other. While all the rest of 
De Morgan’s observations on the definition are admirable, it seems to me 
that on this question of the proper translation of πηλικότης he is in error. He 
supports his view mainly by reference (1) to the definition of a compounded 
ratio usually given as the 5th definition of Book vi., which speaks of the 
πηλικότητες Of two ratios being multiplied together, and (2) to the comments 
of Eutocius and a scholiast on this definition. Eutocius says namely 
(Archimedes, ed. Heiberg, tl. p. 140) that “the term πηλικότης is evidently 
used of the number from which the given ratio is called, as (among others) 
Nicomachus says in his first book on music and Heron in his commentary 
on the Introduction to Arithmetic.” But it now appears certain that this 
definition is an interpolation ; it is never used, it is not found in Campanus, 
and Peyrard’s ms. only has it in the margin. At the same time it is clear 
that, if the definition is admitted at all, any commentator would be obliged to 
explain it in the way that Eutocius does, whether the explanation was consistent 
with the proper meaning of πηλικότης or not. Hence we must look elsewhere 
for the meaning of πηλίκος and πηλικότης. If we do this, I think we shall find 
no case in which the words have the sense attributed to them by De Morgan. 
The real meaning of πηλίκος is how great. It is so used by Aristotle, e.g. in 
Lik, Nic. v. τὸ, 1134 b 11, where he speaks of a man’s child being as it were 
a part of him so long as he is of a certain age (€ws av ἢ πηλίκον). Again 
Nicomachus, to whom Eutocius appeals, himself (1. 2, 5, Ὁ. 5, ed. Hoche) 
distinguishes πηλέκος as referring to magnitude, while ποσός refers to multitude. 
So does Jamblichus in his commentary on Nicomachus (p. 8, 3—5); besides 
which Iamblichus distinguishes πηλέκον as the subject of geometry, being con- 


V. DEF. 3] NOTE ON DEFINITION 3 117 


tinuous, and ποσόν as the subject of arithmetic, being discrete, and speaks of a 
point being the origin of πηλέκον as a unit is of ποσόν, and so on. Similarly, 
Ptolemy (Syxfaxis, ed. Heiberg, p. 31) speaks of the szze (πηλικότης) of the 
chords in a circle (περὶ τῆς πηλικότητος τῶν ἐν τῷ κύκλῳ εὐθειῶν). Consequently 
I think we can only translate πηλικότης in the definition as szze. This 
corresponds to Hankel’s translation of it as ‘‘Grésse,” though he uses this 
same word for a concrete “magnitude” as well; szze seems to me to give 
the proper distinction between πηλικότης and μέγεθος, as séze is the attribute, 
and a magnitude (in its ordinary mathematical sense) is the thing which 
possesses the attribute of size. 

The view that “relation in respect of szze” is meant by the words in the 
text is also confirmed, I think, by a later remark of De Morgan himself, 
namely that a synonym for the word ratio may be found in the more in- 
telligible term relative magnitude. In fact σχέσις in the definition corresponds 
to relative and πηλικότης to magnitude. (By magnitude De Morgan here 
means the attribute and not the thing possessing it.) 

Of the definition as a whole Simson and Hankel express the opinion that 
it 15 an interpolation. Hankel points to the fact that it is unnecessary and 
moreover so vague as to be of no practical use, while the very use of the 
expression κατὰ πηλικότητα seems to him suspicious, since the only other 
place in which the word πηλικότης occurs in Euclid is the 5th definition of 
Book vi., which is admittedly not genuine. Yet the definition of ratio appears 
in all the mss., the only variation being that some add the words πρὸς ἄλληλα, 
“to one another,” which are rejected by Heiberg as an interpolation of 
Theon ; and on the whole there seems to be no sufficient ground for regarding 
it as other than genuine. The true explanation of its presence would appear 
to be substantially that given by Barrow (Lectiones Cantabrig., London, 1684, 
Lect. 111. of 1666), namely that Euclid inserted it for completeness’ sake, more 
for ornament than for use, intending to give the learner a general notion of 
ratio by means of a metaphysical, rather than a mathematical definition ; “for 
metaphysical it is and not, properly speaking, mathematical, since nothing 
depends on it or is deduced from it by mathematicians, nor, as I think, can 
anything be deduced.” This is confirmed by the fact that there is no 
definition of λόγος in Book vit, and it could equally have been dispensed 
with here. Similarly De Morgan observes that Euclid never attempts this 
vague sort of definition except when, dealing with a well-known term of 
common life, he wishes to bring it into geometry with something like an 
expressed meaning which may aid the conception of the thing, though it does 
not furnish a perfect criterion. Thus we may compare the definition with 
that of a straight line, where Euclid merely calls the reader’s attention to the 
well-known term εὐθεῖα γραμμὴ, tries how far he can present the conception 
which accompanies it in other words, and trusts for the correct use of the 
term to the axioms (or postulates) which the universal conception of a straight 
line makes self-evident. 

We have now to trace as clearly as possible the development of the 
conception of λόγος, ratio, or relative magnitude. In its primitive sense 
λόγος was only used of a ratio between commensurables, i.e. a ratio which 
could be expressed, and the manner of expressing it is indicated in the 
proposition, Eucl. x. 5, which proves that commensurable magnitudes have to 
one another the ratio which a number has to a number. That this was the 
primitive meaning of λόγος is proved by the use of the term ἄλογος for the 
incommensurable, which means irrational in the sense of not having a ratio 
to something taken as rational (yrds). 
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Euclid himself shows us how we are to set about finding the ratio, or 
relative magnitude, of two commensurable magnitudes. He gives, in X. 3, 
practically our ordinary method of finding the greatest common measure. 
If 4, B be two magnitudes of which Z is the less, we cut off from A a part 
equal to B, from the remainder a part equal to 4, and so on, until we leave a 
remainder less than B, say #,. We measure off A, from Z4 in the same way 
until a remainder #, is left which is less than A,. We repeat the process 
with 2,, 2,, and so on, until we find a remainder which 15 contained in the 
preceding remainder a certain number of times exactly. If account is taken 
of the number of times each magnitude is contained (with something over, 
except at the last) in that upon which it is measured, we can calculate how 
many times the last remainder is contained in 4 and how many times the 
last remainder is contained in &; and we can thus express the ratio of 4 to 
B as the ratio of one number to another. 

But it may happen that the two magnitudes have no common measure, 
i.e. are incommensurable, in which case the process described would never 
come to an end and the means of expression would fail; the magnitudes 
‘would then ave no ratio in the primitive sense. But the word λόγος, ratio, 
acquires in Euclid, Book v., a wider sense covering the relative magnitude of 
incommensurables as well as commensurables; as stated in Euclid’s 4th 
definition, “ magnitudes are said to have a rato to one another which can, 
when multiplied, exceed one another,” and finite incommensurables have this 
property as much as commensurables. De Morgan explains the manner of 
transition from the narrower to the wider signification of vatzo as follows. 
“Since the relative magnitude of two quantities is always shown by the 
quantuplicitative mode of expression, when that is possible, and since pro- 
portional quantities (pairs which have the same relative magnitude) are pairs 
which have the same mode (if possible) of expression by means of each other ; 
in all such cases sameness of relative magnitude leads to sameness of mode of 
expression ; or proportion is sameness of ratios (in the primitive sense). But 
sameness of relative magnitude may exist where quantuplicitative expression 
is impossible ; thus the diagonal of a larger square is the same compared with 
its side as the diagonal of a smaller square compared with zfs side. It is an 
easy transition to speak of sameness of ratio even in this case; that is, to use 
the term ratio in the sense of relative magnitude, that word having originally 
only a reference to the mode of expressing relative magnitude, in cases which 
allow of a particular mode of expression. The word irrational (ἄλογος) does 
not make any corresponding change but continues to have its primitive 
meaning, namely, incapable of quantuplicitative expression.” 

It remains to consider how we are to describe the relative magnitude of 
two incommensurables of the same kind. That they have a definite relation 
is certain. Suppose, for precision, that S is the side of a square, D its 
diagonal ; then, if S is given, any alteration in D or any error in D would 
make the figure cease to be a square. At the same time, a person altogether 
ignorant of the relative magnitude of D and S might say that drawing two 
straight lines of length S so as to form a right angle and joining the ends by 
a Straight line, the length of which would accordingly be D, does not help 
him to realise the relative magnitude, but that he would like to know how: 
many diagonals make an exact number of sides. We should have to reply 
that no number of diagonals whatever makes an exact number of sides; but 
that he may mention any fraction of the side, a hundredth, a thousandth or 
a millionth, and that we will then express the diagonal with an error not so 
great as that fraction. We then tell him that 1,000,000 diagonals exceed 
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1,414,213 sides but fall short of x 414,214 sides ; consequently the diagonal 
lies between 17414213 and 1°414214 times the side, and these differ only by 
one-millionth of the side, so that the error in the diagonal is less still. To 
enable him to continue the process further, we show him how to perform the 
arithmetical operation of approximating to the value of /2. This gives the 
means of carrying the approximation to any degree of accuracy that may be 
desired. In the power, then, of carrying approximations of this kind as far as 
we please lies that of expressing the ratio, so far as expression 15 possible, and 
of comparing the ratio with others as accurately as if expression had been 
possible, " 

Euclid was of course aware of this, as were probably others before him ; 
though the actual approximations to the values of ratios of incommensurables 
of which we find record in the works of the great Greek geometers are very 
few. The history of such approximations up to Archimedes is, so far as 
material was available, sketched in The Works of Archimedes (pp. Ixxvii and 
following) ; and it is sufficient here to note the facts (1) that Plato, and even 
the Pythagoreans, were familiar with Φ as an approximation to ,/2, (2) that 
the method of finding any number of successive approximations by the system 
of szde- and dagonalnumbers described by Theon of Smyrna was also 
Pythagorean (cf. the note above on Euclid, 1. 9, το), (3) that Archimedes, 
without a word of preliminary explanation, ane out that 


+5" "ὦ V3 ae ; : ἘΞ 2 
gives approximate values for the square roots of several large numbers, and 
proves that the ratio of the circumference of a circle to its diameter is less 
than 3% but greater than 342, (4) that the first approach to the rapidity with 
which the decimal system enables us to approximate to the value of surds 
was furnished by the method of sexagesimal fractions, which was almost as 
convenient to work with as the method of decimals, and which appears fully 
developed in Ptolemy’s σύνταξις. A number consisting of a whole number 
and any fraction was under this system represented as so many units, so 
many of the fractions which we should denote by εἶς, so many of those which 
we should write (;45)’, (s45)*, and soon. Theon of Alexandria shows us how 
to extract the square root of 4500 in this sexagesimal system, and, to show 
how “oe = was, it is only necessary to mention that Ptolemy gives 


ἘΞ = 25.42 . = as an approximation to ,/ 3, which approximation is equivalent 


to 1°7320509 in the ordinary decimal notation and is therefore correct to 
6 places. 

Between Def. 3 and Def. 4 two manuscripts and Campanus insert ‘ Pro- 
portion is the sameness of ratios” (ἀναλογία δὲ ἡ τῶν λόγων ταὐτότης), and even 
the best Ms. has it in the margin. It would be altogether out of place, since 
it is not till Def. 5 that it is explained what sameness of ratios is. The words 
are an interpolation later than Theon (Heiberg, Vol. v. pp. xxxv, Ixxxix), 
and are no doubt taken from arithmetical works (cf. Nicomachus and Theon 
of Smyrna). It is true that Aristotle says similarly, “ Proportion is equality 
of ratios” (274. Mic. v. 6, 1131 a 31), and he appears to be quoting from 
the Pythagoreans; but the reference is to numbers. 

Similarly two MSS. (inferior) insert after Def. 7 “Proportion is the similarity 
(ὁμοιότης) of ratios.” Here too we have a mere interpolation. 
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DEFINITION 4. 

Λόγον ἔχειν πρὸς ἄλληλα μεγέθη λέγεται, ἃ δύναται πολλαπλασιαζόμενα 
ἀλλήλων ὑπερέχειν. 

This definition supplements the last one. De Morgan says that it amounts 
to saying that the magnitudes are of the same species. But this can hardly 
be all; the definition seems rather to be meant, on the one hand, to exclude 
the relation of a finite magnitude to a magnitude of the same kind which 15 
either infinitely great or infinitely small, and, even more, to emphasise the 
fact that the term vazzo, as defined in the preceding definition, and about to 
be used throughout the book, includes the relation between any two zncom- 
mensurable as well as between any two commensurable finite magnitudes of 
the same kind. Hence, while De Morgan seems to regard the extension of 
the meaning of ratio to include the relative magnitude of incommensurables 
as, so to speak, taking place between Def. 3 and Def. 5, the 4th definition 
appears to show that it is ratio in its extended sense that is being defined in 
Def. 3. 


DEFINITION 5. 

Ἔν τῷ αὐτῷ λόγῳ μεγέθη λέγεται εἶναι πρῶτον πρὸς δεύτερον καὶ τρίτον πρὸς 
τέταρτον, ὅταν τὰ τοῦ πρώτου καὶ τρίτου ἰσάκις πολλαπλάσια τῶν τοῦ δευτέρου 
καὶ τετάρτου ἰσάκις πολλαπλασίων καθ᾽ ὁποιονοῦν πολλαπλασιασμὸν ἑκάτερον 
ἑκατέρου ἢ ἅμα ὑπερέχῃ ἢ ἅμα ἴσα ἢ ἅμα ἐλλείπῃ ληφθέντα κατάλληλα. 

In my translation of this definition I have compromised between an 
attempted literal translation and the more expanded version of Simson. The 
difficulty in the way of an exactly literal translation is due to the fact that the 
words (καθ᾽ ὁποιονοῦν πολλαπλασιασμὸν) signifying that the equimultiples zz 
each case are any equimultiples whazever occur only once in the Greek, though 
they apply 20th to τὰ...ἰσάκις πολλαπλάσια In the nominative and rdyv...icaKis 
πολλαπλασίων in the genitive. I have preferred “alike” to “simultaneously” 
as a translation of ἅμα because “ simultaneously ” might suggest that time was 
of the essence of the matter, whereas what is meant is that any particular 
comparison made between the equimultiples must be made between 26 same 
equimultiples of the two pairs respectively, not that they need to be compared 
at the same time. 

Aristotle has an allusion to a definition of “the same ratio” in Zofics 
VIE. 3, 158 Ὁ 29: “In mathematics too some things appear to be not easy to 
prove (γράφεσθαι) for want of a definition, e.g. that the parallel to the side 
which cuts a plane [a parallelogram] divides the straight line [the other side] 
and the area similarly. But, when the definition is expressed, the said property 
is immediately manifest ; for the areas and the straight lines have the same 
ἀνταναίρεσις, and this is the definition of ‘the same ratio”” Upon this 
passage Alexander says similarly, “This is the definition of proportionals 
which the ancients used: magnitudes are proportional to one another which 
have {or show) the same ἀνθυφαίρεσις, and Aristotle has called the latter 
avravaipecis.” Heiberg (Mathematisches 2u Aristoteles, p. 22) thinks that 
Aristotle is alluding to the fact that the proposition referred to could not be 
rigorously proved so long as the Pythagorean definition applicable to com- 
mensurable magnitudes only was adhered to, and is quoting the definition 
belonging to the complete theory of Eudoxus ; whence, in view of the positive 
statement of Aristotle that the definition quoted zs the definition of “the same 
ratio,” it would appear that the Euclidean definition (which Heiberg describes 
as a careful and exact paraphrase of avravaipects) is Euclid’s own. I do not 
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feel able to subscribe to this view, which seems to me to involve very grave 
difficulties. The Euclidean definition is regularly appealed to in Book v. as 
the criterion of magnitudes being in proportion, and the use of it would appear 
to constitute the whole essence of the new general theory of proportion; if then 
this theory is due to Eudoxus, it seems impossible to believe that the definition 
was not also due to him. Certainly the definition given by Aristotle would 
be no substitute for it; ἀνθυφαίρεσις and avravaipeois are. words almost as 
vague and “metaphysical” (as Barrow would say) as the words used to define 
ratio, and it is difficult to see how any mathematical facts could be deduced 
from such a definition. Consider for a moment the etymology of the words. 
ὑφαίρεσις oY ἀναίρεσις means “removal,” “taking away” or “destruction ” of 
a thing; and the prefix ἀντὶ indicates that the “taking away” from one 
magnitude axzswers to, corresponds with, alternates with, the “taking away” 
from the other. So far therefore as the etymology goes, the word seems 
rather to suggest the “taking away” of corresponding /ractions, and therefore 
to suit the old imperfect theory of proportion rather than the new one. Thus 
Waitz (ad Joc.) paraphrases the definition as meaning that “as many parts as 
are taken from one magnitude, so many are at the same time taken from the 
other as well.” A possible explanation would seem to be that, though 
Eudoxus had formulated the new definition, the old one was still current in 
the text-books of Aristotle’s time, and was taken by him as being a good 
enough illustration of what he wished to bring out in the passage of the 
Topics referred to. 

From the revival of learning in Europe onwards the Euclidean definition 
of proportion was the subject of much criticism. Campanus had failed to 
understand it, had in fact misinterpreted it altogether, and he may have 
misled others such as Ramus (1515—72), always a violently hostile critic of 
Euclid. Among the objectors to it was no less a person than Galileo. For 
particulars of the controversies on the subject down to Thomas Simpson 
(Elem. of Geometry, Lond. 1800) the reader 1s referred to the Excursus at the 
end of the second volume of Camerer’s Euclid (1825). or us it is interesting 
to note that the unsoundness of the usual criticisms of the definition was 
never better exposed than by Barrow. Some of the objections, he pointed out 
(Lect. Cantabr.v11. of 1666), are due to misconception on the part of their authors 
as to the nature of a definition. Thus Euclid is required by these objectors 
(e.g. Tacquet) to do the impossible and to show that what is predicated in the 
definition is true of the thing defined, as if any one should be required to 
show that the name “circle” was applicable to those figures alone which 
have their radii all equal! As we are entitled to assign to such figures and 
such figures only the name of “circle,” so Euclid is entitled (“quamvis non 
temere nec imprudenter at certis de causis iustis illis et idoneis”) to describe 
a certain property which four magnitudes may have, and to call magnitudes 
possessing that property magnitudes “‘in the same ratio.” Others had argued 
from the occurrence of the other definition of proportion in vit. Def. 20 that 
Euclid was dissatisfied with the present one; Barrow pointed out that, on the 
contrary, it was the fact that vir. Def. 20 was not adequate to cover the case 
of incommensurables which made Euclid adopt the present definition here. 
Lastly, he maintains, against those who descant on the “‘ obscurity” of v. 
Def. 5, that the supposed obscurity is due, partly no doubt to the inherent 
difficulty of the subject of incommensurables, but also to faulty translators, 
and most of all to lack of effort in the learner to grasp thoroughly the meaning 
of words which, in themselves, are as clearly expressed as they could be. 

To come now to the merits of the case, the best defence and explanation 
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of the definition that I have seen is that given by De Morgan. He first 
translates it, observes that it applies equally to commensurable or incom- 
mensurable quantities because no attempt is made to measure one by an 
aliquot part of another, and then proceeds thus. 

“The two questions which must be asked, and satisfactorily answered, 
previously to its [the definition’s} reception, are as follows: | 


τ, What right had Euclid, or any one else, to expect that the preceding 
most prolix and unwieldy statement should be received by the beginner as 
the definition of a relation the perception of which 15 one of the most common 
acts of his mind, since it is performed on every occasion where similarity or 
dissimilarity of figure is looked for or presents itself? 


2. If the preceding question should be clearly answered, how can the 
definition of proportion ever be used; or how is it possible to compare every 
one of the infinite number of multiples of 4 with every one of the multiples 
of D>? ' 

To the first question we reply that not only is the test proposed by 
Euclid tolerably simple, when more closely examined, but that it 15, or might 
be made to appear, an easy and natural consequence of those fundamental 
perceptions with which it may at first seem difficult to compare it.” 

To elucidate this De Morgan gives the following illustration. | 

Suppose there is a straight colonnade composed of equidistant columns 
(which we will understand to mean the vertical lines forming the axes of the 
columns respectively), the first of which is at a distance from a bounding wall 
equal to the distance between consecutive columns. In front of the colonnade’ 
let there be a straight row of equidistant railings (regarded as meaning their 
axes), the first being at a distance from the bounding wall equal to the 
distance between consecutive railings. Let the columns be numbered from 
the wall, and also the railings. We suppose of course that the column distance 
(say, C) and the railing distance (say, ) are different and that they may bear 
to each other any ratio, commensurable or incommensurable ; i.e. that there 
need not go any exact number of railings to any exact number of columns. 


Bhs beat cihve linia 
eee SEI oe eee ee 5.6. ἐς. 
—F 28 45 6 7 


8 9 10 { (2 18 14 {5 τᾷ 17 {8 


If the construction be supposed carried on to any extent, a spectator can, 
by mere inspection, and without measurement, compare C with & to any 
degree of accuracy. For example, since the roth railing falls between the 4th 
and 5th columns, ro is greater than δ΄ and less than 5C; and therefore 2 
lies between ;4,ths of C and ,3,ths of C. To get a more accurate notion, the 
ten-thousandth railing may be taken ; suppose it falls between the 4674th and 
4675th columns. Therefore 10,0008 lies between 4674C and 4675 C, or & lies 
between τοσοῦ and τῦσοσ of C. There is no limit to the degree of accuracy 
thus obtainable ; and the ratio of R to C is determined when the order of 
distribution of the railings among the columns is assigned ad infinitum ; or, in 
other words, when the position of any given railing can be found, as to the 
numbers of the columns between which it lies. Any alteration, however 
small, in the place of the first railing must at last affect the order of 
distribution. Suppose e.g. that the first railing is moved from the wall by one 
part in a thousand of the distance between the columns; then the second 
railing is pushed forward by roap Gr the third by +35 C, and so on, so that 
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the railings after the thousandth are pushed forward by more than C; i.e. the 
order with respect to the columns is disarranged. 

Now let it be proposed to make a model of the preceding construction in 
which ¢ shall be the column distance and + the railing distance. It needs no 
definition of proportion, nor anything more than the conception which we 
have of that term prior to definition (and with which we must show the agree- 
ment of any definition that we may adopt), to assure us that Οἱ must be to & 
in the same proportion as ¢ to 7 if the model be truly formed. Nor is it 
drawing too largely on that conception of proportion to assert that the 
distribution of the railings among the columns in the model must be every- 
where the same as in the original ; for example, that the model would be out 
of proportion if its 37th railing fell between the 18th and 19th columns, while 
the 37th railing of the original fell between the 17th and 18th columns. Thus 
the dependence of Euclid’s definition upon common notions is settled; for the 
obvious relation between the construction and its model which has Just been 
described contains the collection of conditions, the fulfilment of which, 
according to Euclid, constitutes proportion. According to Euclid, whenever 
ρὲ (' exceeds, equals, or falls short of 2, then mc must exceed, equal, or fall 
short of 27; and, by the most obvious property of the constructions, according 
as the mth column comes after, opposite to, or before the wth railing in the 
original, the mth column must come after, opposite to, or before the πίῃ 
railing in the correct model. 

Thus the test proposed by Euclid is necessary. It is also sufficient. For 
admitting that, to a given original with a given column-distance in the model, 
there is one correct model railing distance (which must therefore be that 
which distributes the railings among the columns as in the original), we have 
seen that any other railing distance, however slightly different, would at last 
give a different distribution; that is, the correct distance, and the correct 
distance only, satisfies all the conditions required by Euclid’s definition. 

The use of the word dzs¢ridution having been well learnt, says De Morgan, 
the following way of stating the definition will be found easier than that of 
Euclid. “Four magnitudes, 4 and Z of one kind, and C and J of the same 
or another kind, are proportional when all the multiples of 4 can be 
distributed among the multiples of @ in the same intervals as the correspond- 
ing multiples of C among those of D.” Or, whatever numbers m, 2 may be, 
if »1 lies between ~B and (x +1)B, mC lies between 2D and (m+ 1)D. 

It is important to note that, if the test be always satisfied from and after 
any given multiples of 4 and C, it must be satisfied before those multiples. For 
instance, let the test be always satisfied from and after 1004 and rooC; and 
let 5A and 5C be instances for examination. Take any multiple of 5 which 
will exceed 100, say 50 times five; and let it be found on examination that 
250A lies between 6788 and 6794; then 250C hes between 678 and 
679D. Divide by 50, and it follows that 54 lies between 13234 and 13238, 
and a fortiori between 138 and 148. Similarly, 5C hes between 1323.D and 
1322D, and therefore between 13D and 140. Or 54 lies in the same 
interval among the multiples of 4 in which 5C lies among the multiples of D. 
And so for any multiple of 4, C less than 1004, 100C. 

There remains the second question relating to the infinite character of the 
definition; four magnitudes A, 8, C, PY are not to be called proportional 
until it is shown that every multiple of 4 falls in the same intervals among 
the multiples of & in which the same multiple of C is found among the 
multiples of 2. Suppose that the distribution of the railings among the 
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columns should be found to agree in the model and the original as far as 
the millionth railing. This proves only that the railing distance of the model 
does not err by the millionth part of the corresponding column distance. We 
can thus fix limits to the disproportion, if any, and we may make those limits 
as small as we please, by carrying on the method of odservation; but we 
cannot observe an infinite number of cases and so enable ourselves to affirm 
proportion absolutely. Mathematical methods however enable us to avoid 
the difficulty. We can take any multiples whatever and work with them as if 
they were particular multiples. De Morgan gives, as an instance to show that 
the definition of proportion can in practice be used, notwithstanding its 
infinite character, the following proof of a proposition to the same effect as 
Eucl, vi. 2. 


By, 


δ Γ[τοστττὴ οἱ 


2 As as Az as Ag 


“Let OAB be a triangle to one side AZ of which ad is drawn parallel, and 
on O4 produced set off 4A4,, 4,A; etc. equal to OA, and ade, daz etc. equal 
to Oa. 

Through every one of the points so obtained draw parallels to 4B, 
meeting OF produced in 2, .5ς ete. 

Then it is easily proved that δός, 4,0; etc. are severally equal to Οὗ, and 
BB,, BB, etc. to OB. 

Consequently a distribution of the multiples of O.4 among the multiples 
of Oa is made on one line, and of OB among those of Od on the other. 

The examination of this distribution in all its extent (which is impossible, 
and hence the apparent difficulty of using the definition) is rendered 
unnecessary by the known property of parallel lines. For, since A, lies 
between ὧς and a,, &, must lie between 4, and 4,; for, if not, the line A,B, 
would cut either 2,0, or 2,4. 

Hence, without inquiring where 4,, does fall, we know that, if it fall 
between @, and @,.;, 8B, must fall between 4, and 4,,,; or, if #.OA fall in 
magnitude between z. Oa and (~+1)Oa, then m.O8 must fall between 
n. Ob and (%+1)O8.” 


Max Simon remarks (Zuclid und die sechs planimetrischen Biicher, p. 110), 
after Zeuthen, that Euclid’s definition of equal ratios is word for word the 
same as Weierstrass’ definition of equal numbers. So far from agreeing in 
the usual view that the Greeks saw in the irrational no zuméer, Simon thinks 
it is clear from Eucl. v. that they possessed a notion of number in all its 
generality as clearly defined as, nay almost identical with, Weierstrass’ con- 
ception of it. 

Certain it is that there is an exact correspondence, almost coincidence, 
between Euclid’s definition of equal ratios and the modern theory of irrationals 
due to Dedekind. Premising the ordinal arrangement of natural numbers in 
ascending order, then enlarging the sphere of numbers by including 
(I) negative numbers as well as positive, (2) fractions, as a/b, where a, ὅ may 
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be any natural numbers, provided that 4 is not zero, and arranging the 
fractions ordinally among the other numbers according to the definition : 

ξ 
᾿ a 
Dedekind arrives at the following definition of an irrational number. 

An irrational number a is defined whenever a law is stated which will 
assign every given rational number to one and only one of two classes 4 and 
B such that (1) every number in 4 precedes every number in SZ, and (2) there 
is no last number in 4 and no first number in #; the definition of @ being 
that it 15 the one number which lies between all numbers in 4 and all 
numbers in 5. 

Now let σὴν and «x’/y’ be equal ratios in Euclid’s sense. 


a . ᾿ 
let 3 be <=> - according as ad is <=> ὅσ, 


Then ~ will divide all rational numbers into two groups 4 and &; 
= i Ἔ " A’ and B’. 


a : 
Let 3 be any rational number in 4, so that 
ᾶ ἃ 
| a 
This means that ay < dx. 
But Euclid’s definition asserts that in that case ay’< dx’ also. 


ae 

by? 

therefore every member of group 4 is also a member of group 4’. 
Similarly every member of group & is a member of group &”. 


-~a 
For, if ; 


Hence also 


belong to .8, 


which means that ay > dx. 
But in that case, by Euclid’s definition, ay’ > dz’ ; 


a x 


— > --- 
δ7΄ 

Thus, in other words, 4 and B are coextensive with 4’ and .δ' 
respectively ; 


therefore also 


ἃ. ἢ : : : : 
therefore — = γ' according to Dedekind, as well as according to Euclid. 
νά 


If x/y, x'/y’ happen to be vatzonal, 
then one of the groups, say 4, includes x/y, 
and one of the groups, say 4’, includes x'/y’. 


. a. or ., x 
In this case Σ might εὐϊγεῖα with --: 


that is 


a 
ὦ 
which means that ay = bz. 
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Therefore, by Euclid’s definition, ay’ = dx" ; 


a x 
ὁ γ᾽ 

Thus the groups are again coextensive. 

In a word, Euclid’s definition divides all rational numbers into two 
coextenstve classes, and therefore defines equal ratios in a manner exactly 
corresponding to Dedekind’s theory. 


so that 


Alternatives for Eucl. V. Def. 5. 


Saccheri records in his Huclides οὐ omni naevo vindicatus that a distinguished 
geometer of his acquaintance proposed to substitute for Euclid’s the following 
definition : 

“A first magnitude has to a second the same ratio that a third has to a 
fourth when the first contains the aliquot parts of the second, according 20 any 
number [1.6. with any denominator] whasever, the same number of times as 
the number of times the third contains the same aliquot parts of the fourth” ; 
on which Saccheri remarks that he sees no advantage in this definition, which 
presupposes the notion of dzuzszoz, over that of Euclid which uses multzplication 
and the notions of greater, equal, and Jess. 

This definition was, however, practically adopted by Faifofer (Zlementz di 
gtometria, 3 ed., 1882) in the following form: 

“Four magnitudes taken in a certain order form a proportion when, by 
measuring the first and the third respectively by any equi-submultiples 
whatever of the second and of the fourth, equal quotients are obtained.” 

Ingrami (Zlementi di geometria, 1904) takes multiples of the first and third 
instead of submultiples of the second and fourth : 

“ Given four magnitudes in predetermined order, the first two homogeneous 
with one another, and likewise also the last two, the magnitudes are said to 
form a proportion (or to be in proportion) when any multiple of the first 
contains the second the same number of times that the equimultiple of the 
third contains the fourth.” 

Veronese’s definition (Zlementi di geometria, Pt. 11, 1905) is like that of 
Faifofer; Enriques and Amaldi (Zlementi di geometria, 1905) adhere to 
Euclid’s, 


Proportionals of VII. Def. 20 a particular case. 


It has already been observed that Euclid has nowhere proved (though the 
fact cannot have escaped him) that the proportion of numbers is included in 
the proportion of magnitudes as a special case. This is proved by Simson as 
being necessary to the 5th and 6th propositions of Book x. Simson’s proof is 
contained in his propositions C and D inserted in the text of Book v. and in 
the notes thereon. Proposition C and the note on it prove that, if four 
magnitudes are proportionals according to vit. Def. 20, they are also proportionals 
according to Vv. Def. 5. Prop. Ὁ and the note prove the partial converse, 
namely that, if four magnitudes are proportionals according to the 5th definition 
of Book v., and 17 the first be any multiple, or any part, or parts, of the second, 
the third is the same multiple, part, or parts, of the fourth. The proofs use 
certain results obtained in Book v. 


Prop. C is as follows : 


Lf the first be the same multiple of the second, or the same part of tt, that the 
third is of the fourth, the first is to the second as the third to the fourth. 
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Let the first 4 be the same multiple of B the second that C the third is of 
the fourth D; 


4 isto Bas Cisto D. 


A St E 
B G 
c F 
D—— H 


Take of A, C any equimultiples whatever £, /; and of B, D any 
equimultiples whatever G, ZZ. 


Then, because 4 is the same multiple of # that C is of D, 
and & is the same multiple of 4 that Fis of C, 
# is the same multiple of & that Fis of D. [v. 3] 
Therefore #, F are the same multiples of B, D. 
But G, & are equimultiples of 2, D; 


therefore, if Z be a greater multiple of B than Gis, Fis a greater multiple of 
PD than Ais of 2; 


that is, if # be greater than G, (is greater than Z. 
In like manner, 
if £ be equal to G, or less, “is equal to ZH, or less than it. 
But 25, “are equimultiples, any whatever, of 4, C; 
and G, @ any equimultiples whatever of 5, D. 
Therefore 4 is to B as C is to D. [v. Def. 5] 


Next, let the first 4 be the same fart of the second 35 that the third C is 
of the fourth D: 


A isto Bas Cis to D. A 

For .8 is the same multiple of 4 that D is of C; B 
wherefore, by the preceding case, 62 

Bisto Aas DistoC; D 


and, znversely, Jd isto Bas Cis to D. 

[For this last inference Simson refers to his Proposition B. That 
proposition is very simply proved by taking any equimultiples £, F of B, D 
and any equimultiples G, 4 of 4, Cand then arguing as follows: 

Since 4 is to Bas Cis to LJ, 

G, H are simultaneously greater than, equal to, or less than £, αὶ 
respectively ; so that 

i, F are simultaneously less than, equal to, or greater than ὦ, «ὦ 
respectively, 

and therefore [Def. 5] 2 is to 4 as D is to C.] 

We have now only to add to Prop. C the case where 4M contains the 

same parts of CD that EF does of GZ: 
in this case likewise 44 is to CD as HF to GH. 

Let CK be a part of CD, and GZ the same part of GH; let AB be the 

same multiple of CA that £/is of GZ. 
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Therefore, by Prop. C, 
AB isto CK as EF to GL. 


B — ——_———_-___-- 
α--τ' Η 


D 


CK 


And CD, GA are equimultiples of CK, GZ, the second and fourth. 

Therefore 48 is to CD as EF το" (Simson’s Cor. to v. 4, which 
however is the particular case of v. 4 in which the “equimultiples” of one 
pair are the pair itself, 1.6. the pair multiplied by unity]. 

To prove the partial converse we begin with Prop. D. 

Lf the first be to the second as the third to the fourth, and if the first be a 
multiple or part of the second, the third 71s the same multiple or the same part of 
the fourth. 

Let 4 be to Bas Cisto D; 
and, first, let 4 be a multiple of δ; 

C is the same multiple of D. 
Take & equal to 4, and whatever multiple 4 or Z is of &, make / the 


same multiple of D. 
Then, because 4 is to B as (15 to DJ, 


and of B the second and J the fourth equimultiples have been taken £ 


and #, 
A isto £ as Cis to F. [v. 4, Cor. } 


But 4 is equal to Z; 
therefore Cis equal to / 


[In support of this inference Simson cites his Prop. A, which however we 
can directly deduce from v. Def. 5 by taking any, but ¢He same, equimultiples 
of all four magnitudes. | 


, ΞΞΞΞΞΞΞ- ΞΞΞΞΞΞΞΕΞ-: C 


ΞΞΞΞΘ ἘΞ ἘΣ 
ee oe Ε 


Now /'is the same multiple of D that 4 is of B; 
therefore Cis the same multiple of D that 4 is of B. 
Next, let the first 4 be a part of the second &; 
C the third is the same part of the fourth D. 
Because 4 is to B as Cis to D, 
inversely, B isto A as D is to C. [Prop. B] 
But 4 is a part of B; therefore B is a multiple of 4; 
and, by the preceding case, D is the same multiple of C, 
that is, Cis the same part of D that 4 is of B. 


We have, again, only to add to Prop. D the case where 4Z contains any 
parts of CD, and AB is to CD as EF to GH; 
then shall #/' contain the same parts of GA that AB does of CD. 


V. DEFF. 5—7] NOTES ON DEFINITIONS 5—7 129 


For let CX be a part of CD, and GZ the same part of GH; and let AB 
be a multiple of CE. 

£F shall be the same multiple of GZ. 

Take J the same multiple of GZ that 42 is of CX; 


therefore AB isto CK as Mis to GZ. [ Prop. C] 
Ae F 
C —*% D G L H M 


And CD, Gf are equimultiples of CA, GZ; 


therefore ; ABisto CDas Mis to GZ. 
But, by hypothesis, AB isto CDas EF is to GH; 
therefore Jf is equal to EF, [v. 9] 


and consequently #/ is the same multiple of GZ that 4.8 is of CK. 


DEFINITION 6. 
Τὰ δὲ τὸν αὑτὸν ἔχοντα λόγον μεγέθη ἀνάλογον καλείσθω. 


᾿Ανάλογον, though usually written in one word, is equivalent to ἀνὰ λόγον, in 
proportion. Τὶ comes however in Greek mathematics to be used practically as 
an indeclinable adjective, as here; cf. ai τέσσαρες εὐθεῖαι ἀνάλογον ἔσονται, 
“the four straight lines will be proportional,” tpéywva τὰς πλευρὰς ἀνάλογον 
ἔχοντα, “triangles having their sides proportional.” Sometimes it is used 
adverbially: ἀνάλογον dpa ἐστὶν ws ἡ BA πρὸς τὴν AT, οὕτως y HA πρὸς τὴν AZ, 
‘proportionally therefore, as BA is to AC, so is GD to DF”; so too, ap- 
parently, in the expression 9 μέση ἀνάλογον (εὐθεῖα), “the mean proportional.” 
I do not follow the objection of Max Simon (Euclid, p. 110) to “proportional” 
as a translation of ἀνάλογον. “We ask,” he says, “in vain, what is proportional 
to what? We say e.g. that weight is proportional to price because double, treble 
etc. weight corresponds to double, treble etc. price. But here the meaning must 
be ‘standing in a relation of proportion.’” Yet he admits that the Latin word 
proportionalts is an adequate expression. He translates by ‘‘in proportion” 
in the text of this definition. But I do not see that ‘“‘in proportion” is better 
than “proportional.” The fact is that both expressions are elliptical when 
used of four magnitudes ‘“‘in proportion”; but there is surely no harm in 
using either when the meaning 15 so well understood. 

The use of the word καλείσθω, “Ze¢ magnitudes having the same ratio δέ 
called proportional,” seems to indicate that this definition is Euclid’s own. 


DEFINITION 7. 


Ὅταν δὲ τῶν ἰσάκις πολλαπλασίων τὸ μὲν TOD πρώτου πολλαπλάσιον ὑπερέχῃ 
τοῦ τοῦ δευτέρου πολλαπλασίου, τὸ δὲ TOU τρίτου πολλαπλάσιον μὴ ὑπερέχῃ τοῦ 
τοῦ τετάρτου πολλαπλασίου, τότε τὸ πρῶτον πρὸς τὸ δεύτερον μείζονα λόγον ἔχειν 
λέγεται, ἥπερ τὸ τρίτον πρὸς τὸ τέταρτον. 

As De Morgan observes, the practical test of dzsproportion is simpler than 
that of proportion. For, whereas no examination of individual cases, however 
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extensive, will enable an observer of the construction and its model (the 
illustration by means of columns and railings described above) to affirm 
proportion or deny disproportion, and all it enables us to do 15 to fix limits 
(as small as we please) to the disproportion (if any), a single instance may 
enable us to deny proportion or affirm disproportion, and also to state which 
way the disproportion lies. Let the roth railing in the original fall beyond 
the τσ column, while the roth railing of the (so-called) model does not 
come up to the rith column. It follows from this one instance that the 
railing distance of the model is too small relatively to the column distance, or 
that the column distance is too great relatively to the railing distance. That 
is, the ratio of x to ¢ is less than that of #& to C, or the ratio of ¢ to ~ is greater 
than that of C to &. 

Saccheri (o¢. ct.) remarks (as Commandinus had done) that the ratio of 
the first magnitude to the second will also be greater than that of the third to 
the fourth if, while the multiple of the first is eguaZ to the multiple of the 
second, the multiple of the third is /ess than that of the fourth: a case not 
mentioned in Euclid’s definition. Saccheri speaks of this case being included 
in Clavius’ interpretation of the definition. I have, however, failed to find a 
reference to the case in Clavius, though he adds, as a sort of corollary, in his 
note on the definition, that if, on the other hand, the multiple of the first is 
dess than the multiple of the second, while the multiple of the third is xof less 
than that of the fourth, the ratio of the first to the second is Zess than that of 
the third to the fourth. 

Euclid presumably left out the second possible criterion for a greater ratio, 
and the definition of a less ratio, because he was anxious to reduce the 
definitions to the minimum necessary for his purpose, and to leave the rest to 
be inferred as soon as the development of the propositions of Book v. enabled 
this to be done without difficulty. 

Saccheri tried to reduce the second possible criterion for a greater ratio to 
that given by Euclid in his definition without recourse to anything coming 
later in the Book, but, in order to do this, he has to use “‘multiples” produced 
by multipliers which are not integral numbers, but integral numbers 4/us proper 
fractions, so that Euclid’s Def. 7 becomes inapplicable. 

De Morgan notes that “proof should be given that the same pair of 
magnitudes can never offer both tests [i.e. the test in the definition for a 
greater ratio and the corresponding test for a less ratio, with “less” substituted 
for “greater” in the definition] to another pair; that is, the test of greater 
ratio from one set of multiples, and that of less ratio from another.” In other 
words, if m, 2, 2, g are integers and 4, 2, C, DY four magnitudes, none of the 
pairs of equations 

(1) mA>nB, mC=or<nD, 
(2) mA4=nB, mC<n2D 
can be satisfied simultaneously with any one of the pairs of equations 


(3) pA = GB, 20» gb, 
(4) 24 «48, pC>or=¢D. 
There is no difficulty in proving this with the help of two simple 
assumptions which are indeed obvious. 
We need only take in illustration one of the numerous cases. Suppose, if 
possible, that the following pairs of equations are simultaneously true: 
(1) mA>nB, mC<nD 
and (2) pA<gB, pC>agD. 
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Multiply (1) by φ and (2) by z. 


(We need here to assume that, where γιὰ, r Y are any equimultiples of any 
magnitudes X, Y, 


according as Y¥>=< ¥, +X >=<7V. 
This 15 contained in Simson’s Axioms τ and 3.) 
We have then the pairs of equations 
mgA>ngB, mgC <ngD, 
mpA<ngB, 5206" "4. 
From the second equations in each pair it follows that 
mgC <npC. 


(We now need to assume that, if rX, sX are any multiples of X, and 
rY¥, sY the same multiples of ΚΣ then, 


according as +X >=<sxX, +VY>=<sV. 
Simson uses this same assumption in his proof of v. 18.) 


Therefore mgA <npA. 
But it follows from the first equations in each pair that 
mgA> npA : 


which is impossible. 
Nor can Euclid’s criterion for a greater ratio coexist with that for equal 
ratios. 


DEFINITION 8. 
᾿Αναλογία δὲ ἐν τρισὶν ὅροις ἐλαχίστη ἐστίν. 


This is the reading of Heiberg and Camerer (who follow Peyrard’s Ms.) 
and is that translated above. The other reading has ἐλαχίστοις, which can 
only be translated “‘consists in three terms αὐ /as?¢.” Hankel regards the defi- 
nition as a later interpolation, because it is superfluous, and because the word 
ὅρος for a Zerm in a proportion is nowhere else used by Euclid, though it is 
common in later writers such as Nicomachus and Theon of Smyrna. The 
genuineness of the definition is however supported by the fact that Aristotle 
not only uses ὅρος in this sense (274. Vic. v. 6, 7, 1131 Ὁ 5, 9), but has a similar 
remark (2014. 1131 a 31) that a “proportion is in four terms at least.” The 
difference from Euclid is only formal; for Aristotle proceeds: “The discrete 
(διηρημένη) (proportion) is clearly in four (terms), but so also is the continuous 
(συνεχής). For it uses one as two and mentions it twice, e.g. (in stating) that, 
as α 15 to 6, 80 also is 8 toy; thus @ is mentioned twice, so that, if 8 be twice 
put down, the proportionals are four.” The distinction between discre‘e and 
continuous seems to have been Pythagorean (cf. Nicomachus, 11. 21, 53; 23, 
2, 3; where however συνημμένη is used instead of συνεχής); Euclid does not 
use the words διῃρημένη and συνεχής in this connexion. 

So far as they go, the first words of the next definition (9), ““When three 
magnitudes are proportionals,” which seemingly refer to Def. 8, also support 
the view that the latter is, at least in substance, genuine. 


9-.-2 
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DEFINITIONS 9, I0. 


~ 7 
9. Ὅταν δὲ τρία μεγέθη ἀνάλογον }, τὸ πρῶτον πρὸς τὸ τρίτον διπλασίονα 
λόγον ἔχειν λέγεται ἥπερ πρὸς τὸ δεύτερον. 


, a % ΄ ω 
το. Ὅταν δὲ τέσσαρα μεγέθη ἀνάλογον ἧ, τὸ πρῶτον πρὸς τὸ τέταρτον 
, ? “. ε f «ες 
τριπλασίονα λόγον ἔχειν λέγεται ἥπερ πρὸς τὸ δεύτερον, καὶ ἀεὶ ἑξῆς ὁμοίως, ὡς 
3 3 - 
av ἢ ἀναλογία ὑπαρχῃ. 


Here, and in connexion with the definitions of duplicate, triplicate, etc. 
ratios, would be the place to expect a definition of “compound ratio.” None 
such is however forthcoming, and the only “definition” of it that we find is 
that forming νι. Def. 5, which is an interpolation made, perhaps, even before 
Theon’s time. According to the interpolated definition, “A ratio is said to 
be compounded of ratios when the sizes (πηλικότητες) of the ratios multiplied 
together make some (? ratio).” But the multiplication of the szzes (or 
magnitudes) of two ratios of incommensurable, and even of commensurable, 
magnitudes is an operation unknown to the classical Greek geometers. 
Eutocius (Archimedes, ed. Heiberg, 111. p. 140) is driven to explain the 
definition by making πηλικότης mean the zzber from which the given ratio 
is called, or, in other words, the number which multiplied into the consequent 
of the ratio gives the antecedent. But he is only able to work out his idea with 
reference to ratios between numbers, or between commensurable magnitudes ; 
and indeed the definition is quite out of place in Euclid’s theory of 
proportion. 

There is then only one statement in Euclid’s text as we have it indicating 
what is meant by compound ratio; this is in vi. 23, where he says abruptly 
“But the ratio of K to Af is compounded of the ratio of X to Z and that of 
Ito Mf.” Simson accordingly gives a definition (A of Book v.) of compound 
ratio directly suggested by the statement in v1. 23 just quoted. 

“ When there are any number of magnitudes of the same kind, the first 
is said to have to the last of them the ratio compounded of the ratio which 
the first has to the second, and of the ratio which the second has to the third, 
and of the ratio which the third has to the fourth, and so on unto the last 
magnitude. 

For example, if 4, B, C, D be four magnitudes of the same kind, the 
first 4 is said to have to the last D the ratio compounded of the ratio of 
A to &, and of the ratio of B to C, and of the ratio of C to D; or the ratio 
of A to J is said to be compounded of the ratios of A to B, B to C, and 
C to D. 

And if A has to & the same ratio which # has to #; and B to C the 
same ratio that G has to #; and C to D the same that ἃ has to Z; then, 
by this definition, 4 is said to have to D the ratio compounded of ratios 
which are the same with the ratios of E to % Gto A, and Kto 2: and the 
same thing is to be understood when it is more briefly expressed, by saying, 
A has to J the ratio compounded of the ratios of Z to & G to H, and 
K to 2. 

In like manner, the same things being supposed, if AZ has to MV the 
same ratio which 4 has to D; then, for shortness’ sake, 727 is said to have to 
4V the ratio compounded of the ratios of E to & Gto A, and K to L.” 

De Morgan has some admirable remarks on compound ratio, which 
not only give a very clear view of what is meant by it but at the same time 


V. DEFF.9, τ NOTES ON DEFINITIONS 49, τὸ 133 


supply a plausible explanation of the origiz of the term. “Treat ratio,” says 
De Morgan, ‘‘as an engine of operation. Let that of 4 to δ suggest the 
power of altering any magnitude in that ratio.” (It is true that it is not yet 
proved that, & being any magnitude, and P and Q two magnitudes of the 
same kind, there does exist a magnitude 4 which is to & in the same ratio 
as Pto 9. It is not till vi. 12 that this is proved, by construction, in the 
particular case where the three magnitudes are straight lines. The proof in the 
Greek text of v. 18 which assumes the truth of the more general proposition 
is, by reason of that assumption, open to objection; see the note on that 
proposition.) Now “every alteration of a magnitude is alteration in some 
ratio, two or more successive alterations are jointly equivalent to but one, and 
the ratio of the initial magnitude to the terminal one is as properly said to be 
the compound ratio of alteration as 13 to be the compound addend in lieu of 
ὃ and 5, or 28 the compound multiple for 7 and 4. Composition is used 
here, as elsewhere, for the process of detecting one single alteration which 
produces the joint effect of two or more. The composition of the ratios of 
Pto &, & to S, Zto J, is performed by assuming 4, altering it in the first 
ratio into &, altering Zin the second ratio into C, and C in the third ratio 
into D. The joint effect turns 4 into D, and the ratio of 4 to D is the 
compounded ratio.” . 

Another word for compounded ratio is συνημμένος (συνάπτω) which is 
common in Archimedes and later wniters. 

It is clear that duplicate ratio, triplicate ratio etc. defined in v. Deff. 9 
and ro are merely particular cases of compound ratio, being in fact the 
ratios compounded of two, three etc. egua/ ratios. The use which the Greek 
geometers made of compounded, duplicate, triplicate ratios etc. is well 
illustrated by the discovery of Hippocrates that the problem of the duplication 
of the cube (or, more generally, the construction of a cube which shall be to 
a given cube in any given ratio) reduces to that of finding “two mean 
proportionals in continued proportion.” This amounted to seeing that, if 
x, y are two mean proportionals in continued proportion between any two 
lines a, 4, in other words, if ais to x as x to y, and x is to y as y to ὁ, then a 
cube with side a is to a cube with side x as ais to 4; and this is equivalent 
to saying that ἃ has to ὁ the triplicate ratio of @ to x. 

Euclid is careful to use the forms διπλασίων, τριπλασίων, etc. to express what 
we translate as duplicate, triplicate etc. ratios; the Greek mathematicians, - 
however, commonly used διπλάσιος λόγος, “double ratio,” τριπλάσιος λόγος, 
“triple ratio” etc. in the sense of the ratios of 2 to 1, 3to1 etc. The effort, 
if such it was, to keep the one form for the one signification and the other for 
the other was only partially successful, as there are several instances of the 
contrary use, e.g. in Archimedes, Nicomachus and Pappus. 

The expression for having the ratio which is “ duplicate (triplicate) of that 
which it has to the second” is curious—éurAactova (τριπλασίονα) λόγον ἔχειν 
ἥπερ πρὸς τὸ δεύτερον-- -περ being used as if διπλασίονα or τριπλασίονα were a 
sort of comparative, in the same way as it is used after μείζονα or ἐλάσσονα. 
Another way of expressing the same thing Is to say λόγος διπλασίων (τριπλασίων) 
τοῦ, ov ἔχει... the ratio “duplicate of that (ratio) which...” The explanation 
of both constructions would seem to be that διπλάσιος or διπλασίων is, as 
Hultsch translates it in his edition of Pappus (cf. p. 59, 17), duplo maior, 
where the ablative dupéo implies not a difference but a proportion. 

The four magnitudes in Def. 10 must of course be in coutinued proportion 
(κατὰ τὸ συνεχές). The Greek text as it stands does not state this. 
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DEFINITION 11. 


“- « [4 Ν ΔΝ £7 ~ 
Ὁμόλογα μεγέθη λέγεται τὰ μὲν ἡγούμενα τοῖς ἡγουμένοις τὰ δὲ ἑπόμενα τοῖς 
ἑπομένοις. 


It is difficult to express the meaning of the Greek in as few words. A 
translation more literal, but conveying less, would be, “Antecedents are called 
corresponding magnitudes to antecedents, and consequents to consequents.” 

I have preferred to translate ὁμόλογος by “corresponding” rather than by 
“homologous.” I do not agree with Max Simon when he says (Euclid, p. 111) 
that the technical term “homologous” is not the adjective ὁμόλογος, and does 
not mean “corresponding,” “agreeing,” but “like in respect of the proportion” 
(“ahnlich in Bezug auf das Verhaltniss”). The definition seems to me to be 
for the purpose of appropriating to a technical use precisely the ordinary 
adjective ὁμόλογος, “agreeing” or “corresponding.” 

Antecedents, ἡγούμενα, ate literally “‘/eading (terms),” and conseguents, 
ἑπόμενα, “ following (terms).” 


DEFINITION I2. 


"Bvadrdd λόγος ἐστὶ λῆψις τοῦ ἡγουμένου πρὸς τὸ ἡγούμενον καὶ TOU ἑπομένου 
πρὸς τὸ ἐπόμενον. 

We now come to a number of expressions for the transformation of ratios 
or proportions. The first is ἐναλλάξ, alternately, which would be better 
described with reference to a proportion of four terms than with reference to 
a ratio. But probably Euclid defined all the terms in Deff. r2—16 with 
reference to ratios because to define them with reference to proportions would 
look like assuming what ought to be proved, namely the legitimacy of the 
various transformations of proportions (cf. v. τό, 7 Por., 18,17, 19 Por.). The 
word ἐναλλάξ is of course a common term which has no exclusive reference to 
mathematics. But this same use of it with reference to proportions already 
occurs in Aristotle: Anal. post. 1. 5, 74 a 18, καὶ τὸ ἀνάλογον ὅτι ἐναλλαξ, 
‘‘and that a proportion (is true) alternately, or alternando.” Used with λόγος, 
as here, the adverb ἐναλλάξ has the sense of an adjective, “alternate”; we 


have already had it similarly used of “alternate angles” (αἱ ἐναλλὰξ γωνίαι) in 
the theory of parallels. 


DEFINITION 13. 


3 ? 

Ανάπαλιν λόγος ἐστὶ A UE 4 ἧς 7 i ὃς TO ἡνού Σ 
ΓΝ γος ἐστι λῆψις τοῦ ἑπομένου ὡς ἡγουμένου πρὸς τὸ ἡγούμενον ὡς 
ἑπόμενον. 


᾿Ανάπαλιν, “inversely,” “the other way about,” is also a general term with 
no exclusive reference to mathematics. For this use of it with reference to 
proportion cf. Aristotle, De Caelo 1. 6, 273 Ὁ 32 τὴν ἀναλογίαν ἣν τὰ βάρη ἔχει, 
οἱ χρόνοι ἀνάπαλιν ἕξουσιν, “the proportion which the weights have, the times 


will have caversely.” As here used with λόγος, ἀνάπαλιν is, exceptionally, 
adjectival. 


DEFINITION 14. 


ΝΑΥ͂Σ: rd Ἢ 5 ~ a it ¢ ‘ “,“ε 7 £ ‘ 
Σύνθεσις λόγου ἐστὶ λῆψις τοῦ ἡγουμένου μετὰ τοῦ ἑπομένου ὡς ἑνὸς πρὸς αὐτὸ 
τὸ ἑπόμενον. 


ΠΕ composition of a ratio is to be distinguished from the compounding of 
ratios and compounded ratio (συγκείμενος λόγος) as explained above in the note 
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on Deff.9, 10. The fact is that συντέθημι and what serves for the passive of 
it (σύγκειμαι) are used for adding as well as compounding in the sense of 
compounding ratios. In order to distinguish the two senses, I have always 
used the word componendo where the sense is that of this definition, though 
this requires a slight departure from the literal rendering of some passages. 
Thus the enunciation of v. 17 says, literally, “if magnitudes compounded be 
in proportion they will also be in proportion separated” (ἐὰν συγκείμενα 
μεγέθη ἀνάλογον ἦ, Kat διαιρεθέντα ἀνάλογον ἔσται). This practically means 
that, if 4 +4 is to B as C+D is to D, then 4 is to B as C is to 2. 
I have accordingly translated as follows: “if magnitudes be proportional 
componendo, they will also be proportional sefarando.” (It will be observed 
that separando, a term explained in the next note, is here used, not relatively 
to the proportion 4 is to B as Cis to D, but relatively to the proportion 
componendo, viz. A+ B is to Bas C+D is to YD.) The corresponding 
term for componendo in the Greek mathematicians is συνθέντι, literally “‘to one 
who has compounded,” ie. “if we compound.” (For this absolute use of the 
dative of the participle cf. Nicomachus I. 8, 9 ἀπὸ povddos...xara τὸν διπλάσιον 
λόγον προχωροῦντι μέχρις ἀπείρου, ὅσοι καὶ av γένωνται, οὗτοι πάντες ἀρτιάκις 
ἄρτιοί εἰσιν. A very good instance from Aristotle is Ath. Mic. τ. 5, 1097 Ὁ 12 
ἐπεκτείνοντι γὰρ ἐπὶ TOUS γονεῖς καὶ τοὺς ἀπογόνους καὶ τῶν φίλων τοὺς φίλους 
εἰς ἄπειρον πρόεισιν) A variation for συνθέντι found in Archimedes is κατὰ 
σύνθεσιν. Perhaps the more exclusive use of the form συνθέντι by geometers 
later than Euclid to denote the composition of a ratio, as compared with 
Euclid’s more general use of σύνθεσις and other parts of the verb συντίθημι 
OF σύγκειμαι, May point to a desire to get rid of ambiguity of terms and to 
make the terminology of geometry more exact. 


DEFINITION I5. 


Διαίρεσις λόγου ἐστὶ λῆψις τῆς ὑπεροχῆς, ἢ ὑπερέχει τὸ ἡγούμενον τοῦ 
ἑπομένου, πρὸς αὐτὸ τὸ ἑπόμενον. 

As composition of a ratio means the transformation, e.g., of the ratio of 
Ato 8 into the ratio of 4+ FB to B, so the separation of a ratio indicates 
the transformation of it into the ratio of 4.-- 8 to & Thus, as the new 
antecedent is in one case got by adding the original antecedent to the original 
consequent, so the antecedent in the other case is obtained by subtracting the 
original consequent from the original antecedent (it being assumed that the 
latter is greater than the former). Hence the literal translations of διαίρεσις 
λόγου, “division of a ratio,” and of διελόντι (the corresponding term to 
συνθέντι) as dividendo, scarcely give a sufficiently obvious explanation of the 
meaning. Heiberg accordingly translates by “subtractio rationis,” which 
again may be thought to depart too far from the Greek. Perhaps “separation” 
and separando may serve as a compromise. 


DEFINITION 16. 


᾿Αναστροφὴ λόγου ἐστὶ λῆψις τοῦ ἡγουμένου πρὸς THY ὑπεροχήν, ἡ ὑπερέχει 
τὸ ἡγούμενον τοῦ ἑπομένου. 

Conversion of a ratio means taking, e.g., instead of the ratio of A to ZB, 
the ratio of 4 to 4—B# (A being again supposed greater than #). As 
ἀναστροφή is used for conversion, so ἀναστρέψαντι is used for convertendo 
(corresponding to the terms συνθέντι and διελόντι). 
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DEFINITION 17. 


Ad ἴσου λόγος ἐστὶ πλειόνων ὄντων μεγεθῶν καὶ ἄλλων αὐτοῖς ἴσων τὸ πλῆθος 
σύνδυο λαμβανομένων καὶ ἐν τῷ αὐτῷ λόγῳ, ὅταν ἦ ὡς ἐν τοῖς πρώτοις μεγέθεσι τὸ 
πρῶτον πρὸς τὸ ἔσχατον, οὕτως ἐν τοῖς δευτέροις μεγέθεσι τὸ πρῶτον πρὸς τὸ ἔσχατον᾽ 
ἢ ἄλλως: Aes τῶν ἄκρων καθ᾽ ὑπεξαίρεσιν τῶν μέσων. 

δι ἴσου, ex aeguali, must apparently mean ex aegualt distantia, at an equal 
distance or interval, ie. after an equal number of intervening terms. The 
wording of the definition suggests that it is rather a proportion ex aequalt 
than a ratio ex aegualt which is being defined (cf. Def. 12). The meaning 15 
clear enough. If a, 4, ¢,d...be one set of magnitudes, and 4, B, C, D... 
another set of magnitudes, such that 

aisto das A isto B, 
fistocas & is to C, 
and so on, the last proportion being, e.g., 


kisto4as Kisto L, 
then the inference ex aeguadi is that 


aistozZas 4 isto ὦ. 


The fact that this is so, or the ¢vuth of the inference from the hypothesis, 
is not proved until v. 22. The definition is therefore merely verbal; it gives 
a convenient ame to a certain inference which is of constant application in 
mathematics. But ex aeguali could not be intelligibly defined except with 
reference to two sets of ratios respectively equal. 


DEFINITION 18. 


Τεταραγμένη δὲ ἀναλογία ἐστίν, ὅταν τριῶν ὄντων μεγεθῶν καὶ ἄλλων αὐτοῖς 
ἴσων τὸ πλῆθος γίνηται ὡς μὲν ἐν τοῖς πρώτοις μεγέθεσιν ἡγούμενον πρὸς ἑπόμενον, 
οὕτως ἐν τοῖς δευτέροις μεγέθεσιν ἡγούμενον πρὸς ἑπόμενον, ὡς δὲ ἐν τοῖς πρώτοις 
μεγέθεσιν ἑπόμενον πρὸς ἄλλο τι, οὕτως ἐν τοῖς δευτέροις ἄλλο τι πρὸς ἡγούμενον. 


Though the words δι ἔσου, ex aegual, are not in this definition, it gives a 
description of a case in which the inference ex aegua/z is still true, as will be 
hereafter proved in v. 23. <A perturbed proportion is an expression for the 
case when, there being three magnitudes a, ὁ, ς and three others 4, B, C, 


aistodas Bis to C, 
and ’istocas 4 isto B&. 


Another description of this case is found in Archimedes, “the ratios being 
dissimilarly ordered” (ἀνομοίως τεταγμένων τῶν λόγων). The full description of 
the inference in this case (as proved in v. 23), namely that 


aistocas A isto C, 

is ex aeguali in perturbed proportion (δὲ ἴσου ἐν τεταραγμένῃ ἀναλογίᾳ). 
Archimedes sometimes omits the δ ἔσου, first giving the two proportions and 
proceeding thus: “therefore, the proportions being dissimilarly ordered, a has 
to ¢ the same ratio as 4 has to C.” 

The fact that Def. 18 describes a particular case in which the inference 
δὲ ἴσου will be proved true seems to have suggested to some one after 
Theon’s time the interpolation of another definition between 17 and 18 to 
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describe the ordinary case where the argument ex aeguali holds good. The 
interpolated definition runs thus: “an ordered proportion (τεταγμένη ἀναλογία) 
arises when, as antecedent is to consequent, so is antecedent to consequent, 
and, as consequent is to something else, so is consequent to something else.” 
This case needed no description after Def. 17 itself; and the supposed 
definition is never used. 


After the definitions of Book v. Simson supplies the following axoms. 


1. Equimultiples of the same or of equal magnitudes are equal to one 
another. 


2. Those magnitudes of which the same or equal magnitudes are 
equimultiples are equal to one another. 


3. A multiple of a greater magnitude is greater than the same multiple 
of a less. 


4. That magnitude of which a multiple is greater than the same multiple 
of another is greater than that other magnitude. 


BOOK V. PROPOSITIONS. 


PROPOSITION I. 


Lf there be any number of magnitudes whatever which are, 
respectively, eguinculteples of any magnitudes equal in muliitude, 
then, whatever multiple one of the magnitudes 1s of one, that 
multiple also well all be of alt. 

Let any number of magnitudes whatever AS, CD be 
respectively equimultiples of any magnitudes Z, / equal in 
multitude ; 


I say that, whatever multiple 42 is of Z, that multiple will 
AB, CD also be of 4, δ. 


For, since AZ is the same multiple of & that CD is of F, 


as many magnitudes as there are in 44 equal to £, so many 
also are there in CD equal to / 


Let d& be divided into the magnitudes 4G, GB equal 
to £, 


and CD into CH’, HD equal to F; 


then the multitude of the magnitudes 4G, GB will be equal 
to the multitude of the magnitudes CH’, AD. 


Now, since 4G is equal to £, and CH to 2) 
therefore 4G is equal to £, and 4G, CH to E, F. 

For the same reason 

GB is equal to £, and GB, HD to E, F; 


therefore, as many magnitudes as there are in AB equal to £, 
so many also are there in 44, CD equal to EZ, F; 
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therefore, whatever multiple 4Z is of £, that multiple will 
AB, CD also be of 4, ἢ 


Therefore etc. 
Q. E. Ὁ. 


De Morgan remarks of v. 1—6 that they are “simple propositions of 
concrete arithmetic, covered in language which makes them unintelligible to 
modern ears. ‘The first, for instance, states no more than that fez acres and 
ten roods make ¢em times as much as one acre and one rood.” One aim 
therefore of notes on these as well as the other propositions of Book νυ. 
should be to make their purport clearer to the learner by setting them side by 
side with the same truths expressed in the much shorter and more familiar 
modern (algebraical) notation. In doing so, we shall express magnitudes by 
the first letters of the alphabet, @, ὁ, ¢ etc., adopting small instead of capital 
letters so as to avoid confusion with Euclid’s lettering ; and we shall use the 
small letters 22, 2, 2 etc. to represent integral numbers. Thus ma will always 
mean #2 times Ω or the 2" multiple of a (counting τ. ὦ as the first, 2. ὦ as the 
second multiple, and so on). 

Prop. 1 then asserts that, if ma, m6, mc etc. be any equimultiples of a, ὦ, ¢ 
etc., then 

MA+MO+ Met ...=Mt (A+ O+6+...). 


PROPOSITION 2. 


[Tf a first magnitude be the same niuttiple of a second 
that a third ws of a fourth, and a fifth also be the same multiple 
of the second that a sixth 1s of the fourth, the sum of the first 
and fifth will also be the sante multiple of the second that the 
sum of the third and sixth 1s of the fourth. 


Let a first magnitude, 428, be the same multiple of a 
second, C, that a third, DE&, 


is of a fourth, 7, and leta , BG 

fifth, BG, also be the same . 

multiple of the second, ὦ that δ ΒΡ ἥ 
a sixth, £4, is of the fourth ὑτπστεπτεπτε- --ἐ---ἰ 
“Ὁ Ε 


I say that the sum of the 
first and fifth, 4G, will be the same multiple of the second, C, 
that the sum of the third and sixth, D/, is of the fourth, / 
For, since 4P is the same multiple of C that DE& is of F, 
therefore, as many magnitudes as there are in 4B equal to C, 
so many also are there in D£ equal to /. 
For the same reason also, 
as many as there are in BG equal to C, so many are there 
also in LH equal to /; 
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therefore, as many as there are in the whole 4G equal to C, 
so many also are there in the whole DH equal to δὶ 


Therefore, whatever multiple 4G is of C, that multiple 
also is DAT of ἢ. 

Therefore the sum of the first and fifth, 4G, is the same 
multiple of the second, C, that the sum of the third and sixth, 
DH, is of the fourth, δὶ 

Therefore etc. 

Q. E. Ὁ. 


To find the corresponding formula for the result of this proposition, we 
may suppose a to be the ‘‘second” magnitude and ὁ the “fourth.” If now 
the “first” magnitude is ma, the “third” is, by hypothesis, mé; and, if the 
“fifth” magnitude is za, the “sixth” 1s 2d. The proposition then asserts that 
ma+na is the same multiple of a that m+ is of 6. 

More generally, if ga, ga... and pd, gb... be any further equimultiples of 
a, ὦ respectively, ma+ma+pa+ga+... 1s the same multiple of @ that γι Ὁ 
nb+pb+gb+... is of d. This extension is stated in Simson’s corollary to 
v. 2 thus: 

“From this it is plain that, if any number of magnitudes 43, BG, GH 
be multiples of another C; and as many D#, H&A, KZ be the same 
multiples of “ each of each; the whole of the first, viz. AZ, 15. the same 
multiple of C that the whole of the last, viz. DZ, is of #.” 

The course of the proof, which separates 7z into its units and also 21 into 
its units, practically tells us that the multiple of @ arrived at by adding the 
two multiples is the (7+ )th multiple ; or practically we are shown that 

ma + na = (m+n) a, 
or, more generally, that 


matnar+pat...=(mt+nt+pt...)a. 


PROPOSITION 3. 


If a first magnitude be the same multiple of a second 
that a third is of a fourth, and tf equimultiples be taken 
of the first and third, then also ex aequali the magnitudes 
taken witl be equimultiples respectively, the one of the second 
and the other of the fourth. 


Let a first magnitude 4 be the same multiple of a second 
& that a third C is of a fourth D, and let equimultiples 5.2, 
GH be taken of 4, C; 


I say that ZF is the same multiple of B that GA is of ὃ. 
For, since £/ is the same multiple of 4 that G// is of C, 


therefore, as many magnitudes as there are in &/ equal to 
A, so many also are there in G/H equal to C. 
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Let 25 be divided into the magnitudes EX, AF equal 
to 4, and GH into the magnitudes GZ, ZA equal to C; 
then the multitude of the magnitudes ZX, KF will be equal 
to the multitude of the magnitudes GZ, LH. 
Α -----------τ.------- -- -- ---τι 


Boe 


Ε K F 
Ct 
Ὁ ------Ὄ 

ἰ- Η 


Os ΒΕ. ΠΕΡ ΘΕΘΞΕΟΘΙ, 


And, since 4 is the same multiple of # that C is of D, 
while £4 is equal to A, and GL to C, 
therefore 4A is the same multiple of 4 that GL is of 2. 
For the same reason 
KF is the same multiple of & that 2.4 is of D. 


Since, then, a first magnitude A“ is the same multiple 
of a second # that a third GZ is of a fourth J, 


and a fifth AF is also the same multiple of the second # that 
a sixth “// is of the fourth 2, 


therefore the sum of the first and fifth, &/, is also the same 
multiple of the second & that the sum of the third and sixth,- 
GH, is of the fourth J. [v. 2] 


Therefore etc. 
Q. E. Ὁ. 


Heiberg remarks of the use of ex aeguaéz in the enunciation of this propo- 
sition that, strictly speaking, it has no reference to the definition (17) of a 
ratio ex aegualt. But the uses of the expression here and in the definition 
are, I think, sufficiently parallel, as may be seen thus. The proposition 
asserts that, if 

na, nb are equimultiples of a, 4, 

and if m.na, m.nb are equimultiples of va, γιό, 
then γι. a is the same multiple of a that m.xd1is of ὁ. Clearly the proposi- 
tion can be extended by taking further equimultiples of the last equimultiples 
and so on; and we can prove that 

p.g...m.na is the same multiple of a that p.¢...m. nb 1s of ὦ, 
where the series of numbers f.¢...m.2 is exactly the same in both 
expressions ; 
and ex aeguali (δὶ ἴσου) expresses the fact that the equimultiples are αὐ the 
same distance from a, 6 in the series 7a, m.ma... and nb, m. nd... respectively. 
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Here again the proof breaks ~ into its units, and then breaks z into its 
units; and we are practically shown that the multiple of @ arrived at, viz. 
γῇ. γα, is the multiple denoted by the product of the numbers m, x, i.e. the 
(mz)th multiple, or in other words that 


722. 26 ΞΞ 2222). a. 


PROPOSITION 4. 


Tf a first magnitude have to a second the same ratio as a 
third to a fourth, any equimultiples whatever of the first and 
third will also have the same ratio to any eguimultiples 
whatever of the second and fourth respectively, taken tn 
corresponding order. 


For let a first magnitude 4 have to a second B the same 
ratio as a third C toa fourth Y; and let equimultiples 5, 5 
be taken of 4A, C, and G, & other, chance, equimultiples of 
Fete Se 
I say that, as & is to G, so is / to 7. 


For let equimultiples H, Z be taken of 4, / and other, 
chance, equimultiples 17, VV of G, A. 
Since 25 is the same multiple of A that F is of C, 


and equimultiples K, Z of 253, # have been taken, 
therefore K is the same multiple of A that Z isof C.  [v. 3] 


For the same reason 
M is the same multiple of & that Δ is of 2. 
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And, since, as 4 is to 2, so is C to D, 

and of A, C equimultiples XK, Z have been taken, 

and of &, 2 other, chance, equimultiples AZ, 4, 

therefore, if A is in excess of JV, Z also is in excess of NV, 

if it is equal, equal, and if less, less. [v. Def. 5] 
And &, Z are equimultiples of 2, 2, 

and 177, WV other, chance, equimultiples of G, A; 

therefore, as & is to G, so is Ζ to A. [v. Def. 5] 
‘Therefore etc. 

9. Ε. Ὁ. 


This proposition shows that, if a, 4, ¢, d are proportionals, then 
mais to 2b as mic 15 to nd; 
and the proof is as follows: 


Take puma, pmc any equimultiples of ma, mc, and gd, gnd any equimulti- 
ples of 2, ad. 
Since a: d=c: d, it follows [v. Def. 5] that, 


according as pua>=<gnd, pmc>=<gnd. 
But the 2- and g-equimultiples are azy equimultiples ; 


therefore [v. Def. 5] 
ma: μι τε γε : nd. 


It will be observed that Euclid’s phrase for taking avy equimultiples of 
A, Cand any other equimultiples of 4, D is “let there be taken equimullti- 
ples .5, F of A, Οἱ, and G, #@ other, chance, equimultiples of &, D,”’ E, F 
being called ἰσάκις πολλαπλάσια simply, and G, dada, ἃ ἔτυχεν, ἰσάκις 
πολλαπλάσια. And similarly, when ay equimultiples (A, Z) of 25, αὶ 
come to be taken, and azy other equimultiples (44 Μὴ of G, A. But 
later on Euclid uses the same phrases about the zez equimultiples with 
reference to the original magnitudes, reciting that ‘there have been taken, of 
A, C, equimultiples A, Zand of B, D, other, chance, equimultiples 47, VV”; 
whereas JZ, VV are not any eguimultiples whatever of &, D, but are any 
equimultiples of the parfzcu/ar multiples (G, A) which have been taken of .8, 
D respectively, though ¢hese /atter have been taken at random. Simson would, 
in the first place, add ἃ ἔτυχεν in the passages where aay equimultiples Z, .} 
are taken of 4, C and exy equimultiples A, Z are taken of Z, , because the 
words are “wholly necessary” and, in the second place, would leave them 
out where JZ, Δ are called ἄλλα, ἃ ἔτυχεν, ἰσάκις πολλαπλάσια of B, D, because 
it is not true that of B, D have been taken “any equimultiples whatever (a 
ἔτυχε), WZ, VV.” Simson adds: “And it is strange that neither Mr Briggs, who 
did right to leave out these words in one place of Prop. 13 of this book, nor 
Dr Gregory, who changed them into the word ‘some’ in three places, and 
left them out in a fourth of that same Prop. 13, did not also leave them out 
in this place of Prop. 4 and in the second of the two places where they occur 
in Prop. 17 of this book, in neither of which they can stand consistent with 
truth: And in none:of all these places, even in those which they corrected in 
their Latin translation, have they cancelled the words ἃ ἔτυχε in the Greek 
text, as they ought to have done. The same words ἃ ἔτυχε are found in 
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four places of Prop. rz of this book, in the first and last of which they are 
necessary, but in the second and third, though they are true, they are quite 
superfluous; as they likewise are in the second of the two places in which 
they are found in the r2th prop. and in the like places of Prop. 22, 23 of this 
book; but are wanting in the last place of Prop. 23, as also in Prop. 25, 
Book xt.” 

As will be seen, Simson’s emendations amount to alterations of the text 
so considerable as to suggest doubt whether we should be justified in making 
them in the absence of MS. authority. The phrase “‘equimultiples of 4, C 
and other, chance, equimultiples of &, D” recurs so constantly as to suggest 
that it was for Euclid a quasi-stereotyped phrase, and that it is equally genuine 
wherever it occurs. Is it then absolutely necessary to insert ἅ ἔτυχε in places 
where it does not occur, and to leave it out in the places where Simson holds 
it to be wrong? I think the text can be defended as it stands. In the first 
place to say “take equimultiples of 4, C” is a fair enough way of saying 
take any equimultiples whatever of A, C. The other difficulty is greater, but 
may, I think, be only due to the adoption of any whatever as the translation 
of ἃ ἔτυχε. As a matter of fact, the words only mean chance equimultiples, 
equimultiples which are the result of random selection. Is it not justifiable 
to describe the product of two chance numbers, numbers selected at random, 
as being a “chance number,” since it is the result of two random selections ? 
[ think so, and I have translated ἃ ἔτυχε accordingly as implying, in the case 
in question, “other equimultiples whatever they may happen to be.” 

To this proposition Theon added the following : 


“Since then it was proved that, if A’ is in excess of J, Z 15 also in excess 
of JV, if it is equal, (the other is) equal, and if less, less, 


it 1s clear also that, 
if JZ is in excess of X, ΔΙ is also in excess of Z, if it is equal, (the other is) 
equal, and if less, less ; 
and for this reason, 
as Gis to Z, so also is Hto & 


PorismM. From this it is manifest that, if four magnitudes be proportional, 
they will also be proportional inversely.” 

Simson rightly pointed out that the demonstration of what Theon intended 
to prove, viz. that, if 2, G, 4.5 # be proportionals, they are proportional 
inversely, 1.6. Gis to £ as A is to F, does not in the least depend upon this 
4th proposition or the proof of it; for, when it is said that, “if A exceeds AZ, 
LZ also exceeds /V etc.,” this is not proved from the fact that Z, G, 7, Hare 
proportionals (which is the conclusion of Prop. 4), but from the fact that 
A, B, C, D are proportionals. 

The proposition that, if 4A, B, C, D are proportionals, they are also 
proportionals inversely is not given by Euclid, but Simson supplies the proof 
in his Prop. B. The fact is really obvious at once from the 5th definition 
of Book v. (cf. p. 127 above), and Euclid probably omitted the proposition 
as unnecessary. 

Simson added, in place of Theon’s corollary, the following : 

“Likewise, if the first has the same ratio to the second which the third 
has to the fourth, then also any equimultiples whatever of the first and third 
have the same ratio to the second and fourth: And, in like manner, the first 
and the third have the same ratio to any equimultiples whatever of the second 
and fourth.” 
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_ The proof, of course, follows exactly the method of Euclid’s proposition 
itself, with the only difference that, instead of one of the two pairs of equi- 


sca as the magnitudes themselves are taken. In other words, the conclu- 
sion trat 


mais to nb as mc is to nd 
is equally true when either 7 or x is equal to unity. 

As De Morgan says, Simson’s corollary is only necessary to those who will 
not admit JZ into the list 44, 242, 347 etc.; the exclusion is grammatical and 
nothing else. The same may be said of Simson’s Prop. ἃ to the effect that, 
‘““TIf the first of four magnitudes has to the second the same ratio which the 
third has to the fourth: then, if the first be greater than the second, the third 
is also greater than the fourth; and if equal, equal; if less, less.” This 15 
needless to those who believe omce A to be a proper component of the list of 
multiples, in spite of mudfus signifying many. 


PROPOSITION 5. 


Tf a magnitude be the same multiple of a magnitude that 
a part subtracted is of a part subtracted, the remainder will 
also be the same multiple of the remainder that the whole ts of 
the whole. 


5 For let the magnitude AZ be the same multiple of the 
magnitude CY that the part 4 subtracted is of the part C/” 
subtracted ; 


I say that the remainder ZA is also the same multiple of the 
remainder “ZY that the whole 4Z is of the whole CD. 


A E B 
St tt 


G CG F D 


10 For, whatever multiple AZ is of CF, let EB be made 
that multiple of CG. 
Then, since AZ is the same multiple of CF that £B is 
of GC, 
therefore AZ is the same multiple of CF that 4B is of GL. ; 
[v. 1 
15 But, by the assumption, 4Z is the same multiple of Cr 
that AB is of CD. 


Therefore 4B is the same multiple of each of the magni- 
tudes GF, CD; 


therefore GF is equal to CD. 
ὁ Let CF be subtracted from each ; 
therefore the remainder GC is equal to the remainder /'D. 


H. E. 1}. to 
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And, since AF is the same multiple of CF that AP is of 
GC, 


and GC is equal to DF, 
25 therefore 4£ is the same ἜΜΟΠΡΙΕ of ΟΣ that EB is of FD. 
But, by hypothesis, 
AE is the same multiple of C/ that AF is of CD; 
therefore ES is the same multiple of /D that AB is of CD. 


That is, the remainder A will be the same multiple of 
30 the remainder /D that the whole AB is of the whole CD.. 
Therefore etc. 


Q. E. Ὁ. 


10 let EB be made that multiple of CG, τοσαυταπλάσιον γεγονέτω καὶ τὸ EB τοῦ 
TH. From this way of stating the construction one might suppose that CG was given and 
ZB had to be found equal to a certain multiple of it. Butin fact #2 is what is given and 
CG has to be found, i.e. CG has to be constructed as a certain sxémultiple of 5.8. 


This proposition corresponds to v. 1, with subtraction taking the place of 

addition. It proves the formula 
ma — mb =m (a—b). 

Euclid’s construction assumes that, if 4# is any multiple of CA, and HB 
is any Other magnitude, a-fourth straight line can be found such that ZB is 
the same multiple of it that 4Z is of C¥, or in other words that, given any 
magnitude, we can divide it into any number of equal parts. This is however 
not proved, even of straight lines, much less other magnitudes, until vi. 9. 
Peletarius had already seen this objection to the construction. The difficulty 
is not got over by regarding it merely as a hypothetical construction ; for 
hypothetical constructions are not in Euclid’s manner. The remedy is to 
substitute the alternative construction given by Simson, after Peletarius and 
Campanus’ translation from the Arabic, which only requires us to add a 
magnitude to itself a certain number of times. The demonstration follows 
Euclid’s line exactly. 

“Take AG the same multiple of #D that AZ is of CF; G 

therefore 4Z is the same multiple of ΟΖ that ZG is of CD. 

[v. 1] 

But AZ, by hypothesis, is the same multiple of CF that a 
AB is of CD; therefore £G is the same multiple of CD that 
ABisof CD; 

wherefore £G is equal to 48. 


Take from them the common magnitude 4Z; the remainder 
AG is equal to the remainder £2. 
Wherefore, since A is the same multiple of CA that AG is 
of FD, and since 4G is equal to £4, E 


therefore 4£ is the same multiple of Οὐ that £2 is of #D. 
But 4£ is the same multiple of C# that 4.8 is of CD; 
therefore ## is the same multiple of #D that AB 15 of CD.” B 
Q. E. Ὁ. 


©) 
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Euclid’s proof amounts to this. 
Suppose a magnitude x taken such that 
Ma —~ 1th = Hix, SAY. 
Add mé to each side, whence (by v. 1) 
ma =m (x + 6). 

Therefore @=x+b, orx=a—4, 
so that ma — mb =n (4 — ὃ). 

Simson’s proof, on the other hand, argues thus. 

Take «=m (a—6), the same multiple of (@— ὁ) that mdé is of 6. 

Then, by addition of md to both sides, we have [v. τ] 

x+ mb = ma, 

or x= ma—mb. 
That is, ma — mb =m (a -- ὃ). 


PROPOSITION 6. 


77 two magnitudes be eguimulteples of two magnitudes, and 
any magnitudes subtracted from them be equimutteples of the 
same, the remainders also are exther equal to the same or egut- 


multiples of them. 


For let two magnitudes 44, CD be equimultiples of two 
magnitudes &£, /, and let 4G, CH 
subtracted from them be equi- A G 8 
multiples of the same two 5, 2; 


I say that the remainders also, GS, 
11, are either equal to £4, / or 
equimultiples of them. cs 


For, first, let GB be equal to Z ; 
I say that A/D is also equal to δὶ 

For let CK be made equal to δὶ 

Since AG is the same multiple of Z that C/7 is of F, 
while G& is equal to # and KC to F, 
therefore AZ is the same multiple of & that A/7 is of 2 


: [v. 2] 
But, by hypothesis, 48 is the same multiple of & that 
CD is of F; 


therefore AZ is the same multiple of / that CD is of F. 


Since then each of the magnitudes AH, Ο is the same 
multiple of 25 


therefore K/7/ is equal to CD. 


IOoO—2 
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Let CH be subtracted from each ; 

therefore the remainder AC is equal to the remainder HD. 
But F is equal to KC ; 

therefore WD is also equal to F- 


Hence, if GB is equal to 23, WD is also equal to F. 
Similarly we can prove that, even if GB be a multiple 
of 5, HD is also the same multiple of /. 
Therefore ete. 
Q. E. Ὁ. 


This proposition corresponds to v. 2, with subtraction taking the place of 
addition. It asserts namely that, if 7 is less than 22, ma—zna 1s the same 
multiple of 2 that #és—nd is of 6. The enunciation distinguishes the cases in 
which #— is equal to 1 and greater than 1 respectively. 

Simson observes that, while only the first case (the simpler one) 15 proved 
in the Greek, both are given in the Latin translation from the Arabic; and 
he supplies accordingly the proof of the second case, which Euclid leaves to 
the reader. The fact is that it is exactly the same as the other except that, in 
the construction, CA is made the same multiple of /that GA is of Z, and 
at the end, when it has been proved that AC is equal to AD, instead of 
concluding that AD is equal to # we have to say “ Because GB is the same 
multiple of # that KC is of #; and KC is equal to AD, therefore AD is 
the same multiple of # that GZS is of £.” 


PROPOSITION 7. 


Ligual magnitudes have to the same the same ratio, as also 
has the same to equal nagnitudes. 


Let 4, & be equal magnitudes and C any other, chance, 
magnitude ; 
I say that each of the magnitudes A, # has the same ratio 


to C, and C has the same ratio to each of the magnitudes 
A, B. 


A--— D 
B Ε 
υ---.-- Ε 


For let equimultiples D, £ of A, B be taken, and of C 
another, chance, multiple /. 


Then, since J is the same multiple of 4 that £ is of B, 
while 4 is equal to 2), 

therefore ) is equal to &. 

But /'is another, chance, magnitude. 
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If therefore D is in excess of /, & is also in excess of F, 
if equal to it, equal; and, if less, less. 
And YD, & are equimultiples of 4, BZ, 
while / is another, chance, multiple of C; 
therefore, as 4 is to C, so is B tao C. [v. Def. 5] 


I say next that C also has the same ratio to each of the 
magnitudes 4, δ. 
For, with the same construction, we can prove similarly 


that D is equal to £; 
and / is some other magnitude. 


If therefore / is in excess of D, it is also in excess of &, 
if equal, equal; and, if less, less. 
And F is a multiple of C, while D, & are other, chance, 
equimultiples of 4, 8; 
therefore, as C is to A, so is C to &. [v. Def. 5] 
Therefore etc. 


Porism. From this it is manifest that, if any magnitudes 
are proportional, they will also be proportional inversely. 
Q. E. Ὁ. 


In this proposition there is a similar use of ὃ ἔτυχεν to that which has 
been discussed under Prop. 4. Amy multiple # of C is taken and then, 
four lines lower down, we are told that “is another, chance, magnitude.” 
It is of course not any magnitude whatever, and Simson leaves out the 
sentence, but this time without calling attention to it. 

Of the Porism to this proposition Heiberg says that it is properly put here 
in the best ms.; for, as August had already observed, if it was in its night 
place where Theon put it (at the end of v. 4), the second part of the proof of 
this proposition would be unnecessary. But the truth is that the Porism is no 
more in place here. The most that the proposition proves is that, if 4, B 
are equal, and (δὴν other magnitude, then two conclusions are simultaneously 
established, (1) that 4 is to Cas Bis to Cand (2) that Cis to 4 as Cis to 
B, The second conclusion is not established from the first conclusion (as 
it ought to be in order to justify the inference in the Porism), but from a 
hypothesis on which the first conclusion itself depends; and moreover it 15 
not a proportion in its general form, i.e. between four magnitudes, that is in 
question, but only the particular case in which the consequents are equal. 

Aristotle tacitly assumes izverscon (combined with the solution of the 
problem of Eucl. vi. 11) in Meteorologica 111. 5, 376 a 14—16. 


PROPOSITION 8. 


Of unequal magnitudes, the greater has to the same a 
greater ratio than the less has; and the same has to the less 
a greater ratio than wt has to the greater. 
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Let 4B, C be unequal magnitudes, and let AZ be greater ; 
let 2 be another, chance, 


magnitude ; oe: B 
[ say that 4G has to Da , 
greater ratio than C has to G 4 


D,and D has to C a greater 
ratio than it has to AZ. 


For, since 4Z is greater 
than C, let BE be made equal * 
to C; Μ 


then the less of the magni- 
tudes AF, EA, if multiplied, 
will sometime be greater than D. [v. Def. 4] 


[Case 1.] 


First, let 4 be less than AA; 
let AE be multiplied, and let FG be a multiple of it which is 
greater than D ; 
then, whatever multiple ΖῸ is of AZ, let GH be made the 
same multiple of £2 and K of C; 


and let Z be taken double of D, 27 triple of it, and successive 
multiples increasing by one, until what is taken is a multiple 
of D and the first that is greater than K. Let it be taken, 
and let it be M which is quadruple of D and the first 
multiple of it that is greater than A. 
Then, since X is less than /V first, 
therefore XK is not less than JZ. 
Os since /G is the same multiple of AZ that GA is of 
therefore /'G is the same multiple of AZ that (His of AB. 
[ν. Ι 
But /G is the same multiple of AZ that X is of C; 
therefore FZ is the same multiple of 424 that X is of C: 
therefore #7, XK are equimultiples of 4B, C. 


Again, since G// is the same multiple of AA that X is 
of ὦ, 


and 2.8 is equal to C, 
therefore GH is equal to XK. 
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But A is not less than 27; 

therefore neither is GH less than JZ. 

And fG is greater than D; 
therefore the whole // is greater than D, MW together. 

But D, MW together are equal to V, inasmuch as J/ is 
triple of D, and 7, D together are quadruple of D, while 
N " also quadruple οἵ D; whence 4, D together are equal 
to iV. 

But Δ is greater than JZ, D; 

therefore ///7 is in excess of JV, 
while A is not in excess of JV. 

And FH, & are equimultiples of AR, C, while ΔΙ is 
another, chance, multiple of D; 

therefore 4Z has to 2) a greater ratio than C has to D. 

[v. Def. 7 

I say next, that D also has to C a greater ratio than : 
has to AB. 

For, with the same construction, we can prove similarly 
that JV is in excess of K, while WV is not in excess of AH. 

And 4 is a multiple of D, 
while ΖΦ, & are other, chance, equimultiples of AB, C; 

therefore 29 has to ( ἃ greater ratio than J has to AB. 


v. Def. 
[Case 2.] ' " 


Again, let 4 be greater than 5.8. 

Then the less, £4, if multiplied, will sometime be greater 
than D. [v. Def. 4] 

Let it be multiplied, and Ε Β 
let GH bea multiple of 55 “47 
and greater than D ; 
and, whatever multiple G// is 
of EB, let FG be made the “77> 
same multiple of AZ, and K ὅπ’ 


of Ca _L——- 
Then we can prove simi- Μποὺ τ 
larly that “AH, K are equi- N +--+ ὦ τ 


multiples of AB, C; 

and, similarly, let VV be taken a multiple of D but the first 
that is greater than /G, 

so that /G is again not less than J. 
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But GH is greater than D; 
therefore the whole “7 is in excess of D, ΖΩ͂, that is, of WV. 


Now X is not in excess of VV, inasmuch as /G also, which 
is greater than GA, that is, than A, is not in excess of /V. 

“And in the same manner, by following the above argu- 
ment, we complete the demonstration. 

Therefore etc. 


QO. E. Ὁ. 


The two separate cases found in the Greek text of the demonstration can 
practically be compressed into one. Also the expositor of the two cases 
makes them differ more than they need. It is necessary in each case to 
select the smaller of the two segments 42, EB of AB with a view to taking 
a multiple of it which is greater than J; in the first case therefore AL 15 
taken, in the second #A. But, while in the first case successive multiples of 
D are taken in order to find the first multiple that is greater than GA (or X), 
in the second case the multiple is taken which is the first that 15 greater re 
FG. This difference is not necessary; the first multiple of D that is greater 
than GAH would equally serve in the second case. Lastly, the use of the 
magnitude AX might have been dispensed with in both cases; it is of no 
practical use and only lengthens the proofs. For these reasons Simson 
considers that Theon, or some other unskilful editor, has vitiated the 
proposition. This however seems an unsafe assumption; for, while it was 
not the habit of the great Greek geometers to discuss separately a number. of 
different cases (e.g. In 1. 7 and 1. 35 Euclid proves one case and leaves the 
others to the reader), there are many exceptions to prove the rule, eg. Eucl. 
Hi. 25 and 33; and we know that many fundamental propositions, after- 
wards proved generally, were first discovered in relation to particular cases 
and then generalised, so that Book v., presenting a comparatively new 
theory, might fairly be expected to exhibit more instances than the earlier 
books do of unnecessary subdivision. The use of the X is no more con- 
clusive against the genuineness of the proofs. 

Nevertheless Simson’s version of the proof is certainly shorter, and more- 
over it takes account of the case in which “5.8 is equal to EB, and of the case 
in which d&, HB are both greater than D (though these cases are scarcely 
worth separate mention). 

“Tf the magnitude which is not the greater of the two AZ, .8.8 be (1) 
not less than D, take FG, GA the doubles of AZ, EB. 

But if that which is not the greater of the two 44, EZ be (2) less than 
D, this magnitude can be multiplied so as to become greater than D whether 
it be 4# or 58. 

Let it be multiphed until it becomes greater than D, and let the other be 
multiplied as often; let μὰ be the multiple thus taken of AZ and GH the 
same multiple of EB: 
therefore 7G and GH are each of them greater than D. 


And, in every one of the cases, take Z the double of D, 4 its triple and 

50 on, till the multiple of D be that which first becomes greater than GZ. 
Let .V be that multiple of D which is first greater than GH, and Mf the 
multiple of D which is next less than 4, 
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Then, because /V is the multiple of D which ts the first that becomes 
greater than GZ, 


the next preceding multiple is not greater than GA; 
that is, GA 15 not less than A. 

And, since /G 15 the same multiple of 4Z that GA is of 8, 
Gf is the same multiple of A that AA is of AB; [v. 1] 
wherefore “H, GH are equimultiples of AB, ZB. 

And it was shown that GA was not less than 17; 

and, by the construction, /G is greater than D; 

therefore the whole “4 is greater than .1Z, D together. 

But WW, D together are equal to V; 
therefore #7 is greater than δὲ 

But G/ is not greater than /V; 
and FH, Gf are equimultiples of dB, BE, 

and /V is a multiple of D; 

therefore 42 has to D a greater ratio than BZ (or C) has to D. [v. Def. 7] 


Also D has to B# a greater ratio than it has to 42. 
For, having made the same construction, it may be shown, in like manner, 
that Vis greater than GA but that it is not greater than 77; 


and JV is a multiple of J, 
and GA, F7 are equimultiples of 22, AB; 
+ Therefore D has to HF a greater ratio than ithasto dB.” _— [v. Def. 7] 
The proof may perhaps be more readily grasped in the more symbolical 
form thus. 


Take the mth equimultiples of C, and of the excess of 48 over C (that 15, 
of 4£), such that each is greater than J; 


and, of the multiples of D, let sD be the first that is greater than #C, and 7D 
the next less multiple of D. 
Then, since #C is not less than 2D, 


and, by the construction, (4 Z) is greater than J, 
the sum of mC and (A) is greater than the sum of xD and D. 


That is, #(4 £8) 1s greater than AD. 

And, by the construction, 7C is less than 2.2. 

Therefore [v. Def. 7] 42 has to D a greater ratio than C has to D. 
Again, since 2.2 is less than m(AD), 


and 2.22 is greater than mC, 
D has to Ca greater ratio than D has to 4B. 


PROPOSITION 9. 


Magnitudes which have the sante ratio to the same are 
egual to one another ; and magnitudes to which the same has 
the same ratio are equal. 
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For let each of the magnitudes A, & have the same 
ratio to C; 
I say that 4 is equal to Ὁ. 


For, otherwise, each of the 
magnitudes A, B would not 
have had the same ratio to C; [v. 8] 


but it has; 
therefore 4 is equal to 2. 


Again, let C have the same ratio to each of the magni- 
tudes 4, δ᾽; 


I say that 4 is equal to B. 


For, otherwise, C would not have had the same ratio to 
each of the magnitudes 4, δ᾽; [v. 8] 


but it has; 
therefore A is equal to ὃ. 


Therefore etc. 
Q. E. Ὁ. 

If 4 is to Cas Bis to CG, 
or if Cis to 4 as Cis to &, then 4 is equal to .5. | 

Simson gives a more explicit proof of this proposition which has the 
advantage of referring back to the fundamental 5th and 7th definitions, 
instead of quoting the results of previous propositions, which, as will be seen 
from the next note, may be, in the circumstances, unsafe. 

“Let 4d, & have each of them the same ratio to C; 


A is equal to .8. 

For, if they are not equal, one of them is greater than the other ; 
let A be the greater. 

Then, by what was shown in the preceding proposition, there are some 
equimultiples of 4 and 4, and some multiple of C, such that the multiple of 


“1 is greater than the multiple of C, but the multiple of & is not greater than 
that of C. 


Let such multiples be taken, and let D, & be the equimultiples of 4, 8, 


and / the multiple of C, so that D may be greater than 4 and £ not greater 
than ΖΚ 


But, because 4 is to Cas # is to C, 
and of A, & are taken equimultiples D, #, and of Cis taken a multiple “5 
and J is greater than F, 
£# must also be greater than & [v. Def. 5] 
But & is not greater than #: which is impossible. 
Next, let C have the same ratio to each of the magnitudes A and B; 
A is equal to .8. 
For, if not, one of them is greater than the other ; 
let 4 be the greater. 
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Therefore, as was shown in Prop. 8, there is some multiple ¥ of C, and 
some equimultiples & and J of .5 and A, such that F is greater than Z and 
not greater than D. 

But, because Cis to B as Cis to A, 


and /#the multiple of the first is greater than Z the multiple of the second, 


# the multiple of the third is greater than D the multiple of the fourth. 
[v. Def. 5] 

But (is not greater than 2: which is impossible. 

Therefore 4 is equal to 4.” 


PROPOSITION IO. 


Of magnitudes which have a raito to the same, that 
which has a greater γαζίο 1s greater; and that to which the 
same has a greater vatio 15 less. 

For let 4 have to Ca greater ratio than & has to C; 

I say that 4 is greater than 2. 


Α--- ------ττττ-- 8Β 
C 


For, if not, 4 is either equal to Z or less. 
Now 4 is not equal to A; 
for in that case each of the magnitudes 4, B would have 
had the same ratio to C; Read 
but they have not ; 
therefore A is not equal to B. 
Nor again is 4 less than δ᾽; 
for in that case A would have had to Ca less ratio than 4 
has to C; [ν. 8] 
but it has not ; 
therefore 4 is not less than 25. 
But it was proved not to be equal either ; 
therefore 4 is greater than LB. 
Again, let C have to Ba greater ratio than C has to 4 ; 
I say that & is less than 4. 
For, if not, it is either equal or greater. 
Now JZ 15 not equal to 4 ; 
for in that case C would have had the same ratio to each of 
the magnitudes 4, δ; [v. 7] 
but it has not; 
therefore A is not equal to Z. 
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Nor again is # greater than 4 ; 
for in that case C would have had to B a less ratio than it 
has to 4 ; [v. 8] 
but it has ποῖ; 
therefore & is not greater than 4. 
But it was proved that it is not equal either ; 
therefore # is less than A. 
Therefore ete. Q. E. Ὁ. 


No better example can, I think, be found of the acuteness which Simson 
brought to bear in his critical examination of the Alements, and of his great 
services to the study of Euclid, than is furnished by the admirable note on 
this proposition where he points out a serious flaw in the proof as given in 
the text. : 

For the first time Euclid is arguing about greater and éess ratios, and it 
will be found by an examination of the steps of the proof that he assumes 
more with regard to the meaning of the terms than he is entitled to assume, 
having regard to the fact that the definition of greater ratio (Def. 7) is all 
that, as yet, he has to go upon. That we cannot argue, at present, about 
vreater and Zess as applied to ratios in the same way as about the same terms 
in relation to magnitudes is indeed sufficiently indicated by the fact that Euclid 
does not assume for ratios what is in Book I. an axiom, viz. that things which 
are equal to the same thing are equal to one another; on the contrary, he 
proves, in Prop. 11, that ratios which are the same with the same ratio are the 
same with one another. 

Let us now examine the steps of the proof in the text. First we are told 
that 

“ 4 is greater than B. 
For, if not, it is either equal to 4 or less than it. 
Now </ is not equal to .δ 


for in that case each of the two magnitudes 4, B would have had the 
same ratio to C: ἵν. 0] 
but they have not: 
therefore A is not equal to B.” 

As Simson remarks, the force of this reasoning is as follows. 

If 4 has to ὦ the same ratio as # has to C, 
i any equimultiples of 4, #4 to be taken and any multiple 
of C~ 


by Def. 5, if the multiple of 4 be greater than the multiple of C, the multiple 
of # 1s also greater than that of C. 


But it follows from the hypothesis (that 4 has a greater ratio to C than B 
has to C) that, 


by Def. 7, there must be some equimultiples of 4, B and some multiple of 
C such that the multiple of 4 is greater than the multiple of C, but the 
multiple of # is zo¢ greater than the same multiple of C. 


And this directly contradicts the preceding deduction from the supposition 
that 4 has to C the same ratio as B has to C; 


2 
therefore that supposition is impossible. 
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The proof now goes on thus: 
“Nor again is 4 less than B; 
for, in that case, 4 would have had to C a less ratio than B has to C; 
[v. 8] 
but it has not ; 
therefore 4 is not less than B.” 

It is here that the difficulty arises. As before, we must use Def. 7, “A 
would have had to Ca less ratio than & has to C,” or the equivalent state- 
ment that G would have had to Ca greater ratio than 4 has to C, means 
that there would have been some equimultiples of B, 4 and some multiple of 
C’ such that 

(x) the multiple of & is greater than the multiple of C, but 

(2) the multiple of 4 15 ποὲ greater than the multiple of C, 
and it ought to have been proved that this can never happen if the hypothesis 
of the proposition is true, viz. that A has to C a greater ratio than B has to 
C; that is, it should have been proved that, in the latter case, the multiple of 
A is always greater than the multiple of C whenever the multiple of 7 is 
greater than the multiple of C (for, when this is demonstrated, it will be 
evident that B cannot have a greater ratio to C than 4 has to C). But this 
is not proved (cf. the remark of De Morgan quoted in the note on v. Def. 7, 
p. 130), and hence it is not proved that the above inference from the supposi- 
tion that 4 is less than £& is inconsistent with the hypothesis in the enunciation. 
The proof therefore fails. : 

Simson suggests that the proof is not Euclid’s, but the work of some one 
who apparently “has been deceived in applying what is manifest, when 
understood of magnitudes, unto ratios, viz. that a magnitude cannot be both 
greater and less than another.” 

The proof substituted by Simson is satisfactory and simple. 

“Let 4 have to (ἃ greater ratio than J has to C; 

A is greater than ZB. 

For, because A has a greater ratio to C than B has to C, there are some 
equimultiples of A, & and some multiple of C such that 

the multiple of 4 is greater than the multiple of C, but the multiple of B 
is zo¢ greater than it. ν. Def. 7] 

Let them be taken, and let D, & be equimultiples of 4, A, and Fa 
multiple of C, such that 

DP is greater than /, 
but £ is not greater than /- 

Therefore D is greater than &. 

And, because D and £ are equimultiples of 4 and &, and D is greater 
than £, 

therefore A is greater than B. {[Simson’s 4th Ax. ] 
Next, let C have a greater ratio to # than it has to 4; 
# is less than 4, 

For there is some multiple # of C and some equimultiples & and D of B 
and A such that 

Fis greater than # but not greater than D. [v. Def. 7] 

Therefore £Z is less than D ; 
and, because & and J are equimultiples of & and 4, 

therefore B is less than A.” 
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PROPOSITION 11. 


Ratios which are the same with the same ratio ave also 
the same with one another. 

For, as 4 is to &, so let C be to J, 
and, as C is to J, so let & be to 7; 
I say that, as 4 is to £, so is & to Ff. 


A 
B 
α---------- —— ee K 
Ἰ.---.---..-- -------- M¥—___-_—_—__——-  _N 


For of A, C, .Ε let equimultiples G, /7, K be taken, and 
of 5, D, F other, chance, equimultiples Z, 22, WV. 
Then since, as 4 is to 2, sois C to J, 
and of A, C equimultiples G, A have been taken, 
and of &, D other, chance, equimultiples 2, JZ, 
therefore, if G is in excess of Z, A is also in excess of JZ, 
if equal, equal, 
and if less, less. 
Again, since, as C is to D, so is 5 to F, 
and of C, & equimultiples 77, K have been taken, 
and of D, / other, chance, equimultiples 17, N, 
therefore, if /7 is in excess of 7, X is also in excess of JV, 
if equal, equal, 
and if less, less. 
But we saw that, if was in excess of 47, G was also 
in excess of Z; if equal, equal; and if less, less; 
so that, in addition, if G is in excess of Z, K is also in excess 
of NV, 
if equal, equal, 
and if less, less. 
And G, & are equimultiples of 4, £, 
while Z, WV are other, chance, equimultiples of 2, 2; 
therefore, as 4 is to B, so is 5 to F. 
Therefore etc. 
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Algebraically, if a@:4=¢:d, 
and iy ae sae 2 
then a:b=e:f. 


The idiomatic use of the imperfect in quoting a result previously obtained 
is noteworthy. Instead of saying “But it was proved that, if H is in excess 
of 4, G Τῷ also in excess of Z,” the Greek text has “But if W was in excess 
of M4, G was also in excess of Z,” ἀλλὰ εἰ ὑπερεῖχε τὸ Θ rod M, ὑπερεῖχε καὶ 
τὸ H τοῦ A. 


This proposition is tacitly used in combination with v. 16 and v. 24 in the 
geometrical passage in Aristotle, Mefeorologica 111. 5, 376 a 22—26. 


PROPOSITION 12. 


Lf any number of magnitudes be proportional, as one of 
the antecedents 1s to one of the conseguents, so will all the 
antecedents be to all the conseguents. 


Let any number of magnitudes 4, 4, C, D, ΞΕ, & be 
proportional, so that, as 4 is to δ, so is C to D and 5 
to 4; 


I say that, as 4 is to 4, so are A, C, 5 to δ, D, F. 


Α-----.-.- Β c—— 

D Εἰ κόρες: Ε--- 
ι. 

Η Μ 

Κκ--------- Ν 


For of A, C,  ἰεῖ equimultiples G, A’, X be taken, 
and of &, D, F other, chance, equimultiples Z, JZ, 4. 
Then since, as 4 is to &, so is C to D, and £ to F, 
and of A, C, & equimultiples G, H, K have been taken, 
and of &, D, F other, chance, equimultiples Z, HZ, XN, 
therefore, if G is in excess of 2, # is also in excess of JZ, 


and K of J, 

if equal, equal, 

and if less, less; 

so that, in addition, 

if G is in excess of Z, then G, A, XK are in excess of 2, MW, XN, 
if equal, equal, 

and if less, less. 
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Now G and G, #7, K are equimultiples of 4 and 4, C, £, 
since, if any number of magnitudes whatever are respec- 
tively equimultiples of any magnitudes equal in multitude, 
whatever multiple one of the magnitudes is οἱ one, that 
multiple also will all be of all. [v. 1] 


For the same reason 
Land 2, M, N are also equimultiples of B and B, D, F; 


therefore, as 4 isto £, soared, C, Eto 8, DF. 
[ν. Def. 5] 
Therefore etc. 
Q. EB D. 
Algebraically, if ἃ : α' =: =c:¢' ete., each ratio is equal to the ratio 
(αἘό}7πει...): (Wt Heer...) 
This theorem is quoted by Aristotle, 272. Mic. v. 7, 1131 Ὁ 14, in the 


shortened form ‘‘the whole is to the whole what each part is to each part 
(respectively).” 


PROPOSITION 13. 


Tf a first magnitude have to a second the same ratio as a 
third to a fourth, and the third have to the fourth a greater 
ratio than a fifth has to a sixth, the first will also have to the 
second a greater ratio than the fifth to the sixth. 


For let a first magnitude 4 have to a second &# the 
same ratio as a third C has to a fourth J, 


and let the third C have to the fourth D a greater ratio than 
a fifth & has toa sixth 7; 


I say that the first 4 will also have to the second & a greater 
ratio than the fifth Z to the sixth 2. 

A——— c————- M———_———- 6 

B— D 


Γ Loy m 


For, since there are some equimultiples of C, 4, 


and of JD, F other, chance, equimultiples, such that the 
multiple of C is in excess of the multiple of D, 
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while the multiple of & is not in excess of the multiple of 2) 


[v. Def. 7] 
let them be taken, 


and let G, AY be equimultiples of C, Z, 
and A, Z other, chance, equimultiples of D, F; 
so that G is in excess of K, but # is not in excess of Z; 


and, whatever multiple G is of C, let JZ be also that multiple 
of A, 


and, whatever multiple A is of D, let WV be also that multiple 
of δ. | 
Now, since, as 4 is to &, so is C to ὦ», 
and of A, C equimultiples 47, G have been taken, 
and of &, 2) other, chance, equimultiples 1, X, 
therefore, if (7 is in excess of /V, G is also in excess of X, 
if equal, equal, 
and if less, less. [v. Def. 5] 
But G is in excess of A; 
therefore 27 is also in excess of WV. 
But # is not in excess of ὦ ; 
and MW, # are equimultiples of A, £, 
and VV, Z other, chance, equimultiples of 2, 7; 
therefore A has to & a greater ratio than & has to F: 


[v. Def. 7] 
Therefore etc. 
Q. E. Ὁ, 
Algebraically, if ὦ: Be eee 
and δι es, 
then α:ὄ- ει 


After the words “for, since” in the first lme of the proof, Theon added 
“Chas to J a greater ratio than & has to /,” so that “there are some 
equimultiples” began, with him, the principal sentence. 

The Greek text has, after “of J, # other, chance, equimultiples,” “ ἀπά 
the multiple of C is in excess of the multiple of D....”. The meaning being © 
“such that,” I have substituted this for “and,” after Simson. 


The following will show the method of Euclid’s proof. 
Since bi a>e:7. 


there will be some equimultiples mc, me of ¢, 6, and some equimultiples na, nf 
of ὦ, 7, such that 
mce>nd, while me >> uf. 


H. E. 11. if 
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But, since le ΞΞΦΈΣΩΗ, 
therefore, according as ma>=<nb, mic>=<xnd. 

And 222: nd; 

therefore ma > 2d, while (from above) me > nf. 
Therefore αι» δ: 

Simson adds as a corollary the following : 

“Tf the first have a greater ratio to the second than the third has to the 
fourth, but the third the same ratio to the fourth which the fifth has to the 
sixth, it may be demonstrated in like manner that the first has a greater ratio 
to the second than the fifth has to the sixth.” 


This however scarcely seems to be worth separate statement, since it only 
amounts to changing the order of the two parts of the hypothesis. 


PROPOSITION I4. 


Lf a first magnitude have to a second the same ratio as a 
third has to a fourth, and the jirst be greater than the third, 
the second will also be greater than the fourth, uf equal, equal; 
and tf less, less. 

For let a first magnitude 4 have the same ratio to a 
second δ᾽ as a third C has to a fourth 229», and let 4A be 
greater than C; 

I say that # is also greater than D. 


Α--ρ--------- Cc 
SS D 


For, since 4 is greater than C, 

and & is another, chance, magnitude, 

therefore 4 has to B a greater ratio than C hasto B. [ν. 8] 
But, as 4 is to 4, so is Cto D; 


therefore C has also to D a greater ratio than C has to ὁ, 
[v. 13] 


But that to which the same has a greater ratio is less ; 
[ν. ro] 


therefore J is less than 4; 
so that & is greater than DJ. 
Similarly we can prove that, if 4 be equal to C, & will 
also be equal to 2); 
and, if 4 be less than C, & will also be less than D. 


Therefore etc. 
OED: 
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Algebraically, if a:0=624, 
then, according asa>=<4 $>=<d. 

Simson adds the specific proof of the second and third parts of this 
proposition, which Euclid dismisses with “Similarly we can prove....” 

“Secondly, if 4 be equal to C, B is equal to D; for A isto Bas C, that 
is A, is to D; 

therefore & is equal to D. [v. 9] 

Thirdly, if 4 be less than C, @ shall be less than D. 

For C is greater than A ; 
and, because C'is to Das A is to B, 

D is greater than .8, by the first case. 


Wherefore 2 is less than D.” 
Aristotle, Mezeorol. 111. 5, 376 a 11—~14, quotes the equivalent proposition 
that, if a>, ¢>d. 


PROPOSITION 15. 
Parts have the same ratio as the same ntultiples of then 
taken in corresponding order. 


For let 4Z be the same multiple of C that DZ is of 7; 
I say that, as Cis to #, sois AZ to DE. 


For, since AB is the same multiple of C that DZ& is of F; 
as many magnitudes as there are in AZ equal to C, so many 


are there also in DE equal to : 
Let AZ be divided into the magnitudes 4G, GA, HB 


equal to C, 

and DF into the magnitudes DA, KL, LE equal to F; 

then the multitude of the magnitudes AG, GH, (7B will be 

equal to the multitude of the magnitudes DA, AL, LEZ. 
And, since 4G, GH, HB are equal to one another, 

and Dk, KL, L£ are also equal to one another, 

therefore,as AG is to DkK,sois GH to KL,and HB to LEA. 

ἵν. 7] 

‘Therefore, as one of the antecedents is to one of the 

consequents, so will all the antecedents be to all the 

consequents ; [v. 12] 
therefore, as 4G is to DK, sois AB to DEA. 


II—2 
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But AG is equal to Cand DK to F; 

therefore, as C is to /, sois AB to DEA. 
Therefore etc. Q. E. D. 
Algebraically, a:b=ma: mb, 


PROPOSITION 16. 


Lf four magnitudes be proporteonal, they will also be 
proportional alternately. 
Let A, 8, C, D be four proportional magnitudes, 


so that, as 4 isto δ᾽, 8015 C to 2); 


I say that they will also be so alternately, that is, as 4 is 
to C, so is & to J). 


A ς 

8 oO 

E +} - ---- τ Gr ---ὄ - 
a rn ἢ .----ὄ-ὔἰ΄.Ὶ 


For of A, & let equimultiples 4, / be taken, 
and of C, J other, chance, equimultiples G, 77. 

Then, since & is the same multiple of A that F is of 6, 
and parts have the same ratio as the same multiples of 
them, [v. 15] 
therefore, as 4 is to B, sois A to 4 

But as 4 is to Δ, sois Cto 2); 


therefore also, as C is to D, sois & to #. [v. τι] 
Again, since G, 47 are equimultiples of C, D, 

therefore, as C is to D, so is G to HZ. [v. x5] 
But, as C is to 29), so is 4 to F; 

therefore also, as & is to /, so is G to 77. [v. rr] 


But, if four magnitudes be proportional, and the first be 
greater than the third, 


the second will also be greater than the fourth ; 
if equal, equal ; 
and if less, less. [v. 14] 
Therefore, if & is in excess of G, F is also in excess of 27, 
if equal, equal, 
and if less, less. 
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Now £, / are equimultiples of 4, B, 
and G, / other, chance, equimultiples of C, D; 


therefore, as A is to C, so is 5 to 2. [v. Def. 5] 


Therefore etc. 
9. Ε. Ὁ. 


35. “Let A, B, C, D be four proportional magnitudes, so that, as A is to B, so is 
C to Ὁ." Ina number of expressions like this it is absolutely necessary, when translating 
into English, to interpolate words which are not in the Greek. Thus the Greek here is: 
Ἕστω τέσσαρα μεγέθη ἀνάλογον τὰ A, B, Τ΄, A, ὡς τὸ A πρὸς τὸ B, οὕτως τὸ Τ' πρὸς τὸ A, 
literally “‘ Let 4, B, C, D be four proportional magnitudes, as d to B, so Cto Ὁ." The 
same remark applies to the corresponding expressions in the next propositions, v. £7, 18, 
and to other forms of expression in Vv. 2o—23 and later propositions: e.g. in V. 20 we have 
a phrase meaning literally ‘ Let there be magnitudes...which taken two and two are in the 
same ratio, as 4 to δ, so D to #,” etc.: in v. 21 “ (magnitudes}...which taken two and 
two are in the same ratio, and let the proportion of them be perturbed, as -{ to ZB, so 
£ to #,” etc. In all such cases (where the Greek is so terse as to be almost ungrammatical) 
I shall insert the words necessary in English, without further remark. 


Algebraically, if Be Veer d, 
then δ ξεν τ; 
Taking equimultiples wa, md of a, ὦ, and equimultiples xc, xd of ¢, d, we 


have, by v. 15, 
a@:b=ma:mb, 


οι ἄτι πὶ nd. 
And, since a:b=¢:4, 
we have [v. 11] ma:mb=ne: nd. 
Therefore [v. 14], according as ma>=<nc, mb>=< xd, 
so that a@:cenb:d. 


Aristotle tacitly uses the-theorem in J/efeorologica U1. 5, 376 a 22--- 24. 
The four magnitudes in this proposition must all be of the same Aind, and 
Simson inserts “of the same kind” in the enunciation. 


This is the first of the propositions of Eucl. v. which Smith and Bryant 
(Euclid’s Elements af Geometry, 1901, pp. 298 sqq.) prove by means of vI. 1 
so far as the only geometrical magnitudes in question are straight lines or 
rectilineal areas; and certainly the proofs are more easy to follow than 
Euclid’s. The proof of this proposition is as follows. 

To prove that, Jf four magnitudes of the same Rind [straight lines or 
rectilineal areas] de proportionals, they will be proportionals when taken 
alternately. 

Let , Ο, &, S be the four magnitudes of the same kind such that 


P2eOsk:.5; 
then it 15 required to prove that 
PrpeaO es. 


first, let all the magnitudes be areas. 
Construct a rectangle aécd equal to the area P, and to δκ apply the 


rectangle dcef equal to Q. 
Also to ad, 6f apply rectangles ag, δῇ equal to #, S respectively. 
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Then, since the rectangles ac, Je have the same height, they are to one 


another as their bases. [vi. 1] 
Hence P2O=a0; of. d δ e 
But ΡΞ eS. 
Therefore R: S=ab: Uf, ἵν. rr] 
1.6. rect. ag: rect. δᾷ τε αὖ : Of. 
Hence (by the converse of νι. 1) the rect- © f 


angles ag, δ have the same height, so that 2 
is on the line 4g. 
Hence the rectangles ac, ag have the same 


height, namely αὖ; also de, 62 have the same i ὲ 
height, namely 47 
Therefore rect. ac: rect. ag=dc : dg, 
and rect. de : rect. d= dc: dg. [vi 1] 
Therefore rect. ac: rect. ag = rect. de: rect. d2. ἵν. 11] 


That is, ya ae OEY 


Secondly, let the magnitudes be straight lines 48, BC, CD, DE. 
Construct the rectangles 4d, Bc, Ca, De with the same height. 


a b c ἃ 6 


Then Ab: Bc= AB: BC, 
and Cd: De=CD: DE. [vi. τ] 
But AB: BC=CD: DE. 
Therefore Ab: Bo= Cd: De. [v. 11] 
Hence, by the first case, 
Ae: Ca=De2 De, 
and, since these rectangles have the same height, 
AB: ΟΡ τ δῶ: DE. 


PROPOSITION [7. 


77 magnitudes be proportional componendo, they will also 
be proportional separando. 


Let 4B, BE, CD, DF be magnitudes proportional com- 
ponendo, so that, as AF is to BE, so is CY to DF; 


I say that they will also be proportional separando, that is, 
as AF is to AB, sois CF to DF. 


For of AL, AB, CF, FD let equimultiples GA, ALK, 
LM, MN be taken, 


and of £4, FD other, chance, equimultiples, KO, VP. | 
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Then, since G/7 is the same multiple of AZ that WX is 
of 56, 
therefore Ο 7 is the same multiple of AZ that GX is of AB. 
[v. 1] 
But G// is the same multiple of AZ that LAL is of CF; 
therefore GX is the same multiple of AB that LM is of CF. 


A Ε. B C F D 
G H K ο 


Again, since L/Z is the same multiple of CF that NV 
is of FD, 


therefore L/7/ is the same multiple of Οὐ that ZV is of CD. 

ἵν. x] 

But L/W was the same multiple of CF that GK is of AB; 

therefore GX is the same multiple of AZ that LN is of CD. 
Therefore GK, L/W are equimultiples of 44, CD. 


Again, since (7X is the same multiple of &B that ALAN 15 
of FD, 


and ΚΑ is also the same multiple of £2 that VP is of FD, 


therefore the sum F/O is also the same multiple of £4 that 
MP is of FD. [v. 2] 


And, since, as 4B is to BZ, so is CD to DF, 
and of 44, CPD equimultiples GA, ZW have been taken, 
and of 5.8, FD equimultiples HO, 27, 
therefore, if GX is in excess of HO, LN is also in excess of 
if equal, equal, 
and if less, less. 

Let GX be in excess of HO; 
then, if ZX be subtracted from each, 

GFT is also in excess of KO. 


But we saw that, if GX was in excess of HO, LN was 
also in excess of WP; 


therefore Z/V is also in excess of ΖΡ, 
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and, if ΖΔ) be subtracted from each, 
LM is also in excess of VP; 


so that, if GA is in excess of KO, 2. 77 is also in excess of 
NP. 
Similarly we can prove that, 
if GH be equal to KO, LM will also be equal to VP, 
and if less, less. 
And GH, L/W are equimultiples of AZ, CF, 
while KO, VP are other, chance, equimultiples of EB, FD; 
therefore, as AF isto F&A, so is CF to FD. 


Therefore etc. 


Q. E. D. 
Algebraically, if δ af 
then (a—b):b=(c-@):4. 

I have already noted the somewhat strange use of the participles of 
συγκεῖσθαι and διαιρεῖσθαι to convey the sense of the technical σύνθεσις and 
διαίρεσις λόγου, or what we denote by componendo and separando, ἐὰν 
συγκείμενα μεγέθη ἀνάλογον 7, καὶ διαιρεθέντα ἀνάλογον ἔσται is, literally, “if 
magnitudes compounded be proportional, they will also be proportional 
separated,” by which is meant “if one magnitude made up of two parts is to 
one of its parts as another magnitude made up of two parts is to one of its 
parts, the remainder of the first whole is to the part of it first taken as the 
remainder of the second whole is to the part of it first taken.” In the 
algebraical formula above a, ¢ are the wholes and 4, a—4 and da, c—d are the 
parts and remainders respectively. The formula might also be stated thus: 

If Q@+b:b=¢+42:4, 
then 2.0 =62.0, 
in which case αὖ, ¢+d are the wholes and a, ὁ and ς d the parts and 
remainders respectively. Looking at the last formula, we observe that 
“separated,” διαιρεθέντα, is used with reference not to the magnitudes a, 4, 4 d 
but to the compounded magnitudes at ὁ, ὁ, ¢+d, d. 

As the proof is somewhat long, it will be useful to give a conspectus of it 
in the more symbolical form. To avoid minuses, we will take for the 
hypothesis the form 

a+distodasc+Zis to d. 


Take any equimultiples of the four magnitudes a, 4, ¢, d, viz. 
ma, mol, Mme, ma, 
and any other equimultiples of the consequents, viz. 
, πὸ and μά, 
Then, by v. x, 2: (α -ἰ δ), τὴ (2 -Ὁ 41) are equimultiples of a+, ¢+d, 
and, by v. 2, (+2) ὦ, (m+n) d are equimultiples of 4, d. 
Therefore, by Def. 5, since a+ ὦ is todas c+dis tod, 
according as 22 (4 τ δ) » τε -«- (γε Ὁ π) ὁ, m(c+d)>=<(m+n)d. 
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Subtract from m (a+), (m+n)é the common part md, and from 
m(¢+a@), (#+n)d the common part md; and we have, 


according aS ma@>=<2b, mc>=<nd. 


Ries ma, me are any equimultiples of a, ῷ and 76, md any equimultiples of 
ὦ, ὦ; 


therefore, by v. Def. 5, 
ais to ὁ 85 cis to d. 


Smith and Bryant's proof follows, mudatis mufandis, their alternative proof 
of the next proposition (see pp. 173-4 below). 


PROPOSITION 18. 


7 magnitudes be proporttonal separando, they wzll also ὅδ 
proportronal componendo. 


Let AL, £L, CH, FD be magnitudes proportional 
separando, so that, as af is 
to FB, sois CF to FD; 


I say that they will also be 9 ~~ 


proportional componendo, that 6 
is, as AB is to BE, so is 
CD to FD. 


For, if CD be not to DF as 4. to BEL, 


then, as 47 is to BEF, so will CD be either to some 
magnitude less than DF or to a greater. 


First, let it be in that ratio to a less magnitude DG. 
Then, since, as 4A is to 5.2, so is CD to DG, 
they are magnitudes proportional componendo ; 
so that they will also be proportional separando. ἴν. 17] 
Therefore, as AF is to EA, so is CG to GD. 
But also, by hypothesis, 
as AF isto EB, so is CF to FD. 
Therefore also, as CG is to GD, sois CF to FD. [v.11] 
But the first CG is greater than the third ΟΖ; 
therefore the second GZ is also greater than the fourth 
FD. [ve 14] 


But it is also less: which is impossible. 
Therefore, as AB is to BE, so is not CD to a less 
magnitude than /D. 
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Similarly we can prove that neither is it in that ratio to 
a greater ; 
it is therefore in that ratio to FZ itself. 
Therefore etc. 
Q. Ἐ. Ὁ. 
Algebraically, if ἐς ΞΕ τὰ, 
then (a+b):b=(c+d): 4. 
In the enunciation of this proposition there is the same special use of 
διῃρημένα and συντεθέντα as there was of συγκείμενα and διαιρεθέντα in the 


last enunciation. Practically, as the algebraical form shows, διῃρημένα might 
have been left out. 


The following is the method of proof employed by Euclid. 
Given that Av εν, 
suppose, if possible, that 
(α -- ὃ : ὃ-- (ε-Ὁ 4) : (4 Ὁ Δ). 
Therefore, separando |v. 17}, 
a:b=(c¥x) : (4: 2), 


whence, by v. 11, (c¥x):(dtx)=ac:d. 
But (c—x)<¢, while (4-Ὁ Δ)» δ, 
and (c+x)>c¢, while (d—--x) «ὦ, 


which relations respectively contradict v. 14. 


Simson pointed out (as Saccheri before him saw) that Euclid’s demonstra- 
tion is not legitimate, because it assumes without proof that Zo any three 
magnitudes, two of whith, at least, are of the same kind, there exists a fourth 
proportional. Clavius and, according to him, other editors made this an 
axiom. But it is far from axiomatic; it is not till vi. 12 that Euclid shows, 
by construction, that it is true even in the particular case where the three 
given magnitudes are all straight lines. 

In order to remove the defect it is necessary either (1) to prove beforehand 
the proposition thus assumed by Euclid or (2) to prove v. 18 independently 
of it. 

Saccheri ingeniously proposed that the assumed proposition should be 
proved, for areas and straight lines, by means of Euclid vi. 1, 2 and 12: As 
he says, there was nothing to prevent Euclid from interposing these proposi- 
tions immediately after v. 17 and then proving v. 18 by means of them. 
vi. 12 enables us to construct the fourth proportional when the three given 
magnitudes are straight lines; and vi. 12 depends only on vi. x and 2. 
“Now,” says Saccheri, “when we have once found the means of constructing 
a straight lme which is a fourth proportional to three given straight lines, we 
obviously have the solution of the general problem ‘To construct a straight 
line which shall have to a given straight line the same ratio which two polygons 
have (to one another).’” For it is sufficient to transform the polygons into 
two triangles of equal height and then to construct a straight line which shall 
i a fourth proportional to the bases of the triangles and the given straight 

ine. 


The method of Saccheri is, as will be seen, similar to that adopted by 
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Smith and Bryant (doc. ci¢.) in proving the theorems of Euclid v. τό, 17, 18, 22, 
so far as straight lines and rectilineal areas are concerned, by means of VI. 1. 
De Morgan gives a sketch of a general proof of the assumed proposition 
that, & being any magnitude, and P and QO two magnitudes of the same kind, 
there does exist a magnitude 4 which is to 4 in the same ratio as P to OQ. 

“The right to reason upon any aliquot part of any magnitude is assumed ; 
though, in truth, aliquot parts obtained by continual bisection would suffice: 
and it is taken as previously proved that the tests of greater and of less ratio 
are never both presented in any one scale of relation as compared with 
another” (see note on v. Def. 7 ad jin.). 

“‘(x) If df be to & in a greater ratio than P to Q, so is every magnitude 
greater than 4/7, and so are some less magnitudes; and if AL be to & in 
a less ratio than P to Q, 50 is every magnitude less than J, and so are 
some greater magnitudes. Part of this is in every system: the rest is proved 
thus. If 4/ be to Ain a greater ratio than P to Q, say, for instance, we find 
that 15/7 lies between 22. and 238, while 157 lies before 220. Let τσ 
exceed 222 by Z; then, if V be less than by anything less than the 15th 
part of Ζ 15/V is between 222 and 238: or J, less than JZ, is in a greater 
ratio to Bthan Pto 7. And similarly for the other case. 

(2) J can certainly be taken so small as to be in a less ratio to & than 
F to Q, and so large as to be in a greater; and since we can never pass from 
the greater ratio back again to the smaller by increasing JZ, it follows that, 
while we pass from the first designated value to the second, we come upon an 
intermediate magnitude 4A such that every smaller is in a less ratio to & than 
F to Q,and every greater in a greater ratio. Now 4 cannot be in a less ratio 
to & than P to Q, for then some greater magnitudes would also be in a less 
ratio; nor in a greater ratio, for then some less magnitudes would be in a 
greater ratio; therefore 4 is in the same ratioto Bas Pto ὦ. The previously 
proved proposition above mentioned shows the three alternatives to be the 
only ones.” 


Alternative proofs of V. 18. 


Simson bases his alternative on v. 5, 6. As the 18th proposition is the 
converse of the 17th, and the latter is proved by means of v. τ and 2, of 
which v. 5 and 6 are converses, the proof of v.18 by v. 5 and 6 would be 
natural; and Simson holds that Euclid must have proved v. 18 in this way 
because “the sth and 6th do not enter into the demonstration of any 
proposition in this book as we have it, nor can they be of any use in any 
proposition of the Elements,” and “the 5th and 6th have undoubtedly been 
put into the 5th book for the sake of some propositions in it, as all the other 
propositions about equimultiples have been.” 

Simson’s proof is however, as it seems to me, intolerably long and difficult 
to follow unless it be put in the symbolical form as follows. 


Suppose that @ is to 4 as ὦ is to d; 
it is required to prove that a+4 is to das c¢+dis to d. 
Take any equimultiples of the last four magnitudes, say 
m({a+6), mb, m(c+d), ma, 


and any equimultiples of 4, d, as 
nb, μά. 
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Clearly, if nb is greater than mé, 
πῶ is greater than md; 
if equal, equal ; and if less, less. 


I. Suppose 7d not greater than md, so that wd is also not greater than ma. 


Now m (a + ὁ) is greater than 6: 
therefore m (a+ δ) is greater than 26. 
Similarly . 353}, (6 τ 4) is greater than χα. 


II. Suppose τό greater than 2716. 
Since (a+b), mb, m(c+d), mad are equimultiples of (a+), ὅ, (¢+d), ἃ, 
ma is the same multiple of @ that m (a + δ) is of (a + ὃ), 
and mc is the same multiple of ¢ that m (¢+ @) is of (ς Ὁ 4), 
so that ma, mc are equimultiples of a, ¢. [v. 5] 
Again 2b, nd are equimultiples of 4, ὦ, 
and so are mo, md; 
therefore (71 --- 21) 4, (n—m)d are equimultiples of ὁ, d and, whether 2-—m 


is equal to unity or to any other integer [v. 6], it follows, by Def. 5, that, 
since a, 3, ὦ, Δ are proportionals, 


if md is greater than (2 — 22) ὁ, 
then mc is greater than (72 -- 22) a; 
if equal, equal; and if less, less. 
(1) Ifnow m(a+ δ) is greater than 2d, subtracting mé from each, we have 
ma is greater than (z— 21) ὁ 


therefore mc is greater than (71 --- 21) d, 
and, if we add md to each, 


m {¢+d) is greater than zd. 
(2) Similarly it may be proved that, 


if m {a+ δ) is equal to πό, 
then m (¢+ 4) is equal to xd, 
and (3) that, if m (a+ 6) is less than md, 
then m (ε -- 4) is less than zd. 


But (under I. above) it was proved that, in the case where 7é is not 
greater than γιό, 


m (a +6) is always greater than μὦ, 
and m{¢+d)is always greater than zd. 


Hence, whatever be the values of m and x, 21 (c + Z) is always greater than, 


equal to, or less than zd according as m(a+4) is greater than, equal to, or 
Jess than 2d. 


Therefore, by Def. 5, 
a+bistodbasc+dis tod. 
Todhunter gives the following short demonstration from Austin (Zxami- 
nation of the first six books of Euclid’s Elements). 
“Let 44 be to HB as CF is to FD: 


AB shall be to BE as CD isto DE 
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For, because 4Z is to EB as CF is to FD, 
therefore, alternately, 


AF isto CF as EB is to FD. [v. 16] 
And, as one of the antecedents is to its consequent, so is the sum of the 
antecedents to the sum of the consequents: [v. 12] 


therefore, as ZB is to #D, so are AZ, HB together to CH A 
£D together ; 


that is, AB isto CDas EB isto FD. ss 
Therefore, alternately, Ξ 
4.8 τ ἴο BE as CD is to FD.” ὲ 


The objection to this proof is that it is only valid in the case 
where the proposition v. 16 used in it 1s valid, 1.6. where all four 
magnitudes are of the same kind. 
Smith and Bryant’s proof avails where all four magnitudes ] ἢ 
are straight lines, where all four magnitudes are rectilineal areas, 
or where one antecedent and its consequent are straight lines and the other 
antecedent and its consequent rectilineal areas. 


Suppose that A: B=C:D. 


First, let ail the magnitudes be areas. 

Construct a rectangle abcd equal to A, and to ἐξ apply the rectangle dcef 
equal to &. 

Also to ad, f apply the rectangles ag, dk 
equal to C, D respectively. 

Then, since the rectangles ac, δέ have equal 
heights 4c, they are to one another as their 
bases. [νι 1] 

Hence ad: δῇ -- τεςΐ. ac: rect. δδ 
=A:B 
τ 3 7) 
ΞΞ rect. ag: rect. δά, 


Therefore [vi. 1, converse] the rectangles ag, 2 have the same height, so 
that 4 is on the straight line 4g. 


Hence A+B:£B=rect. ae:rect. be 
=) oF 
= rect. a&: rect. δᾷ 
SC. 
Secondly, let the magnitudes 4, .8 be straight lines and the magnitudes 
C, D areas. 
Let αὖ, 8f be equal to the straight lines 4, B, and to αὖ, 6f apply the 


rectangles ag, 62 equal to ὦ, D respectively. 
Then, as before, the rectangles ag, δὲ have the same height. 


Now Art B: B=af:bf 
=rect. ak: rect. a2 
=C+D:D. 


Thirdly, \et all the magnitudes be straight lines. 
Apply to the straight les C, D rectangles P, Q having the same height. 
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Then P:O=C:D. νι. 1] 
Hence, by the second case, 
‘A+B: B=P+O:02. 
Also P+O:Q0=C+D:D. 
Therefore A+B: B=C+D:iD. 


PROPOSITION 19. 


If, as a whole ts to a whole, so τς ὦ part subtracted to a 
part subtracted, the remainder will also be to the remainder 
as whole to whole. 


For, as the whole AB is to the whole CD, so let the 
part AF subtracted be to the part CF 
subtracted ; 
I say that the remainder ZB will also be ἐπ πα: 
to the remainder 5.2) as the whole AB to c_F_ pb 
the whole CD. 

For since, as 4B is to CY), so is AF 
to CF, 


alternately also, as BA is to AZ, sois DC to CF. [v. 16] 


And, since the magnitudes are proportional componendo, 
they will also be proportional separando, [ν. 17] 
that is, as BE is to FEA, sois DF to CF, 
and, alternately, 
as BE is to DF, so is FA to FC, [v. 16] 

But, as AE is to C¥, so by hypothesis is the whole AB 
to the whole CD. 

Therefore also the remainder 5.2 will be to the remainder 
FD as the whole AF is to the whole CD. [v. x3] 

Therefore etc. 


[Porism. From this it is manifest that, if magnitudes be 
proportional componendo, they will also be proportional 
convertendo. | 

Q. E. D. 


Algebraically, if a: ὅτε ει ὦ (where ¢<a and ¢ <3), then 
(ὦ -- ὦ 1 (ὁ -- ἄγ τε α - Ὁ. 
The “ Porism” at the end of this proposition is led up to by a few lines 
which Heiberg brackets because it is not Euclid’s habit to explain a 
Porism, and indeed a Porism, from its very nature, should not need any 
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explanation, being a sort of by-product appearing without effort or trouble, 
ἀπραγματεύτως (Proclus, p. 303, 6). But Heiberg thinks that Simson does 
wrong in finding fault with the argument leading to the “Porism,” and that 
it does contain the true demonstration of conversion of a ratio. In this it 
appears to me that Heiberg is clearly mistaken, the supposed proof on the 
basis of Prop. 19 being no more correct than the similar attempt to prove the 
inversion of a ratio from Prop. 4. The words are: “And since it was 
proved that, as 4.8 is to CD, sois EB to FD, 


alternately also, as dB is to BE, sois CD to FD: 
therefore magnitudes when compounded are proportional. 


But it was proved that, as BA is to d#, so is DC to CF, and this is 
convertenio.” 

It will be seen that this amounts to proving from the hypothesis a:b=ce:d 
that the following transformations are simultaneously true, viz. : 


a:a—c=6:b-—4, 
and Ase] 0 τῳ; 


The former is not proved from the latter as it ought to be if it were intended 
to prove conversion. 

The inevitable conclusion is that both the “Porism” and the argument 
leading up to it are interpolations, though no doubt made, as Heiberg says, 
before Theon’s time. 

The conversion of ratios does not depend upon v. rg at all but, as Simson 
shows in his Proposition E (containing a proof already given by Clavius), on 
Props. 17 and 18. Prop. E is as follows. 


Lf four magnitudes be proportionals, they are also proportionals by conversion, 
that is, the first ts to its excess above the second as the third ts fo 
its excess above the fourth, 


Let 4B be to BE as CD to DF: 
then BA isto d# as DC to CH. Ε ¢ 
Because AZ is to BE as CD to DF, F 
by division [separando}, 
44 isto EB as CF to FD, [v. 17] 


‘ . D 
and, by inversion, 


BE isto EA as DF to FC. 
[Simson’s Prop. B directly obtained from v. Def. 5] 
Wherefore, by composition [componendo}, 
BA isto AE as DC to CF. [v. 18] 


PROPOSITION 20. 


Lf there be three magnitudes, and others equal to thent in 
multitude, which taken two and two are in the sane ratio, and 
af ex aequali the first be greater than the third, the fourth will 
also be greater than the sixth; uf equal, equal; and, of less, less. 
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Let there be three magnitudes A, 4, C, and others 
D, E, F equal to them in multitude, which taken two and 
two are in the same ratio, so that, 


as A is to &, so is LY to 42, 
and as B isto ὦ, sois & tof; 
and let A be greater than C ex aegualt ; 


I say that D will also be greater than 25; if 4 is equal to C, 
equal; and, if less, less. 


— D 
B —E— 
ο------------- Ε--------α 


For, since 4 is greater than C, 
and & is some other magnitude, 


and the greater has to the same a greater ratio than the less 
has, [v. 8] 


therefore 4 has to δ a greater ratio than C has to B. 
But, as 4 is to 4, sois ) to £, 
and, as Cis to &, inversely, so is # to £; 
therefore D has also to £a greater ratio than / has to &. [v. 13] 


But, of magnitudes which have a ratio to the same, that 
which has a greater ratio is greater ; [v. το} 


therefore D is greater than /. 


Similarly we can prove that, if 4 be equal to ὦ, D will 
also be equal to 7’; and if less, less. 
Therefore etc. 
Q. E. Ὁ. 


Though, as already remarked, Euclid has not yet given us any definition 
of compounded ratios, Props. 20—23 contain an important part of the theory 
of such ratios. The term “compounded ratio” is not used, but the propositions 
connect themselves with the definitions of ex aeguali in its two forms, the 
ordinary form defined in Def. 17 and that called perturbed proportion in 
Def. 18. The compounded ratios dealt with in these propositions are those 
compounded of successive ratios in which the consequent of one is the 
antecedent of the next, or the antecedent of one is the consequent of 
the next. 

Prop. 22 states the fundamental proposition about the ratio ex aeguald in 
its ordinary form, to the effect that, 

if ais to ὦ as @is toe, 
and bistocaseistof, 


then aistocasdistof, 
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with the extension to any number of such ratios; Prop. 23 gives the 
corresponding theorem for the case of perturbed proportion, namely that, 


if aistodasecistof 
and ὦ ἴα tocas dis toe, 
then ais tocas distof 


Each depends on a preliminary proposition, Prop. 22 on Prop. 20 and 
Prop. 23 on Prop. 21. ‘The course of the proof will be made most clear by 
using the algebraic notation. 

The preliminary Prop. 20 asserts that, 

if a:b=d:e, 
and O06 27, 
then, according asa>=<c, d>=<f 

For, according as @ 15 greater than, equal to, or less than ὦ 

the ratio ὦ : is greater than, equal to, or less than the ratio c:4, [v. 8 or v. 7] 
or (since d:¢=a:06, 
and c:b= fe) 

the ratio @: ¢ is greater than, equal to, or less than the ratio Κ΄: ὁ, 

[by aid of v. 13 and v. 11] 
and therefore δ᾽ is greater than, equal to, or less than fi’ [v. 10 or V. 9] 
It is next proved in Prop. 22 that, by v. 4, the given proportions can be 
transformed into 
Wa:nb = ma : Re, 
and nb: pe = ne: pf, 
whence, by v. 20, 
according as ma is greater than, equal to, or less than pc, 
md is greater than, equal to, or less than Af 
so that, by Def. 5, 
ΑΝ 

Prop. 23 depends on Prop. 21 in the same way as Prop. 22 on Prop. 20, 

but the transformation of the ratios in Prop. 23 1s to the following: 


(1) ma:mb=ne:nf 
(by a double application of v. 15 and by v. 11), 
(2) mb : 716 = md: ne 


(by v. 4, or equivalent steps), 
and Prop. 21 is then used. 
Simson makes the proof of Prop. 20 slightly more explicit, but the main 


difference from the text is in the addition of the two other cases which Euclid 
dismisses with “Similarly we can prove.” These cases are; 


“ Secondly, let 4 be equal to C; then shall D be equal to 7 
Because 4 and C are equal to one another, 


Aisto Bas Cis to .8. [ν. 7] 

But A isto Bas Dis to &, 

and Cis to Bas F is to Z, 
wherefore DistoHas Fto ΚΕ; [v. rx] 
and therefore 2 is equal to & [ν. 9] 


H. ἘΞ If. 12 
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Next, let 4 be less than C; then shall D be less than / 
For Cis greater than 4, 
and, as was shown in the first case, 


Cisto Bas Fto 23, 
and, in like manner, 
Bistodas#toD; 


therefore F is greater than 2, by the first case; and therefore D is less 
than /.” 


PROPOSITION 21. 


Lf there be three magnitudes, and others equal to them in 
multitude, which taken two and two together are in the same 
ratio, and the proportion of them be perturbed, then, tf ex 
aequali ¢he jirst magnitude 1s greater than the third, the 
fourth will also be greater than the sixth; tf equal, equat, 
and if less, less. 


Let there be three magnitudes 4, 5, C, and others D, 4, & 
equal to them in multitude, which taken two and two are in 
the same ratio, and let the proportion of them be perturbed, 
so that, 

as 4 is to &, so is £& to F, 
and, as B isto C, sois ) to &, 


and let 4 be greater than C ex aegualz; 


I say that D will also be greater than /; if A is equal to 
C’, equal; and if less, less. 


A D 
B Ε 
Cc F 


For, since 4 is greater than C, 

and & is some other magnitude, 

therefore 4 has to & a greater ratiothan Chasto 2. [ν. 8] 
But, as 4 is to &, so is E to F, 

and, as C is to &, inversely, so is & to D. 


Therefore also & has to Ζ 8 greater ratio than & has to D. 
[v. 13] 
But that to which the same has a greater ratio is less ; 


ἵν. ro] 
therefore / is less than 2); 


therefore D is greater than F. 
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Similarly we can prove that, 
if 4 be equal to C, D will also be equal to F; 
and if less, less. 


Therefore etc. 9. Ε. Ὁ. 
Algebraically, if αι ξεν 
and διεξεεαι: é, 


then, according asa>=<¢, d>=<f 
Simson’s alterations correspond to those which he makes in Prop. 20. After 
the first case he proceeds thus. 
“Secondly, let 4 be equal to C; then shall D be equal to & 


Because A and C are equal, 


A isto Bas Cis to 8. [v. 7] 
But Aisto Bas £ isto & 
and Cisto Bas £ isto D: 
wherefore £ is to Fas £ to D, [v. rr] 
and therefore D is equal to F ἵν. 9} 


Next, let 4 be less than C’; then shall D be less than & 
For C is greater than A, 


and, as was shown, 
Cisto Bas £ to D, 


and, in like manner, 
Bisto Aas fF to £; 


_ therefore # is greater than D, by the first case, 
and therefore D is less than #.” 
The proof may be shown thus. 
According as a>=<¢, @:b>=<c¢:6. 
But @:5=e: f, and, by inversion, ¢:=e:d. 
Therefore, according as a>=<c, ¢:f>=<e:d, 
and therefore 4» τ « λ 


PROPOSITION 22, 


Tf there be any number of magnitudes whatever, and others 
egual to them in multztude, which taken two and two together 
are in the same vatio, they will also be in the same vatio ex 
aequall. 

Let there be any number of magnitudes 4, £, C, and 
others J, £, & equal to them in multitude, which taken two 
and two together are in the same ratio, so that, 

as 4 isto &, so is D to 5, 
and, as B isto C,sois & to 95; 
I say that they will also be in the same ratio ex aeguadz, 


<that is, as 4 isto C,sois Dto F>. 
I12——2 
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For of A, D let equimultiples G, A be taken, 
and of 2, E other, chance, equimultiples A, Z ; 
and, further, of C, / other, chance, equimultiples 47, WV. 


A—_—__—_—— B= — Cc 
D — F 
G————__+-—__—— K Μ 
Η L N 


Then, since, as 4 is to &, sois DY to &, 

and of 4, D equimultiples G, A have been taken, 

and of 8, & other, chance, equimultiples A, Z, 
therefore, as G is to K, sois # to 2. [ν. 4] 
For the same reason also, 


as K is to (WZ, sois £ to WV. 


Since, then, there are three magnitudes G, K, MM, and 
others 7, ZL, V equal to them in multitude, which taken two 
and two together are in the same ratio, 


therefore, ex aegualz, if G is in excess of 17, /Z is also in excess 


of V; 

if equal, equal; and if less, less. [v. 20] 
And G, # are equimultiples of 4, D, 
and 1%, WV other, chance, equimultiples of C, F: 


Therefore, as 4 is to C,so is D to J. [v. Def. 5] 
Therefore etc. 
Q. E. Ὁ. 


Euclid enunciates this proposition as true of any number of magnitudes 
whatever forming two sets connected in the manner described, but his proof is 
confined to the case where each set consists of three magnitudes only. The 
extension to any number of magnitudes is, however, easy, as shown by 
Simson. 

‘Next let there be four magnitudes 4, 8, C, D, and other four Z, & G, “ΠΕ, 
which two and two have the same ratio, viz. : 

as A isto &, 80 15. to # 
and as B is to C, so is F to G, ABC D 
and as Cis to D, 80 15 Gto 7H; EFG@H 
A shall be to Das 2 to Z. 


Because 4, 4, C are three magnitudes, and £, & G other three, which 
taken two and two have the same ratio, 


by the foregoing case, 
A isto Cas £ to G. 
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But Cis to Das Gis to H; 
wherefore again, by the first case, 
Aisto Das £ to Z. 
And so on, whatever be the number of magnitudes.” 


PROPOSITION 23. 


Lf there be three magnitudes, and others equal to them in 
mulittude, which taken two and two together are tn the same 
vatwo, and the proportion of them be perturbed, they will also 
be in the same ratio ex aequali. 


Let there be three magnitudes 4, 2, C, and others equal 
to them in multitude, which, taken two and two together, are 
in the same proportion, namely D, &, F; and let the propor- 
tion of them be perturbed, so that, 

as A isto &, sois & to F, 
and, as 6 isto C,sois Dto £; 
I say that, as A isto C,sois Dto & 


A Β---- Cc 
Ώ--- ΞΕ. ne 
g ———_——_—_——— Η L 
K M Ν---ε----... 


Of A, Bb, D let equimultiples G, AY, K be taken, 
and of C, &, F other, chance, equimultiples Z, AZ, NV. 
Then, since G, # are equimultiples of 4, B, 
and parts have the same ratio as the same multiples of 


them, [v. 15] 
therefore, as 4 is to &, 80 15 G to 7. 


For the same reason also, 
as & is to F, so is AZ to NV. 
And, as 4 isto &, sois & to #; 


therefore also, as G is to A, so is AZ to .V. fv. 11} 
Next, since, as & is to C, so is 2 to &, 
alternately, also, as B is to D, so is C to 4. fv. 16] 


And, since 4’, K are equimultiples of 2, 2), 
and parts have the same ratio as their equimultiples, 
therefore, as B is to D, sois H to K. [v. 15] 
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But, as B is to D, so is C to 2; 


therefore also, as 27 is to K, so is C to &. haeas 
Again, since Z, M are equimultiples of C, £, 
therefore, as C is to A, so is £ to 277. [ν. 15] 
But, as C is to &, 5ο is τὸ KX; 
therefore also, as / is to A, so is L to 777, [v. 3] 
and, alternately, as 7 is to Z, so is K to MM. [v. 16] 


But it was also proved that, 
as Gis to HY, sois M/to NV. 


Since, then, there are three magnitudes G, 7, Z, and 
others equal to them in multitude A, 47, Δ΄, which taken two 
and two together are in the same ratio, 


and the proportion of them is perturbed, 

therefore, ex aegualz, if G is in excess of L, £& is also in excess 

of Δ; 

if equal, equal; and if less, less. [v. 21] 
And G, X are equimultiples of 4, D, | 

andl, Nof C, 4. 


Therefore, as 4 is to C, sois Dto δ) 
Therefore etc. 
Q. E. D. 


There is an important difference between the version given by Simson of 
one part of the proof of this proposition and that found in the Greek text of 
Heiberg. Peyrard’s ms. has the version given by Heiberg, but Simson’s 
version has the authority of other mss. The Basel editio princeps gives both 
versions (Simson’s being the first). After it has been proved by means of 
v. 15 and v. 11 that, 

as Gis to #, so is M to J, 
or, with the notation used in the note on Prop. 20, 
ma:mb = ne: nf, 
it has to be proved further that, 
as #7 is to 7, so is K to AZ, 
or MO: C= Hid Ὁ He, 
and it is clear that the latter result may be directly inferred from v. 4. The 
reading translated by Simson makes this inference : 

“ And because, as 4 15 to C, so is D to &, 
and #, K are equimultiples of B, D, 
and 2, M of C, £, 

therefore, as His to Z, so is K to JL.” [v. 4] 

The version in Heiberg’s text is not only much longer (it adopts the 

roundabout method of using each of three--Propositions v. 11, 15, 16 twice 
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over), but it is open to the objection that it uses v. 16 which is only applicable 
if the four magnitudes are of the same kind; whereas ν. 23, the proposition 
now in question, 15 not subject to this restriction. 

Simson rightly observes that in the last step of the proof it should be 
stated that ““G, X are any equimultiples whatever of A, D, and Z, N any 
whatever of C, &” 

He also gives the extension of the proposition to any number of magnitudes, 
enunciating it thus : 

“Tf there be any number of magnitudes, and as many others, which, taken 
two and two, in a cross order, have the same ratio; the first shall have to the 
last of the first magnitudes the same ratio which the first of the others has to 
the last”; 


and adding to the proof as follows: 


“Next, let there be four magnitudes 4, B, C, D, and other four 2, & G, 7, 
which, taken two and two in a cross order, have the same ratio, viz. : 


4to Bas Gto &, 
Bto Cas F to G, ABC D 
and Cto Das £ to F; EF GH 
then 4 is to Das & to A. 


Because 4, 4, C are three magnitudes, and 4 G, A other three which, 
taken two and two in a cross order, have the same ratio, 


by the first case, A isto Cas Fto #. 
But Cisto Das Eis to 2; 
wherefore again, by the first case, 
AistoDas£to x. 
And so on, whatever be the number of magnitudes.” 


PROPOSITION 24. 


Tf @ first magnitude have to a second the same ratio as a 
third has to a fourth, and also a fifth have to the second the 
same vatio as a stxth to the fourth, the first and fifth added 
together will have to the second the same ratio as the third and 
sixth have to the fourth. 


Let a first magnitude 44 have to a second C the same 
ratio as a third DFA has to a 
fourth 2; A B G 
and let alsoa fifth BG haveto oo 
the second C the same ratioas 0 
a sixth AA has to the fourth f—W_ ~~ 
oe 
I say that the first and fifth added together, 4G, will have 
to the second C the same ratio as the third and sixth, DH, 
has to the fourth /- 


ἢ 
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For since, as BG is to C, so is EH to ἢ, 
inversely, as C is to BG, so is fF to BAY. 
Since, then, as 4B is to C, so is DE to δ, 
and, as Cis to BG, so is # to LAY, 
therefore, ex aeguali, as AB is to BG, so is DE to EA. [ν. 22] 


And, since the magnitudes are proportional sepavando, they 
will also be proportional conzponendo ; [v. 18] 


therefore, as 4G is to GB, so is DH to EL. 
But also, as BG is to C, sois EA to ἢ; 
therefore, ex aegualt,as AG isto C,sois DAfto δ. [ν. 22] 


Therefore etc. Q. E. D. 
Algebraically, if δ ΞΟ <7, 
and ee ΣΤ, 
then (at+d):c=H (4 τ δ): Κ 


This proposition is of the same character as those which precede the 
propositions relating to compounded ratios ; but it could not be placed earlier 
than it is because ν. 22 is used in the proof of it. 

Inverting the second proportion to 


crb=f te, 
it follows, by v. 22, that ἀν εξ ιν, 
whence, by v. 18, (a+b):b6=(2+8):8, 


and from this and the second of the two given proportions we obtain, by a 
fresh application of v. 22, 
(a+ d):c=(dt+eif 

The first use of v. 22 is important as showing that the opposite process to 
compounding ratios, or what we should now call dvzston of one ratio by 
another, does not require any new and separate propositions. 

Aristotle tacitly uses v. 24 in combination with v. 11 and v. 16, AMezeorologica 
Il. 5, 3768, 22--- 26. 

Simson adds two corollaries, one of which (Cor. 2) notes the extension to 
any number of magnitudes. 

“The proposition holds true of two ranks of magnitudes whatever be their 
number, of which each of the first rank has to the second magnitude the same 
ratio that the corresponding one of the second rank has to a fourth magnitude ; 
as is manifest.” 

Simson’s Cor. 1 states the corresponding proposition to the above with 
stharando taking the place of componendo, viz., that corresponding to the 


algebraical form 
(a—-4):¢=(d-e):f 


“Cor. x. If the same hypothesis be made as in the proposition, the 
excess of the first and fifth shall be to the second as the excess of the third 
and sixth to the fourth. The demonstration of this is the same with that of 
the proposition if division be used instead of composition.” That is, we use 
y. 17 instead οὖν. 18, and conclude that 


(α -- δὲ : ὁ -- (ἡ -- εἰ : 6. 
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PROPOSITION 25. 


Tf four magnitudes be proportional, the greatest and the 
least are greater than the rematning two. 


Let the four magnitudes 48, CD, £, F be proportional 
so that, as AB is to CP, so is 5 to 
f, and let 4B be the greatest of them 


and / the least; A Ἢ Β 
I say that 44, Ff are greater than α΄. 
CD, E. H Ὁ 


For let 4G be made equal to 5, 
and C/7/ equal to & 

Since, as 4f is to CD, sois 5 
to 4, 


and & is equal to AG, and Σ᾽ to CH, 
- therefore, as 42 is to CD, so is AG to CH. 

And since, as the whole AB is to the whole CD, so is 
the part 4G subtracted to the part CH subtracted, 

the remainder GA will also be to the remainder A/D as 
the whole AZ is to the whole CL. | [ν. 19] 

But AZ is greater than CD; 

therefore GZ 15 also greater than A/D. 

And, since 4G is equal to £, and Cf to #, 
therefore 4G, Ζ are equal to CH, E£. 

And if, GB, HD being unequal, and GA greater, AG, 
be added to G& and CH, & be added to HD, 

it follows that 44, / are greater than CD, &. 


Therefore etc. 
Q. E. Ὁ. 


Algebraically, if a:b=erd, 

and a is the greatest of the four magnitudes and d the least, 
αἰ πότερ 

Simson is right in inserting a word τῇ the setting-out, “let 4.8. be the 
greatest of them and <conseguently> F the least. ” This follows from the 
particular case, really included in Def. 5, which Simson makes the subject of 
his proposition A, the case namely where the equimultiples taken are oxce the 
several magnitudes. 

The proof is as follows. 

Since ae: 
[v. 19] 
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But a>; therefore (a—c) > (ὁ -- 4). [v. τό and 14} 
Add to each (c+ 2); 
therefore (α - 4) (ὁ -- ὃ. 


There is an important particular case of this proposition, which is, 
however, not mentioned here, viz. the case where ὄξς The result shows, in 
this case, that the arithmetic mean between two magnitudes ts greater than 
thetr geometric mean. The truth of this is proved for straight lines in vi. 27 
by “geometrical algebra,” and the theorem forms the διορισμός for equations 
of the second degree. 

Simson adds at the end of Book v. four propositions, F, G, H, K, which, 
however, do not seem to be of sufficient practical use to justify their inclusion 
here. But he adds at the end of his notes to the Book the following 
paragraph which deserves quotation word for word. 

“The 5th book being thus corrected, I most readily agree to what the 
learned Dr Barrow says, ‘that there is nothing in the whole body of the 
elements of a more subtile invention, nothing more solidly established, and 
more accurately handled than the doctrine of proportionals.’ And there is 
some ground to hope that geometers will think that this could’not have been 
said with as good reason, since Theon’s time till the present.” 

Simson’s claim herein will readily be admitted by all readers who are 
competent to form a judgment upon his criticisms and elucidations of Book v. 


BOOK VI. 


INTRODUCTORY NOTE. 


The theory of proportions has been established in Book v. in a perfectly 
general form applicable to all kinds of magnitudes (although the representation 
of magnitudes by straight lines gives it a geometrical appearance) ; it 15. now 
necessary to apply the theory to the particular case of geomerrical investigation. 
The only thing still required in order that this may be done is a proof of the 
existence of such a magnitude as bears to any given finite magnitude any 
given finite ratio; and this proof is supplied, so far as regards the subject 
matter of geometry, by vi. 12 which shows how to construct a fourth pro- 
portional to three given straight lines. 

A few remarks on the enormous usefulness of the theory of proportions 
to geometry will not be out of place. We have already in Books 1. and U. 
made acquaintance with one important part of what has been well called 
geometrical algebra, the method, namely, of application of areas. We have 
seen that this method, working by the representation of products of two 
quantities as rectangles, enables us to solve some particular quadratic equations. 
But the limitations of such a method are obvious. So long as general 
quantities are represented by straight lines only, we cannot, if our geometry 
is Plane, deal with products of more than two such quantities; and, even 
by the use of three dimensions, we cannot work with products of more 
than three quantities, since no geometrical meaning could be attached to 
such a product. This limitation disappears so soon as we can represent any 
general, quantity, corresponding to what we denote by a letter in algebra, by 
a ratio; and this we can do because, on the general theory of proportion 
established in Book v., a ratio may be a ratio of two incommensurable 
quantities as well as of commensurables. Ratios can be coutpounted ad 
infinitum, and the division of one ratio by another is equally easy, since it is 
the same thing as compounding the first ratio with the inverse of the second. 
Thus e.g. it is seen at once that the cveffictents in a quadratic of the most 
general form can be represented by ratios between straight lines, and the 
solution by means of Books 1. and 11. of problems corresponding to quadratic 
equations with particular coefficients can now be extended to cover any 
quadratic with real roots. <As indicated, we can perform, by composition of 
ratios, the operation corresponding to multiplying algebraical quantities, and 
this to any extent. We can divide quantities by compounding a ratio with 
the inverse of the ratio representing the divisor. For the addition and 
subtraction of quantities we have only to use the geometrical equivalent of 
bringing to a common denominator, which is effected by means of the fourth 
proportional. 
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DEFINITIONS. 


1. Similar rectilineal figures are such as have their 
angles severally equal and the sides about the equal angles 
proportional. 

[2. Reciprocally related figures. See ποΐδ.] 

3. A straight line is said to have been cut in extreme 
and mean ratio when, as the whole line is to the greater 
segment, so is the greater to the less. 


4. The height of any figure is the perpendicular drawn 
from the vertex to the base. 


DEFINITION I. 


Ὅ ΄ θύ ? 9% > ῳ ὔ 4 δι » t ara , 4 

pow σχήματα εὐθυγραμμά ἐστιν, ὅσα Tas TE γωνίας ἴσας ἔχει κατὰ μίαν καὶ 
᾿ ὔ 

τὰς περὶ τὰς ἴσας γωνίας πλευρὰς ἀναλογον. 


This definition is quoted by Aristotle, dual fost. 11. 17, 99 ἃ 13, where 
he says that szmi/arity (τὸ ὅμοιον) in the case of figures “consists, let us say 
(tows), in their having their sides proportional and their angles equal.” The 
use of the word tows may suggest that, in Aristotle’s time, this definition had 
not quite established itself in the text-books (Heiberg, J/athematisches zu 
Aristoteles, Ὁ. 9). 

It was pointed out in Van Swinden’s Lvements of Geometry (Jacobi’s 
edition, 1834, pp. 114---5) that Euclid omits to state an essential part of the 
definition, namely that “the corresponding sides must be opposite to equal 
angles,” which is necessary in order that the corresponding sides may follow 
in the same order in both figures. 

At the same time the definition states more than is absolutely necessary, 
for it is true to say that /uw polygons are similar when, if the sides and angles 
are taken in the samte order, the angles are equal and the sides about the equal 
angles are proportional, omitting 


(1) three consecutive angles, 
or (2) tao consecutive angles and the side common to them, 
or (3) two consecutive sides and the angle included by them, 
and making no assumption with regard to the omitted sides and angles. 


Austin objected to this definition on the ground that it is not obvious that 
the properties (1) of having their angles respectively equal and (2) of having 
the sides about the equal angles proportional can co-exist in two figures ; but, 
a definition not being concerned to prove the existence of the thing defined, 
the objection falls to the ground. We are properly left to satisfy ourselves as 
to the existence of similar figures in the course of the exposition in Book v1., 
where we learn how to construct on any given straight line a rectilineal figure 
sunilar to a given one (vi. 18). 
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DEFINITION 2. 


The Greek text gives here a definition of reciprocally related figures 
(ἀντιπεπονθότα σχήματα). “[|Two] figures are reciprocally related when there 
are in each of the two figures antecedent and consequent ratios’ ᾿(Ἀντιπεπονθότα 
δὲ σχήματά ἐστιν, ὅταν ἐν ἑκατέρῳ τῶν σχημάτων ἡγούμενοί TE καὶ ἑπόμενοι λόγοι 
ὦσιν). No intelligible meaning can be attached to “antecedent and con- 
sequent ratios” here; the sense would require rather “an antecedent and a 
consequent of (two equal) ratios in each figure.” Hence Candalla and 
Peyrard read λόγων ὅροι (“terms of ratios”) instead of λόγοι. Camerer reads 
λόγων without dpe. But the objection to the definition lies deeper. It is 
never used; when we come, in VI. 14, 15, XI. 34 etc. to parallelograms, 
triangles etc. having the property indicated, they are not called “reciprocal” 
parallelograms εἰς; but parallelograms ete. “the sides of uhich are reciprocally 
proportional,” ap αὐτά αν θεαταὶ πλευραί. Hence Simson appears to be 
right in condemning the definition; it may have been interpolated from Heron, 
who has it. 

Simson proposes in his note to substitute the following definition. ‘Two 
magnitudes are said to be reciprocally proportional to two others when one 
of the first is to one of the other magnitudes as the remaining one of the last 
two is to the remaining one of the first.” This definition requires that the 
magnitudes shall be all of the same kind. 


DEFINITION 3. 


ε 


¥ Ν a f 3 ~ ”~ f bid > c εο . Q 
Axpov καὶ μέσον λόγον εὐθεῖα τετμῆσθαι λέγεται, ὅταν ἢ ὡς ἢ ὅλη πρὸς τὸ 
μεῖζον τμῆμα, οὕτως τὸ μεῖζον πρὸς τὸ ἔλαττον. 


DEFINITION 4. 


Ὕψος ἐστὶ παντὸς σχήματος ἡ ἀπὸ τῆς κορυφῆς ἐπὶ τὴν βάσιν κάθετος 
ἀγομένη. 

The definition of “height” is not found in Campanus and is perhaps 
rightly suspected, since it does not apply in terms to parallelograms, parallele- 
pipeds, cylinders and prisms, though it is used in the A/emenfs with reference 
to these latter figures. Aristotle does not appear to know altitude (twos) in 
the mathematical sense; he uses κάθετος of triangles (Weteorologica ul. 3, 
373 a 11). The term is however readily understood, and scarcely requires 
definition. 


[DEFINITION 5. 


Λόγος ἐκ λόγων συγκεῖσθαι λέγεται, ὅταν at τῶν λόγων πηλικότητες ἐφ᾽ ἑαυτὰς 
πολλαπλασιασθεῖσαι ποιῶσί τινα. 

“A ratio is said to be compounded of ratios when the sizes (πηλικότητες) of 
the ratios multiplied together make some (? ratio, or size).”] 


As already remarked (pp. 116, 132), it is beyond doubt that this definition 
of ratio is interpolated. It has little ms. authority. The best ms.(P) only has 
it in the margin; it is omitted altogether in Campanus’ translation from the 
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Arabic; and the other mss. which contain it do not agree in the position 
which they give to it. There is no reference to the definition in the place 
where compound ratio is mentioned for the first time (v1. 23), nor anywhere 
else in Euclid; neither is it ever referred to by the other great geometers, 
Archimedes, Apollonius and the rest. It appears to be only twice mentioned 
at all, (1) in the passage of Eutocius referred to above (p. 116) and (2) by 
Theon in his commentary on Ptolemy’s σύνταξις. Moreover the content of 
the definition is in itself suspicious. It speaks of the “sizes of ratios being 
multiplied together (literally, into themselves),” an operation unknown to 
geometry. There is no wonder that Eutocius, and apparently Theon also, in 
their efforts to explain it, had to give the word πηλικότης a meaning which has 
no application except in the case of such ratios as can be expressed by 
numbers (Eutocius e.g. making it the ‘“‘number by which the ratio is called”). 
Nor is it surprising that Wallis should have found it necessary to substitute 
for the “quantitas” of Commandinus a different translation, “ quantuplicity,” 
which he said was represented by the “exponent of the ratio” (rationis 
exponens), what Peletarius had described as “denominatio 1psae proportionis” 
and Clavius as “denominator.” The fact is that the definition is ungeometrical 
and useless, as was already seen by Savile, in whose view it was one of the 
two blemishes in the body of geometry (the other being of course Postulate 5). 


BOOK VI. PROPOSITIONS. 


PROPOSITION I. 


_Lriangles and parallelograms which are under the same 
height ave to one another as their bases. 
Let ABC, ACD be triangles and EC, CF parallelograms 
under the same height ; 
51 say that, as the base &C is to the base CY, so is the 
triangle AAC to the triangle 4CD, and the parallelogram 
£:C to the parallelogram CF. 


For let BD be produced in both directions to the points 
ff, Δ and let [any number of straight lines} δ, GA be 
ro made equal to the base &C, and any number of straight lines 
DK, KL equal to the base CD ; 
let AG, AH, AK, AL be joined. 
Then, since CB, 56, GH are equal to one another, 
the triangles ABC, AGB, AHG are also equal to one 
rs another. [1. 38] 
Therefore, whatever multiple the base 70 is of the base 
BC, that multiple also is the triangle 4 HC of the triangle 
ABC. 
For the same reason, 
zo whatever multiple the base ZC is of the base CJ, that 
multiple also is the triangle 4ZC of the triangle ACD; 


and, if the base A/C is equal to the base CZ, the triangle 
AFHIC is also equal to the triangle ACZ, (x. 38] 
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if the base //C is in excess of the base CZ, the triangle dC 
25 is also in excess of the triangle ACL, 
and, if less, less. 


Thus, there being four magnitudes, two bases BC, CD 
and two triangles JSC, ACL, 


equimultiples have been taken of the base SC and the 
30 triangle AAC, namely the base A/C and the triangle 4 HC, 


and of the base CY and the triangle 4 DC other, chance, equi- 
multiples, namely the base ZC and the triangle ALC; 


and it has been proved that, 


if the base YC is in excess of the base CZ, the triangle dHC 
35 is also in excess of the triangle ALC; 


if equal, equal; and, if less, less. 
Therefore, as the base SC is to the base CY), so is the 


triangle 4AC to the triangle ACD. [v. Def. 5] 
| Next, since the parallelogram £C is double of the triangle 
40.4 BC, [1. 41] 


and the parallelogram FC is double of the triangle 4CD, 

while parts have the same ratio as the same multiples of 

them, [v. 15] 

therefore, as the triangle AAC is to the triangle ACD, so is 
45 the parallelogram £C to the parallelogram FC, 


Since, then, it was proved that, as the base AC is to CD, 
so is the triangle ALC to the triangle 4CD, 


and, as the triangle AAC is to the triangle ACD, so is the 
parallelogram AC to the parallelogram CF; 


so therefore also, as the base AC is to the base CY), so is the 
parallelogram £C to the parallelogram FC, [v. rr] 


Therefore etc. ἡ 
OLED: 


4. Under the same height. The Greek text has ‘Sunder the same height 4C,” with 
a figure in which the side 4C common to thé two triangles is perpendicular to the base and 
is therefore itself the ‘‘height.” But, even if the two triangles are placed contiguously so as 
to have a common side 4C, it is quite gratuitous to require it to be perpendicular to the base. 
Theon, on this occasion making an improvement, altered to ‘‘ which are (ὄντα) under the 
same height, (namely) the perpendicular drawn from 4 to BD.” I have ventured to alter so 
far as to omit “‘4C” and to draw the figure in the usual way. 

14. ABC,AGB,AHG. Euclid, indifferent to exact order, writes “AHG, AGB, ABC.” 

46, . Since then it was proved that, as the base BC is to CD, so is the triangle 
ABC to the triangle ACD. Here again words have to be supplied in translating the 
extremely terse Greek ἐπεὶ οὖν ἐδείχθη, ὡς μὲν ἢ βάσις BY πρὸς τὴν TA, οὕτως τὸ ABL 
τρίγωνον πρὸς τὸ ATA τρίγωνον, literally ‘‘ since was proved, as the base BC to CD, so the 
triangle 48C to the triangle 402. Cf. note on V. 16, p. 165. 
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The proof assumes—what is however an obvious deduction from 1. 38— 
that, of triangles or parallelograms on wxegua/ bases and between the same 
parallels, the greater is that which has the greater base. 

It is of course not necessary that the two given triangles should have a 
common side, as in the figure; the proof is just as easy if they have not. 
The proposition being equally true of triangles and parallelograms of egetu/ 
heights, Simson states this fact in a corollary thus: 

‘From this it is plain that triangles and parallelograms that have equal 
altitudes are to one another as their bases. 

Let the figures be so placed as to have their bases in the same straight 
line ; and, if we draw perpendiculars from the vertices of the triangles to the 
bases, the straight lime which joins the vertices is parallel to that i in which 
their bases are, because the perpendiculars are both equal and parallel to one 
another [1. 3 3}. Then, if the same construction be made as in the proposition, 
the demonstration will be the same.” 


The object of placing the bases in one straight line is to get the triangles 
and parallelograms zthin the same parallels. Cf. Proclus’ remark on 1. 38 
(p. 405, 17) that having the same height is the same thing as being in the 
same parallels. 

Rectangles, or right-angled triangles, which have one of the sides about 
the right angle of the same length can be placed so that the equal sides 
coincide and the others are in a straight line. If then we call the common 
side the base, the rectangles or the right-angled triangles are to one another 
as their heights, by vi. 1. Now, instead of each right-angled triangle or 
rectangle, we can take any other triangle or parallelogram respectively with an 
equal base and between the same parallels. ‘Thus 

Triangles and parallelograms having equal bases are to one another as their 
heights. 


Legendre and those authors of modern text-books who follow him in 
basing their treatment of proportion on the algebraical definition are obliged 
to divide their proofs of propositions like this into two parts, the first of 
which proves the particular theorem in the case where the magnitudes are 
commensurable, and the second extends it to the case where they are 
incommensurable. 

Legendre (Zuéments de Géomiétrze, 111. 3) uses for this extension a rigorous 
method by veductio ad absurdum similar to that 
used by Archimedes in his treatise Ox (fhe 
equilibrium of planes, τ ἡ. The following 15 
Legendre’s proof of the extension of VI. 1 to in- 
commensurable parallelograms and bases. 

The proposition having been proved for 
commensurable bases, let there be two rectangles | 
ABCD, AEFD as in the figure, on bases 44, A ETO B 
AE which are incommensurable with one another. 


To prove that rect. d2CD: rect. AEP D= AB: AL. 
For, if not, let rect. 4BCD: rect. 4358} = AB + AQ, ...{νκννονεννκενον (x) 
where 4 O is (for instance) greater than AZ. 


Divide 4.8 into equal parts each of which is less than #O, and mark off 
on AQ lengths equal to one of the parts; then there will be at least one point 


of division between £ and OQ. 
Let it be J, and draw ZK parallel to .2 2: 


H. E. 11. 13 
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Then the rectangles 4.50}, A/KD are in the ratio of the bases 44, 4/, 
since the latter are commensurable. 
Therefore, inverting the proportion, 
rect. ALAD teh: ABCD SALAD viwisecsctersaweisve (2). 
From this and (1), ex aegualt, 
rect. AZAD :rect. AEF D = Al: AO. 


But 40> 417; therefore rect. AE FD 5 rect. AK D. 

But this is impossible, for the rectangle 42D is less than the rectangle 
ALED. 

Similarly an impossibility can be proved if AO < AE. 


Therefore rect. ABCD :rect. AR PD =AB: AL. 


Some modern American and German text-books adopt the less rigorous 
method of appealing to the theory of /r7zzs. 


PROPOSITION 2. 


Lf a straight line be drawn parallel to one of the siaes of a 
triangle, ἐξ will cut the sides of the triangle proportionally , 
and, if the sides of the triangle be cut proportionally, the line 
joining the points of section will be parallel to the remaining 
side of the triangle. 


For let DE be drawn parallel to BC, one of the sides of 
the triangle 4250; 


I say that, as BD is to DA, so is CE to A 
ΠΡ 


For let BZ, CD be joined. 
Therefore the triangle 5222 is equal to 


the triangle CDE ; ἔ \ 
for they are on the same base DE and in ἢ " 
the same parallels DE, BC. [x. 38] 

And the triangle 4 DZ is another area. 

But equals have the same ratio to the same; [v. 7] 


therefore, as the triangle 5228 is to the triangle ADE, so 
is the triangle CDE to the triangle ADE. 


But, as the triangle BYEZ isto ADL, sois 5D to DA; - 


for, being under the same height, the perpendicular drawn 
from & to AS, they are to one another as their bases. [v1. 1] 


For the same reason also, 
as the triangle CDE is to ADE, so is CE to ZA. 
Therefore also, as BD is to DA, so is CE to FA. [v.11] 
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Again, let the sides 44, AC of the triangle ABC be cut 
proportionally, so that, as BD is to DA, so is CE to EA; 
and let DE be joined. 

I say that DZ is parallel to BC. 

For, with the same construction, 


since, as BD is to DA, so is CE to EA, 


but, as BLD is to DA, so is the triangle BDE to the triangle 
ADE, 


and, as CZ is to AA, so is the triangle CDE to the triangle 
ADE, (vi. x] 
therefore also, 

as the triangle SDF is to the triangle ADZ, so is the 
triangle CD to the triangle ADZ. [ν. or] 

Therefore each of the triangles BDZ, CDE& has the same 
ratio to ADE. 

Therefore the triangle DDE is equal to the triangle ΟΕ; 


ἵν. 9] 


σ 
o 


and they are on the same base DE. 


But equal triangles which are on the same base are also 
in the same parallels. [i. 39] 
Therefore DZ is parallel to BC. 
Therefore etc. 
Q. E. Ὁ. 


Euclid evidently did not think it worth while to distinguish in the 
enunciation, or in the figure, the cases in which the parallel to the base cuts 
the other two sides produced (a) beyond the point in which they intersect, 
(2) in the other direction. Simson gives the three figures and inserts words 
in the enunciation, reading “it shall cut the other sides, or those sides produced, 
proportionally” and “if the sides, or ¢he sides produced, be cut proportionally.” 

Todhunter observes that the second part of the enunciation ought to 
make it clear which segments in the proportion correspond to which. Thus 
e.g., if 4D were double of DA, and CZ double of ZA, the sides would be 
cut proportionally, but 22 would not be parallel to BC. The omission 
could be supplied by saying “and if the sides of the triangle be cut 
proportionally so that the segments adjacent to the third stde are corresponding 
terms in the proportion.” 


PROPOSITION 3. 


If an angle of a triangle be besected and the strarght line 
cutting the angle cut the base atso, the segments of the base 
will have the same ratro as the remaining sides of the triangle; 
and, tf the segments of the base have the sauce ratzo as the 


13---2 
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venvaining sides of the triangle, the straight line jorned from 
the vertex to the point of sectton well besect the angle of the 
triangle. 
Let A&C be a triangle, and let the angle GAC be bisected 
by the straight line AD ; 
I say that, as BD is to CL, so ε 
is BA to AC. 
For let CE be drawn through A 
C parallel to DA, and let BA 
be carried through and meet it 
at £. 
Then, since the straight line 
AC falls upon the parallels AD, ὃ ° . 
Le. 
the angle ACE is equal tothe angle CAD. [π 29] 
But the angle CAD is by hypothesis equal to the angle 
BAD; 
therefore the angle BAD is also equal to the angle ACE. 
Again, since the straight line 5.5.8 falls upon the parallels 
DC, 
the exterior angle SAD is equal to the interior angle 
AL ς. ᾿ [τ΄ 29] 
But the angle 4C£ was also proved equal to the angle 
BAD; 
therefore the angle ACE is also equal to the angle AAC, 
so that the side AZ is also equal to the side AC. (1. 6] 
And, since 4 has been drawn parallel to £C, one of 
the sides of the triangle BCL, 
therefore, proportionally, as BD is to DC, so is BA to AL. 
But “4. is equal to AC; [v1. 2] 
therefore, as BD is to DC, sois BA to AC. 


Again, let BA be to AC as BD to DC, and let AD be 
joined ; 
I say that the angle BAC has been bisected by the straight 
line AD. 


For, with the same construction, 
since, as BD is to DC, so is BA to AC, 
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and also, as BD is to DC, so is BA to AZ: for AD has 
been drawn parallel to £C, one of the sides of the triangle 


BCE: νι, 2] 
therefore also, as BA is to AC, so is BA to ALF. [ν. 11} 
Therefore AC is equal to AL, [v. 9] 


so that the angle 4 &C is also equal to the angle 4CE. [πὸ 9] 
But the angle 4 ZC is equal to the exterior angle BAD, 


[τ΄ 29] 
and the angle ACZ is equal to the alternate angle CAD; [id] 


therefore the angle BAD is also equal to the angle CAD. 


Therefore the angle BAC has been bisected by the straight 
line AD. 


Therefore etc. 
QO. ED. 


The demonstration assumes that C& wi// meet BA produced in some 
point &. This is proved in the same way as it is proved in vi. 4 that B4, ED 
will meet if produced. The angles 4fD, BDA in the figure of vi. 3 are 
together less than two right angles, and the angle BDA is equal to the angle 
BCE, since DA, CE are parallel. Therefore the angles ABC, BCE are 
together less than two right angles; and BA, CZ must meet, by 1. Post. 5. 

The corresponding proposition about the segments into which SC is 
divided externally by the bisector of the external angle at A when that 
bisector meets SC produced (i.e. when the sides AB, AC are not equal) is 
important. Simson gives it as a separate proposition, A, noting the fact that 
Pappus assumes the result without proof (Pappus, vil. p. 739, 24). 

The best plan is however, as De Morgan says, to combine Props. 3 and A 
in one proposition, which may be enunciated thus: /f ax angle of a triangle 
be bisected internally or externally by a straight line which cuts the opposite side 
or the opposite side produced, the segments of that side will have the same ratio 
as the other sides of the triangle; and, if a side of a triangle be divided internally 
or externally so that its segments have the same ratio as the other sides of the 
triangle, the straight line draten from the point of section to the angular point 
which is opposite to the first mentioned side tell bisect the interior or extertor angle 
at that angular point. 


A A F 
F ΕΞ 
8 Ὀ ς Β Cc D 
Let AC be the smaller of the two sides 44, AC, so that the bisector 4D 
of the exterior angle at 4 may meet SC produced beyond C. Draw CE 
through C parallel to DA, meeting BA in £. 


Then, if HAC is the exterior angle bisected by 4 in the case of external 
bisection, and if a point /'is taken on 4.8 in the figure of vi. 3, the proof of 
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vI. 3 can be used almost word for word for the other case. We have only to 
speak of the angle “ #4C” for the angle “‘ BAC,” and of the angle “ 74D” 
for the angle “ 84D” wherever they occur, to say “let BA, or BA produced, 
meet CE in £,” and to substitute “ BA or BA produced” for “ABAE” 
lower down. 


B D © E 


If AD, AZ be the internal and external bisectors of the angle A in a 
triangle of which the sides 44, AC are unequal, 4C being the smaller, and 
if AD, dE meet BC and BC produced in DY, & respectively, 


the ratios of BD to DC and of BE to HC are alike equal to the ratio of 
BA to AC. 


Therefore BEisto EC as BD to DC, 


that is, BE is to HC as the difference between BZ and £D is to the 
difference between £D and £C, 


whence BL, £D, EC are in harmonic progression, or DE is a harmonic mean 
between BE and ZC, or again B, D, C, £ is a harmonic range. 


Since the angle DAC is half of the angle BAC, 
and the angle CA half of the angle C47, 
while the angles BAC, CAF are equal to two right angles, 
the angle DAZ is a right angle. 


Hence the circle described on D£ as diameter passes through «4. 

Now, if the ratio of BA to AC is given, and if SC is given, the points 
D, & on BC and BC produced are given, and therefore so is the circle on 
D, & as diameter. Hence the locus of a point such that tts distances from two 
given potnts are in a given ratio (not being a ratio of equality) is a circle. 

This locus was discussed by Apollonius in his Plane Loci, Book 11, as we 
know from Pappus (vu. p. 666), who says that the book contained the 
theorem that, if from two given points straight lines inflected to another 
point are in a given ratio, the point in which they meet will lie on either a 
straight line or a circumference of a circle. The straight line is of course the 
locus when the ratio is one of equality. The other case is quoted in the 
following form by Eutocius (Apollonius, ed. Heiberg, 11. pp. 180—4). 

Given two points in a plane and a proportion between unequal straight lines, 
it is possible to describe a circle in the plane so that the straight lines inflected 
Jrom the given points to the circumference of the circle shail have a ratio the 
same as the given one. 

Apollonius’ construction, as given by Eutocius, is remarkable because he 
makes no use of either of the points 2, &. He finds O, the centre of the 
required circle, and the length of its radius directly from the data BC and the 
given ratio which we will call ἃ: 5. But the construction was not discovered 
by Apollonius ; it belongs to a much earlier date, since it appears in exactly 
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the same form in Aristotle, Jeteorologica 111. 5, 376 a 3 54. The 
analysis leading up to the construction is, as usual, not given either by 
Aristotle or Eutocius. We are told to take three straight lines +, CO (a 
length measured along ZC produced beyond C, where B, C are the points at 
which the greater and smaller of the inflected lines respectively terminate), 
and 7, such that, if 4:4 be the given ratio and Δ: &, 


a ae ee Oe δ θυ δυο ey Peer em (a) 
BU COS arise sassactie haeweweieeseoes(h) 


This determines the position of 0, and the length of +, the radius of the 
required circle. The circle is then drawn, azy point P is taken on it and 
joined to 2B, C respectively, and it is proved that 


PRLPC Hh ek: 


We may conjecture that the analysis proceeded somewhat as follows. 

It would be seen that 4, C are ‘“‘conjugate points” with reference to the 
circle on DE as diameter. (Cf. Apollonius, Covécs, 1. 36, where it is proved, 
in terms, for a circle as well as for an ellipse and a hyperbola, that, if the 
polar of B meets the diameter DZ in C, then EC: ΟΡ ΕΔ: BD.) 

If O be the middle point of DZ, and therefore the centre of the circle, 
D, & may be eliminated, as in the Covics, 1. 37, thus. 


Since EC+CD=£B?> £27; 
it follows that £C+CD:EC~CD=E8B+8D:EB~SLD, 
or 20D:20C=208 : 20D, 
that is, BO, OC=ODP =P, say. 


If therefore P be any point on the circle with centre O and radius 7, 
BO: OP =0F- CC, 
so that BOP, POC are similar triangles. 
In addition, 4:£4=5D:DC=BE:&£C 
=BD+ BE: DE=BO:r. 
Hence we require that 
BO27p =r OCH ΟΞ. ΝΣ chscwccunciexe (8) 


Therefore, alternately, 
RECOSATT; 
which is the second relation in (8) above. 
Now assume a length x such that each of the last ratios is equal to x: BC, 


as in (8). 
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Then SiC =22.COSZ227. 
Therefore stk: BO=d:r, 
and, alternately, x+k:h=BO:r 


=A: , from (δ) above ; 
and this is the relation (a) which remained to be found. 


Apollonius’ proof of the construction is given by Eutocius, who begins by 
saying that it is manifest that 7 is a mean proportional between 4O and OC. 
This is seen as follows: 


From (8) we derive 
x: BCH=k: CO=h:r=(ki x): BO, 


whence BO:r=(k+x):h 
τ: ὦ, by (a), 
=r: 60, by (8), 
and therefore 7? =D OCC. 


But the triangles FOP, POC have the angle at O common, and, since 
BO: OP= OF: OC, the triangles are similar and the angles OPC, OBP 
are equal. 


[Up to this point Aristotle’s proof is exactly the same; from this point it 
diverges slightly. } 

If now CZ be drawn parallel to BP meeting OF in ZL, the angles BPC 
LCF are equal also. 

Therefore the triangles BPC, PCL are similar, and 


ΡΣ ΟΞ ΟΣ ΟΣ, 
whence 85. 3 εΞ 85 02 
= BO: ΟΟ, by parallels, 
- 505": OP" (since BO? OP = OP: OC). 
Therefore BP: PC=BO:0OP 
=4:k (for OP=7). 
[Aristotle infers this more directly from the similar triangles POB, COP. 
Since these triangles are similar, 
OP: CP=O8B: BP, 
whence ΘΓ ΟΞ BO OF 
= : ζ.} 
Apollonius proves lastly, by reductto ad absurdum, that the last equation 


cannot be true with reference to any point P which is not on the circle so 
described. 


PROPOSITION 4. 


In eguiangular triangles the sides about the equal angles 
ave proportional, and those are corresponding sides which 
subtend the equal angles. 
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Let ABC, DCE be equiangular triangles having ‘the 
angle A&C equal to the angle 
DCE, the angle BAC to the 
angle CDE£, and further the angle 
ACB to the angle CAD ; 

I say that in the triangles 4 4C, 
DCE the sides about the equal 
angles are proportional, and those 
are corresponding sides which 
subtend the equal angles. B C E 

For let &C be placed in a 
straight line with CZ. 

Then, since the angles 4 BC, ACB are less than two right 
angles, [1. 17] 
and the angle 4CZ is equal to the angle DEC, 
therefore the angles 48C, DEC are less than two right 
angles ; 
therefore 64, ED, when produced, will meet. [1. Post. 5] 

Let them be produced and meet at δὶ 


Now, since the angle DCE is equal to the angle 4 BC, 


F 


BF is parallel to CD. [1. 28] 
Again, since the angle 4CB is equal to the angle D&C, 
AC is parallel] to FEZ. [1. 28] 
Therefore “ACD is a parallelogram ; 
therefore “A is equal to DC, and AC to FD. [t. 34] 


And, since AC has been drawn parallel to ΖΕ, one side 
of the triangle AZZ, 


therefore, as BA is to AF, so is BC to CE£. [vi 2] 
But AF is equal to CD; 
therefore, as BA is to CD, so is BC to C#, 


and alternately, as 47 is to BC, so is DC to (δ. [v. 16] 
Again, since CD is parallel to BF, 
therefore, as AC is to CZ, so is FD to DE. [vi. 2] 


But 7D is equal to 40; 
therefore, as BC is to CZ, so is AC to DE, 
and alternately, as BC is to CA, so is ( to ED. [v. 16] 
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Since then it was proved that, 
as AB is to BC, so is DC to CZ, 
and, as BC is to CA, sois CE to LD; 
therefore, ex aegualz,as BA is to AC, so is CD to DE. [ν. 22] 
Therefore etc. 
Q. E. D. 


Todhunter remarks that “the manner in which the two triangles are to be 
placed is very imperfectly described; their bases are to be in the same straight 
line and contiguous, their vertices are to be on the same side of the base, and 
each of the two angles which have a common vertex 15 to be equal to the 
remote angle of the other triangle.” But surely Euclid’s description is 


sufficient, except for not saying that & and D must be on the same side 
of BCL. 

vi. 4 can be immediately deduced from vi. 2 if we superpose one triangle 
on the other three times In succession, so that each angle successively 
coincides with its equal, the triangles being similarly situated, e.g. if (4, B, C 
and D, £, / being the equal angles respectively) we apply the angle DEF to 
the angle 4.860 so that D lies on AZ (produced if necessary) and /'on BC 
(produced if necessary). De Morgan prefers this method. ‘‘ Abandon,” he 
says, ‘the peculiar mode of construction by which Euclid proves two cases at 
once; make an angle coincide with its equal, and suppose this process repeated 
three times, one for each angle.” 


PROPOSITION 5. 


If two triangles have their sides proportional, the triangles 
will be egurangular and will have those angles equal which the 
corresponding sides subtend. 


Let ABC, DEF be two triangles having their sides 
proportional, so that, 


as AB is to BC, so is DE to EF, 
as BC is to CA, sois EF to FY, 
and further, as BA is to AC, sois ED to DF; 
I say that the triangle ABC is equiangular with the triangle 
DEF, and they will have those angles equal which the corre- 
sponding sides subtend, namely the angle 44C to the angle 
DEF, the angle BCA to the angle ΖΕ, and further the 
angle BAC to the angle EDF. 
For on the straight line 2, and at the points 4, / on 


it, let there be constructed the angle FZG equal to the angle 
ABC, and the angle F/G equal to the angle ἄς δ; [23] 
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therefore the remaining angle at A is equal to the remaining 
angle at G. [τ 32] 
Therefore the triangle 4&C is equiangular with the 


triangle ΟΖ. 
D 
La 
E 


Ὁ G 
B 


Therefore in the triangles A&C, GEF the sides about 
the equal angles are proportional, and those are corresponding 
sides which subtend the equal angles ; [vi. 4] 


therefore, as 4A is to BC, so is GE to EF. 
But, as AB is to BC, so by hypothesis is DE to EF; 
therefore, as DE is to EF, so is GE to EF. [v. 11} 


Therefore each of the straight lines DZ, GE has the 
same ratio to AF; 


therefore DZ is equal to GE. [v. 9] 
For the same reason 
DF is also equal to GF: 
Since then DZ is equal to ZG, 
and AF is common, 
the two sides DZ, AF are equal to the two sides GE, EF; 
and the base DF is equal to the base FG; 
therefore the angle DEF is equalto the angle GZ F, [18] 
and the triangle 22. is equal to the triangle GEF, 


and the remaining angles are equal to the remaining angles, 
namely those which the equal sides subtend. [τ 4] 


Therefore the angle D/EZ is also equal to the angle GZ, 
and the angle EDF to the angle EGS. 
And, since the angle FAD is equal to the angle GZ, 
while the angle GEF is equal to the angle AAC, 
therefore the angle ABC is also equal to the angle DEF. 
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For the same reason 
the angle 4CA is also equal to the angle DZ, 
and further, the angle at 4 to the angle at D; 


therefore the triangle 4 2C is equiangular with the triangle 
DEL. 


Therefore etc. 
Q. E. Ὁ. 


This proposition is the complete converse, v1. 6 a partial converse, of VI. 4. 

Todhunter, after Walker, remarks that the enunciation should make it 
clear that the sides of the triangles /aken ix order are proportional. It is quite 
possible that there should be two triangles 4.50, DEF such that 


AB isto Blas DE to EF, 
and BC isto CA as DF is to ED (instead of LF to FD), 


so that AB isto ACas DF'to EF 
(ex aegualt in perturbed proportion) ; 


in this case the sides of the triangles are proportional, but not in the same 
order, and the triangles are not necessarily equiangular to one another. Fora 
numerical illustration we may suppose the sides of one triangle to be 3, 4 and 
5 feet respectively, and those of another to be 12, 15 and 20 feet respectively. 


In vi. 5 there is the same apparent avoidance of indirect demonstration 
which has been noticed on 1. 48. 


PROPOSITION 6. 


Lf two triangles have one angle equal to one angle and the 
stdes about the equal angles proportional, the triangles will be 
eguiangular and will have those angles equal which the corre- 
sponding sides subtend, 


Let 4hC, DEF be two triangles having one angle BAC 
equal to one angle DF and the sidés about the equal angles 
proportional, so that, 


as BA isto AC, sois ED to DF: 


I say that the triangle “1.5. is equiangular with the triangle 
DEF, and will have the angle 4 4C equal to the angle DEAF, 
and the angle 4CZ to the angle DFE. 


For on the straight line DF, and at the points D, F on it, 
let there be constructed the angle FDG equal to either of the 
angles BAC, EDF, and the angle DFG equal to the angle 
ACB; [τ 23] 

therefore the remaining angle at Z is equal to the remaining 


angle at G. [1. 32] 
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Therefore the triangle ABC is equiangular with the 
triangle DG. 


Therefore, proportionally, as BA is to AC, so is GD to 


DE. [vi. 4] 
But, by hypothesis, as BA is to dC, so also is ED to DF: 
therefore also, as AY is to DF, so is GD to DF. [v. x1] 
A 
Dx 
G 
Ε Ε 
Β CG 
Therefore ZY is equal to DG; [v. 9] 


and DF is common ;. 


therefore the two sides ED, DF are equal to the two sides 
GD, Df, and the angle EDF is equal to the angle GDF; 


therefore the base £F is equal to the base GF; 
and the triangle DZ is equal to the triangle DGF; 


and the remaining angles will be equal to the remaining angles, 
namely those which the equal sides subtend. {t. 4] 


Therefore the angle D/'G is equal to the angle DFZ, 

and the angle DGF to the angle DEF: 

But the angle D/'G is equal to the angle A474; 
therefore the angle 4C& is also equal to the angle 2.2. 


And, by hypothesis, the angle BAC is also equal to the 
angle EDF; . 


therefore the remaining angle at B is | lso equal to the 
remaining angle at £; is (1. 32] 


therefore the triangle AAC is equiang.uar yzith the triangle 


DEF. 


Therefore etc. 
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PROPOSITION 7. 


Lf two triangles have one angle equal to one angle, the 
stdes about other angles proportional, and the rematning angles 
ewther both less or both not less than a right angle, the triangles 
will be eguiangular and will have those angles equal, the sides 
about which are proportional. 


Let A&C, DEF be two triangles having one angle equal 
to one angle, the angle BAC to 
the angle 5226, the sides about 
other angles ALC, DEF propor- A 
tional, so that, as APF is to AC, 
so is DE to AF, and, first, each 


of the remaining angles at C, F ε 

less than a right angle ; ὲ 
I say that the triangle ABC is 2 G 
equiangular with. the triangle Cc 


DEF, the angle ALC will be 
equal to the angle DA/, and the remaining angle, namely 


the angle at C, equal to the remaining angle, the angle 
at ΖΚ. 


For, if the angle 44C is unequal to the angle DEF, one 
of them is greater. 
Let the angle AAC be greater ; 
and on the straight line 42, and at the point A on it, let the 
angle 4.8G be constructed equal to the angle DEF. [123] 
Then, since the angle 4 is equal to D, 
and the angle 44G to the angle DEF, 
therefore the remaining angle 4 GA is equal to the remaining 
angle DIE. [τ 32] 
Therefore. the triangle AG is equiangular with the 
triangle DEF. | 
Therefore, as, 1B is to BG, sois DE to EF. (vr. 4] 
But, as DE τ. ae EF, so by hypothesis is 4B to &C; 
therefore AB has the same ratio to each of the straight 
lines BC, δὰ; [ν. xr] 
therefore BC is equal to BG, [ν. 9] 
so that the angle at C is also equal to the angle BGC. [15] 
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But, by hypothesis, the angle at C is less than a right 
angle ; 
therefore the angle BGC is also less than a right angle; 
so that the angle 4G& adjacent to it is greater than a right 
angle. [1. 13] 
And it was proved equal to the angle at 7; 
therefore the angle at 2515 also greater than a right angle. 


But it is by hypothesis less than a right angle: which is 
absurd. 


Therefore the angle AAC is not unequal to the angle 
DEF; 


therefore it is equal to it. 

But the angle at 4 is also equal to the angle at D; 
therefore the remaining angle at C is equal to the remaining 
angle at F. [1. 32] 

Therefore the triangle 4 GC is equiangular with the triangle 
DEF. 

But, again, let each of the angles at C, / be supposed not 
less than a right angle; 

I say again that, in this case too, the 


triangle 4 AC is equiangular with the 
triangle DEF. 
For, with the same construction, LA 
we can prove similarly that 
BC is equal to BG ; 
so that the angle at C is also eva to ἢ 
the angle BGC. 1. 5] 
But the angle at C is not less ᾿ς a right angle; 
therefore neither is the angle BGC less than a right angle. 
Thus in the triangle BGC the two angles are noi- less 
than two right angles: which is impossible. [τ 17] 
Therefore, once more, the angle ABC is not unequal io 
the angle DES; 
therefore it is equal to it. 
But the angle at 4 is also equal to the angle at D; 
therefore the remaining angle at C is equal to the remaining 
angle at /, (1. 32] 
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Therefore the triangle 4 BC is equiangular with the triangle 
DEF. 
Therefore etc. 
Q. E. Ὁ. 


Todhunter points out, after Walker, that some more words are necessary 
to make the enunciation precise: ‘If two triangles have one angle equal to one 
angle, the sides about other angles proportional <so that the sides subtending 
the egual angles are hemologous>....” 

This proposition 1s the extension to similar triangles of the ambiguous case 
already mentioned as omitted by Euclid in relation to eguafity of triangles in 
all respects (cf. note following 1. 26, Vol. 1. p. 306). The enunciation of νι. 7 
has suggested the ordinary method of enunciating the ambiguous case where 
eguaiity and not similarity 15 in question. Cf. Todhunter’s note on 1. 26. 

Another possible way of presenting this proposition is given by Todhunter. 
The essential theorem to prove is: 

Lf twa triangles have two sides of the one proportional to two sides of the 
other, and the angles opposite to one pair of corresponding sides equal, the angles 
which are opposite to the other pair of cerresponding sides shall either be equal or 
be together equal to tue right angles. 

For the angles included by the proportional sides must be either equal or 
unequal. 

If they are equal, then, since the triangles have two angles of the one 
equal to two angles of the other, respectively, they are equiangular to one 
another. 

We have therefore only to consider the case in which the angles included 
by the proportional sides are unequal. 

The proof is, except at the end, like that of vr. 7. 

Let the triangles ABC, DEF have the angle at 4 equal to the angle at D; 

lett AB be to BC us DE to EF, 


but let the angle 4 BC be nef equal to the angle DEF 


"T) 


8 Cc ξ 


Th. angles ACB, DFE shall be together equal to two right angles. 
For one of the angles 4 BC, DEF must be the greater. 


Let ASC be the greater; and make the angle 42G equal to the angle 
DEE. 


Then we prove, as in VI. 7, that the triangles 48G, DEF are equiangular, 
whence 


AB isto BG as DE is to EF. 
But AB isto BC as DE is to LF, by hypothesis. 
Therefore BG is equal to BC, 
and the angle BGC is equal to the angle BCA. 
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Now, since the triangles 4.56, DEF are equiangular, 
the angle 8GA is equal to the angle HAD. 


Add to them respectively the equal angles BGC, BCA; therefore the 
angles BCA, HFD are together equal to the angles BGA, BGC, ie. to two 
right angles. 


It follows therefore that the angles ACA, A/D must be either equal or 
supplementary. 


But (1), if each of them is less than a right angle, they cannot be 
supplementary, and they must therefore be equal; 


(2) if each of them is greater than a right angle, they cannot be 
supplementary and must therefore be equal; 


(3) uf one of them is a right angle, they are supplementary and also equal. 


Simson distinguishes the last case (3) in his enunciation: “then, if each of 
the remaining angles be either less or not less than a right angle, or zf one of 
them be a right angle...” 

The change is nght, on the principle of restricting the conditions to the 
minimum necessary to enable the conclusion to be inferred. Simson adds a 
separate proof of the case in which one of the remaining angles is a right 
angle. 

“‘ Lastly, let one of the angles at ὦ # viz. the angle at C, be a right angle; 
in this case likewise the triangle ABC 
is equiangular to the triangle DEF. A 

For, if they be not equiangular, D 
make, at the point δ᾽ of the straight 
line AB, the angle 4.5.0 equal to the G 
angle DEF; then it may be proved, 
as in the first case, that BG is equal 8 τ 
to BC. A 

But the angle BCG is a right 
angle ; 
therefore the angle BGC 15 also a δ 
right angle ; 
whence two of the angles of the tri- 
angle BGC are together not less than 
two right angles: which is impossible. 


Therefore the triangle 4 8C is equiangular to the triangle DE.” 


m 


Proposition ἃ. 


Tf in a vight-angled triangle a perpendicular be drawn 
from the right angle to the base, the triangles adjoining the 
perpendicular are similar both to the whole and to one another. 


Let ABC be a right-angled triangle having the angle 
BAC right, and let AD be drawn from A perpendicular 
to BC; 

I say that each of the triangles ABD, ADC is similar to 
the whole A&C and, further, they are similar to one another. 


H. E. 11. od 
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For, since the angle BAC is equal to the angle ADB, 
for each is right, : 


and the angle at B is common to the 


two triangles 4 SC and ABD, x 
therefore the remaining angle 405 

is equal to the remaining angle 

BAD; (1. 32] 

therefore the triangle JBC is equi- 8 5 7 


angular with the triangle 4d AD. 


Therefore, as BC which subtends the right angle in the 
triangle ABC is to LA which subtends the right angle in 
the triangle ALL, so is AB itself which subtends the angle 
at C in the triangle JC to SD which subtends the equal 
angle &4A4L in the triangle 4 4/L, and so also is AC to AD 
which subtends the angle at 4 common to the two triangles. 

[VI 4] 

Vherefore the triangle αἱ δ. is both equiangular to the 
triangle 4D and has the sides about the equal angles 
proportional. 

Therefore the triangle 4£4C is similar to the triangle 
ABD, (vi. Def. 1] 

Similarly we can prove that 
the triangle 4 4C is also similar to the triangle ADC; 
therefore each of the triangles dB), ADC is similar to the 
whole ABC. 

I say next that the triangles 4.52, ADC are also similar 
to one another. | 

For, since the right angle GY A is equal to the right angle 
ADE, 
and moreover the angle 44D was also proved equal to the 
angle at C, 
therefore the remaining angle at ZB is also equal to the 
remaining angle DAC; fr. 32] 
therefore the triangle 4 AD is equiangular with the triangle 
AD. 

Therefore, as BD which subtends the angle 2AD in the 
triangle 4 BD is to DA which subtends the angle at C in the 
triangle 4DC equal to the angle BAD, so is AD itself 
which subtends the angle at 4 in the triangle dD to DC 
which subtends the angle DAC in the triangle ADC equal 
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to the angle at 8, and so also is BA to AC, these sides 


subtending the right angles ; [vi 4] 
therefore the triangle 4 4D is similar to the triangle ADC. 
vi, Def. 1] 


Therefore etc. 


Porism. From this it is clear that, if in a right-angled 
triangle a perpendicular be drawn from the right angle to the 
base, the straight line so drawn is a mean proportional 
between the segments of the base. Q. E. D. 


Simson remarks on this proposition: “It seems plain that some editor 
has changed the demonstration that Euclid gave of this proposition: For, 
after he has demonstrated that the triangles are equiangular to one another, 
he particularly shows that their sides about the equal angles are proportionals, 
as if this had not been done in the demonstration of prop. 4 of this book: 
this superfluous part is not found in the translation from the Arabic, and is 
now left out.” 

This seems a little hypercritical, for the “particular showing” that the 
sides about the equal angles are proportionals is really nothing more than 
a somewhat full citation of vi. 4. Moreover to shorten his proof still 
miore, Simson says, after proving that each of the triangles ABD, ADC is 
similar to the whole triangle 4.5.0, “And the triangles 48D, ADC being 
both equiangular and similar to 44C are equiangular and similar to one 
another,” thus assuming a particular case of vI. 21, which might well be 
proved here, as Euclid proves it, with somewhat more detail. 

We observe that, here as generally, Euclid seems to disdain to give the 
reader such small help as might be afforded by arranging the letters used to 
denote the triangles so as to show the corresponding angular points in the 
same order for each pair of triangles; 4 is the first letter throughout, and the 
other two for each triangle are in the order of the figure from left to nght. It 
may be in compensation for this that he states at such length which side 
corresponds to which when he comes to the proportions. 

In the Greek texts there is an addition to the Porism inserted after 
“ (Being) what it was required to prove,” viz. “and further that between the 
base and any one of the segments the side adjacent to the segment is a mean 
proportional.” Heiberg concludes that these words are an interpolation 
(1) because they come after the words ὅπερ ἔδει δεῖξαι which as a rule follow the 
Porism, (2) they are absent from the best Theonine ss.,-though P and 
Campanus have them without the ὅπερ ἔδει δεῖξαι. Heiberg’s view seems to 
be confirmed by the fact noted by Austin, that, whereas the first part of the 
Porism is quoted later in vi. 13, in the lemma before x. 33 and in the lemma 
after XIII. 13, the second part is proved in the former lemma, and elsewhere, 
as also in Pappus (It. p. 72, 9—23)- 


PROPOSITION 9. 


From a given straight line to cut off a prescribed part. 
Let AZ be the given straight line ; 
thus it is required to cut off from AZ a prescribed part. 


14--2 


5 


IO 


[8 
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Let the third part be that prescribed. 
Let a straight line AC be drawn through from 4 con- 
taining with 42 any angle; 
let a point D be taken at random on 


AC, and let DE, EC be made equal 
to ALD. [1 3] 


Let BC be joined, and through D 
let DF be drawn parallel to it. [1 31] 
Then, since Ὁ) has been drawn 
parallel to BC, one of the sides of the triangle ABC, 
therefore, proportionally, as CD is to DA, so is BF to FA. 
[vi. 2] 


But CD is double of DA ; 
therefore &F is also double of FA ; 
therefore BA is triple of AF. 


Therefore from the given straight line 42 the prescribed 
third part 4/ has been cut off. 
Q. Ἐ, F. 


6. any angle. The expression here and in the two following propositions is τυχοῦσα 
γωνία, corresponding exactly to τυχὸν σημεῖον which I have translated as ‘‘a point (taken) 
at randem”™; but ‘‘an angle (taken) at random” would not be so appropriate where it is a 
question, not of fa&ing any angle at all, but of drawing a straight line casually so as to make 
any angle with another straight line. 


Simson observes that “this is demonstrated in a particular case, viz. that 
in which the third part of a straight line is required to be cut off; which is 
not at all like Euclid’s manner. Besides, the author of that demonstration, 
from four magnitudes being proportionals, concludes that the third of them is 
the same multiple of the fourth which the first is of the second ; now this is 
nowhere demonstrated in the 5th book, as we now have it; but the editor 
assumes it from the confused notion which the vulgar have of proportionals.” 

The truth of the assumption referred to is proved by Simson in his 
proposition D given above (p. 128); hence he is 
able to supply a general and legitimate proof 
of the present proposition. A 


“Let AB be the given straight line; it is 
required to cut off any part from it. 

From the point 4 draw a straight line 4C 
making any angle with 44; in AC take any 
point J, and take 4C the same multiple of AD 
that AB is of the part which is to be cut off 
from it; 


join BC, and draw DZ parallel to it: B C 
then AZ is the part required to be cut off. 
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Because £D is parallel to one of the sides of the triangle 4 BC, viz. to BC, 


as CD is to DA, so is BE to ZA, [vi. 2] 
and, componendo, 
CA is to AD, as BA to AE. [v. 18] 
But CA is a multiple of AD; 
therefore 4A is the same multiple of 4.2. [Prop. Ὁ] 


Whatever part therefore 4D is of AC, AZ is the same part of AB; 
wherefore from the straight line 42 the part required is cut off.” 


The use of Simson’s Prop. D can be avoided, as noted by Camerer after 
Baermann, in the following way. We first prove, as above, that 
CA isto AD as BA is to AE. 


Then we infer that, alternately, 


CA isto BA as AD to AE. fv. 16] 

But dD isto dz asn.AD ton. Ak 
(where is the number of times that 4D is contained in 4C); PY. 15} 
whence 4C isto dB asn. AD iston.A£. [v. στῇ 


In this proportion the first term is equal to the third; therefore [v. 14] 
the second is equal to the fourth, 


so that 4P is equal to x times 4.4. 
Prop. 9 is of course only a particular case of Prop. το. 


PROPOSITION IO. 


To cut a given uncut straight line similarly to a given cut 
straight line. 


Let AB be the given uncut straight line, and AC the 
straight line cut at the points J, 
ΞΕ; and let them be so placed as : 
to contain any angle ; 
let CB be joined, and through D, 
E let DF, EG be drawn parallel 
to BC, and through D let DAK D Ho 
be drawn parallel to JB. [ςἴ 31] 

Therefore each of the figures “ ἢ a6 
FH, HTB is a parallelogram ; 


therefore DH is equal to FG and HX to GB. [τ 34] 


Now, since the straight line HZ has been drawn parallel 
to KC, one of the sides of the triangle DC, 


therefore, proportionally, as CZ is to ED, so is KH to HD. 
[vi 2] 
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But XH is equal to BG, and HD to GF; 
therefore, as CE is to ED, so is BG to GF. 

Again, since FD has been drawn parallel to GZ, one of 
the sides of the triangle AGE£, 


therefore, proportionally, as ED is to DA, so is GF to FA. 
[vi. 2] 


But it was also proved that, 
as CE is to ED, so is BG to GF; 
therefore, as CE is to ED, so is BG to GF, 
and, as ED is to DA, so is GF to FA. 
Therefore the given uncut straight line 42 has been cut 


similarly to the given cut straight line 4C. 
Q. E. F. 


PROPOSITION 11. 
To two given straight lines to find a third proportional. 


Let BA, AC be the two given straight lines, and let 
them be placed so as to contain any 
angle ; 
thus it is required to find a third pro- 
portional to BA, AC. 


For let them be produced to the C 
points D, &, and let BD be made equal 
to AC; [τ 3] 
let BC be joined, and through 22 let DE 
be drawn parallel to it. (1. 31] δ 

Since, then, AC has been drawn 
parallel to DZ, one of the sides of the triangle 4 DE, 
proportionally, as 4B is to BD, so is AC to CEL. (vi. 2] 

But BD is equal to AC; ᾿ 
therefore, as «1.8 is to 4C, sois AC to CE. 


Therefore to two given straight lines 48, AC a third 
proportional to them, CA, has been found. 


A 


Ό 


Q. E.. F. 


_ a. to find. The Greek word, here and in the next two propositions, is προσευρεῖν, 
literally “‘to find is addition.” 


This proposition is again a particular case of the succeeding Prop. 12. 


Given a ratio between straight lines, vi. 11 enables us to find the ratio 
which is its duplicate. 
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PROPOSITION [2. 


Lo three given straight lines to find a fourth proportional. 
Let A, B, C be the three given straight lines ; 
thus it is required to find a fourth proportional to 4, B, C. 


Let two straight lines DZ, DF be set out containing any 
angle HDF; 


let DG be made equal to A, GF equal to #, and further DH 
equal to C; 


let GH be joined, and let A be drawn through £ parallel 
to it. [in 31} 

Since, then, GZ has been drawn parallel to EF; one of 
the sides of the triangle DEF, 


therefore, as DG is to G&, so is ΝΠ to AF. (vi. 2] 
But DG is equal to 4d, GE to 5, and DA to C; 
therefore, as 4 is to &, so is (τὸ AF. 


Therefore to the three given straight lines 4, 4, Ca fourth 
proportional #7 has been found. 
Q. E. F. 


We have here the geometrical equivalent of the “rule of three.” 

It is of course immaterial whether, as in Euclid’s proof, the first and 
second straight lines are measured on one of the lines forming the angle and 
the third on the other, or the first and third are measured on one and the 
second on the other. 

If it should be desired that the first and the required fourth be measured 
on one of the lines, and the second and third on 
the other, we can use the following construction. 

Measure DZ on one straight line equal to 4, and 

on any other straight line making an angle with Fc 

the first at the point D measure D/' equal to B, 

and DG equal to C. Join &F, and through G 

draw GH anti-parallel to EF, i.e. make the angle 

DGH equal to the angle DEF; let GH meet - H Ε 
DE (produced if necessary) in Z. 
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DH is then the fourth proportional. __ 
For the triangles ED/, G.DZ are similar, and the sides about the equal 
angles are proportional, so that 


DE isto DF'as DG to DH, 
or Aisto Bas Cto DA. 


PROPOSITION 13. 


To two given straight lines to find a mean proportional. 


Let 4B, BC be the two given straight lines ; 


thus it is required to find a mean 


proportional to 4B, BC. 


Let them be placed in a straight 
line, and let the semicircle ADC be 
described on AC; 


let BD be drawn from the point & at A aes 
right angles to the straight line 4C, 
and let 4D, DC be joined. 
Since the angle 4DC is an angle in a semicircle, it is 
right. [ππ|. 31] 
And, since, in the right-angled triangle 4DC, DZ has 
been drawn from the right angle perpendicular to the base, 
therefore DZ is a mean proportional between the segments of 
the base, 44, BC. [v1. 8, Por.] 
Therefore to the two given straight lines 44, BC a mean 
proportional DZ has been found. 


D 


Q. E. F. 


This proposition, the Book vi. version of 11. 14, is equivalent to the 
extraction of the square root. It further enables us, given a ratio between 
straight lines, to find the ratio which is its sué-duplicate, or the ratio of which 
it is duplicate. 


PROPOSITION 14. 


In equal and eguiangular parallelograms the sides about 
the equal angles are reciprocally proportional; and equiangular 
parallelograms in which the sides about the equal angles are 
reciprocally proportional are equal. 
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Let 48, BC be equal and equiangular parallelograms 
having the angles at & equal, and 
τ DB, BE be placed ἴῃ ἃ straight Ἑ ο 
ine ; | 

therefore 5.5, #G are also in 

a straight line. fx. 14] 

Ι say that, in AB, BC, the 
sides about the equal angles are 
reciprocally proportional, that is to 
say, that, as DA is to BEL, so is 
GB to BF. 

For let the parallelogram ΖΕ be completed. 

Since, then, the parallelogram AZ is equal to the parallelo- 


gram BC, 
and FF is another area, 
therefore, as 42 is to FE, so is AC to FEL. [ν. 7] 
But, as 44 is to FZ, so is DA to BE, [vr x] 
and, as BC is to HA, sois GB to BF. [ea] 
therefore also, as DA is to BE, so is GB to BF. [ν. στῇ 


Therefore in the parallelograms 44, SC the sides about 
the equal angles are reciprocally proportional. 

Next, let GB be to BF as DA to BE; 
Ϊ ἣν that the parallelogram 4Z is equal to the parallelogram 
BC. 

For since, as D& is to BE, so is GA to BF, 
while, as DZ is to BE, so is the parallelogram 4 to the 


parallelogram FZ, [vi 1] 
and, as GB is to BF, so is the parallelogram S&C to the 
parallelogram ΖΞ, [νι. τ] 
therefore also, as AB is to FE, so is BC to FE : [v. τα] 
therefore the parallelogram AS is equal to the parallelogram 
BC. [v. 9] 


Therefore etc. 
ὃ, E. Ὁ: 


De Morgan says upon this proposition : “ Owing to the disjointed manner 
in which Euclid treats compound ratio, this proposition is strangely out of 
place. It is a particular case of vi. 23, being that in which the ratio of the 
sides, compounded, gives a ratio of equality. The proper definition of four 
magnitudes being reciprocally proportional is that the ratio compounded of 
their ratios is that of equality.” 
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It is true that vil. 14 isa particular case of v1. 23, but, if either is out of 
place, it is rather the latter that should be placed before vi. 14, since most of 
the propositions between vi. 15 and vi. 23 depend upon vi. 14 and τς. But 
it is perfectly consistent with Euclid’s manner to give a particular case first 
and its extension later, and such an arrangement often has great advantages 
in that it enables the more difficult parts of a subject to be led up to more 
easily and gradually. Now, if De Morgan’s view were here followed, we 
should, as it seems to me, be committing the mistake of explaining what 15 
relatively easy to understand, viz. two ratios of which one is the inverse of 
the other, by a more complicated conception, that of compound ratio. In 
other words, it is easier for a learner to realise the relation indicated by the 
statement that the sides of equal and equiangular parallelograms are “recipro- 
cally proportional” than to form a conception of parallelograms such that 
“the ratio compounded of the ratio of their sides is one of equality.” For 
this reason [ would adhere to Euclid’s arrangement. 

The conclusion that, since DB, BE are placed in a straight line, 7B, BG 
are also in a straight line is referred to 1. 14. The deduction is made clearer 
by the following steps. 


The angle D&/'is equal to the angle GBZ; 
add to each the angle PBL ; 
therefore the angles DAF, KBE are together equal to the angles GBL, FRE. 
[ὦ Δι 2] 
But the angles DAF, FBE are together equal to two night angles, [1. 1.3] 
therefore the angles GAZ, ABE are together equal to two right angles, 
[C. Mv τ] 
and hence “2, @G are in one straight line. [1. 14] 


The result is also obvious from the converse of 1. 15 given by Proclus 
(see note on 1 15). 


The proposition Vi. 14 contains a theorem and one partial converse of it ; 
so also does vi. 15. To each proposition may be added the other partial 
converse, which may be enunciated as follows, the words in square brackets 
applying to the case of triangles (v1. 15). 


G 


ΩΝ 


A D 


Lequal parallelograms |triangles| which have the sides about one angle in 


each reciprocally proportional are equiangular [have the angles included by those 
sides either equal or supplementary. | 


Let 4B, BC be equal parallelograms, or let FBD, EBG be equal 
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triangles, such that the sides about the angles αἱ # are reciprocally propor- 
tional, i.e. such that 
DB: BE=GB: BF. 


We shall prove that the angles “BD, ZAG are either equal or supple- 
mentary. 
Piace the figures so that D.&, BE are in one straight line. 
Then #2, AG are either in a straight line, or not in a straight line. 
(1) If #8, ΒΩ are in a straight line, the figure of the proposition 
(with the diagonals FD, EG drawn) represents the facts, and 
the angle “BD is equal to the angle ZAG. [1 15] 


(2) If #8, BG are not in ἃ straight line, 
produce #B to Hso that BH may be equal to AG. 

Join ZZ, and complete the parallelogram EBAK. 

Now, since DB:BE=GB: BP 
and GB = HB, 

DB: BE= HB: BF, 

and therefore, by vi. 14 or 15, 
the parallelograms 48, BX are equal, or the triangles PBD, EBA are equal. 


But the parallelograms 44, &C are equal, and the triangles ABD, BG 
are equal ; 


therefore the parallelograms AC, BX are equal, and the triangles EBA, 
EBG are equal. 


Therefore these parallelograms or triangles are within the same parallels: 
that is, G, C, A, X are in a straight line which is parallel to DZ. (1. 39] 
Now, since BG, BAF are equal, 


the angles BGA, BHG are equal. 
By parallels, it follows that 
the angle ZAG is equal to the angle DBL, 
whence the angle £ 4G is supplementary to the angle “BD. 


PROPOSITION I5. 


In equal triangles which have one angle equal to one angle 
the sides about the egual angles are reciprocally proportional , 
and those triangles which have one angle equal to one angle, 
and in which the sides about the equal angles are reciprocally 
proportional, are egual. 

Let ABC, ADE be equal triangles having one angle 
equal to one angle, namely the angle BAC to the angle 
DAE; 

I say that in the triangles 4&C, ADE the sides about the 
equal angles are reciprocally proportional, that is to say, that, 
as CA is to AD, sois FA to AB. 
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For let them be placed so that CA is in a straight 
line with 4.22); 
therefore ZA is also in a straight line with B 
[1 14] 4 


Let BD be joined. 
Since then the triangle ABC is equal to A 
the triangle ADZ, and BAD is another 


area, 


therefore, as the triangle CAB is to the 
triangle BAD, so is the triangle HAD to E 
the triangle BAD. [v. 7] 
But, as CAB is to BAD, so is CA to AD, [vi. 1] 
and, as EAD is to BAD, sois EA to AB. (id. 
Therefore also, as CA is to dD, sois LA to AB. [ν. τι] 


Therefore in the triangles 4 BC, ADE the sides about 
the equal angles are reciprocally proportional. 


Next, let the sides of the triangles ABC, ADE be rect- 
procally proportional, that is to say, let £.d4 be to dBas CA 
to 4D; 


I say that the triangle 4 BC is equal to the triangle ADE. 
For, if BD be again joined, 
since, as CA is to ALY), sois EA to AB, 


while, as CA is to AW, so is the triangle A4C to the triangle 
BAD, 


and, as £4 is to AB, so is the triangle HAD to the triangle 


BAD, [vi 1] 
therefore, as the triangle 4 AC is to the triangle BAD, so is 
the triangle LAY to the triangle BAD. [v. 11] 


Therefore each of the triangles 4.50, EAD has the same 
ratio to BAD. 


Therefore the triangle 48C is equal to the triangle HAD. 
[v. 9] 


Therefore etc. 
Q. E. D. 


As indicated in the partial converse given in the last note, this proposition 
is equally true if the angle included by the two sides in one triangle is 
supplementary, instead of being equal, to the angle included by the two sides 
in the other. 
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Let ABC, ADE be two triangles such that the angles BAC, DAE are 
supplementary, and also 


CA:AD= EA: AB. 


In this case we can place the triangles so that 
CA is in a straight line with 4D, and AB lies 
along 4 (since the angle HAC, being supple- 
mentary to the angle HAZ, is equal to the angle 
BAC). 

If we join BD, the proof given by Euclid 
applies to this case also. 

It is true that γι. 15 can be immediately inferred from vi. 14, since a 
triangle is half of a parallelogram with the same base and height. But, 
Euclid’s object being to give the student a grasp of mefheds rather than 
results, there seems to be no advantage in deducing one proposition from the 
other instead of using the same method on each. 


PROPOSITION 16. 


Lf four straight lines be proportzonal, the rectangle con- 
tained by the extremes τς egual to the rectangle contained by 
the means ; and, of the rectangle contained by the extrenies be 
equal to the rectangle contacned by the means, the four straight 
lines will be proportional. 


Let the four straight lines 44, CD, £, F be proportional, 
so that, ἂς 4B is to CD, so is & to F; 


I say that the rectangle contained by 4S, / is equal to the 
rectangle contained by CD, £. 


L | Ἐ 


Β 
me ς D 
F 


E 


Let 4G, CH be drawn from the points 4, C at right 
angles to the straight lines 44, CD, and let dG be made 
equal to #, and CH equal to &. 

Let the parallelograms 4G, Df be completed. 

Then since, as Jf is to CD, so is £ to 2) 
while £ is equal to (7, and /’ to AG, 
therefore, as 4B is to CD, so is CH to AG. 

Therefore in the parallelograms 2G, DH the sides about 
the equal angles are reciprocally proportional. 
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But those equiangular parallelograms in which the sides 
about the equal angles are reciprocally proportional are = 
. VI. 14 
therefore the parallelogram #G is equal to the parallelogram 
DH. 
And BG is the rectangle AB, F, for AG is equal to /; 
and DAH is the rectangle CD, &, for £ is equal to CH; 


therefore the rectangle contained by 44, / is equal to the 
rectangle contained by CD, £. 


Next, let the rectangle contained by 42, / be equal to 
the rectangle contained by CD, £; 


I say that the four straight lines will be proportional, so that, 
as AB is to CD, sois & to F. 


For, with the same construction, 
since the rectangle 48, / is equal to the rectangle CD, £, 
and the rectangle 4B, F is BG, for AG is equal to /, 
and the rectangle CD, E is DH, for CH is equal to £, 
therefore BG is equal to DH. 


And they are equiangular. 
But in equal and equiangular parallelograms the sides about 
the equal angles are reciprocally proportional. νι. 14] 
΄ Therefore, as 4B is to CD, so is CH to AG. 
But ΟΖ is equal to £, and AG to F; 


therefore, as AB is to CLD, sois & to F. 
Therefore etc. 9. E. Ὁ. 


This proposition is a particular case of vi. 14, but one which is on all 
accounts worth separate statement. It may also be enunciated in the follow- 
ing form : 

Rectangles which have thetr bases reciprocally proportional to their heights 
are equal in area; and equal rectangles have their bases reciprocally proportional 
to their heights. 

Since any parallelogram is equal to a rectangle of the same height and 
on the same base, and any triangle with the same height and on the same 
base is equal to half the parallelogram or rectangle, it follows that Agzad 
parallelograms or triangles have their bases reciprocally proportional to their 
heights and vice versa. 


_ The present place is suitable for giving certain important propositions, 
including those which Simson adds to Book vi. as Props. B, C and D, which 
are proved directly by means of vI. τό. 

1. Proposition B is a particular case of the following theorem. 


Lf a circle be circumscribed about a triangle ABC and there be drawn through 
A any two straight lines either both within or both without the angle BAC, vz. 
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AD meeting BC (produced if necessary) in D and AE meeting the circle again 
in E, such that the angles DAB, EAC are equal, then the rectangle AD, AE 7s 
equal to the rectangle BA, AC. 


Join CZ. 
The angles BAD, HAC are equal, by hypothesis ; 
and the angles ABD, AEC are equal. [111. 51, 22] 
Therefore the triangles dBD, AEC are equiangular. 
Hence BA isto ADas #A is to AC, 
and therefore the rectangle 6.4, 4C is equal to the rectangle AD, AL. 


[vr 16| 
There are now two particular cases to be considered. 


(a) Suppose that 4D, 4£ coincide; 
ADE will then bisect the angle B4C. 


(2) Suppose that AD, AF are in one straight line but that D, & are on 
opposite sides of 4 ; 


AD will then bisect the external angle at A. 


In the first case (2) we have 
the rectangle BA, AC equal to the rectangle HA, AD; 


and the rectangle LA, AD is equal to the rectangle HD, DA together with 
the square on «4.20, fir. 3] 


1.6. to the rectangle BD, DC together with the square on 4D. [π|. 35] 


Therefore the rectangle BA, AC is equal to the rectangle BD, DC 
together with the square on 4D. [This is Simson’s Prop. B] 

In case (4) the rectangle £4, AD is equal to the excess of the rectangle 
ED, DA over the square on 4D; 


therefore the rectangle 6A, 4C is equal to the excess of the rectangle BD, 
DC over the square on 4D. 
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The following converse of Simson’s Prop. B may be given: /f a straight 
line AD be draum from the vertex A of a triangle to meet the base, so that the 
sguare on AD together with the rectangle BD, DC ts eguaé to the rectangle BA, 
AC, the line AD will bisect the angle BAC except when the sides AB, AC are 
equal, in whith case every line drawn to the base will have the property men- 
Lioned. 

Let the circumscribed circle be drawn, and let 42 produced meet it in 
ΞΕ; join CZ. 

The rectangle BD, DC is equal to the rectangle 2D, DA. [π|, 35] 

Add to each the square on 4D; 
therefore the rectangle BA, AC is equal to the rectangle HA, AD. 

[hyp. and 1. 3] 

Hence AB isto ADas AE to AC. [vt. 16] 


But the angle 42D is equal to the angle AEC. [ππ|..21} 
Therefore the angles BDA, £CA are either equal or supplementary. 
(vi. 7 and note] 
(a) If they are equal, the angles BAD, EAC 
are also equal, and AD bisects the angle BAC. A 


(4) If they are supplementary, the angle 4d DC 
must be equal to the angle 4CZ£. B C 

Therefore the angles BAD, ALD are together 
equal to the angles ACB, BCE, i.e. to the angles 
ACD, BAD. 

Take away the common angle BAD, and 

the angles ABD, ACD are equal, or = 
AB is equal to AC. 

Euclid himself assumes, in Prop. 67 of the Daza, the result of so much of 
this proposition as relates to the case where BA= AC. He assumes namely, 
without proof, that, if B4=AC, and if D be any point on BC, the rectangle 
BD, DC together with the square on 4Z is equal to the square on AB. 


PROPOSITION C, 


Lf from any angle of a triangle a straight line be drawn perpendicular to the 
opposite side, the rectangle contained by the other two sides of the triangle is equal 
fo the rectangle contained hy the perpendicular and the diameter of the circle 
circumscribed about the triangle. 


_ Let ABC be a triangle and 4D the perpendicular on AB. Draw the 
diameter 4Z of the circle circumscribed about the triangle 4BC. 


Then shall the rectangle 24, AC be equal to the rectangle ZA, AD. 
Jom EC. 
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Since the right angle BDA is equal to the right angle ECA in a semi- 


circle, fiir 3x] 

and the angles ABD, AC in the same segment are equal, [ππ|. 21} 
the triangles ABD, AFC are equiangular. 

Therefore, as BA is to AD, so is EA to AC, [v1. 4] 


whence the rectangle B4, AC is equal to the rectangle 4, AD. ἕἷἾνι. 16] 
This result corresponds to the trigonometrical formula for A, the radius of 
the circumscribed circle, 
abe 


AR=—. 
44 


PROPOSITION D. 


This 1s the highly important lemma given by Ptolemy (ed. Heiberg, Vol. 1, 
pp. 36—7) which is the basis of his calculation of the table of chords in the 
section of Book 1. of the μεγάλη σύνταξις entitled “concerning the size of the 
straight lines [i.e. chords] in the circle” (περὶ τῆς πηλικότητος τῶν ἐν τῷ κύκλῳ 
εὐθειῶν). 

The theorem may be enunciated thus. 

The rectangle contained by the diagonals af any quadrilateral inscribed in a 
circle is egual to the sum of the rectangles contained by the pairs of opposite sides. 

I shall give the proof in Ptolemy’s words, with the addition only, in 
brackets, of two words applying to a second figure not given by Ptolemy. 

“Let there be a circle with any quadrilateral 4 2CD inscribed 1n it, and 
let AC, SD be joined. 

It is to be proved that the rectangle contained by AC and SD is equal 
to the sum of the rectangles 42, DC and AD, BC. 

For let the angle «1.5.8 be made equal to the angle contained by D4, BC. 


If then we add [or subtract] the angle EBD, 
the angle 4 BD will also be equal to the angle ZAC. 

But the angle BDA is also equal to the angle BCEZ, fir. 21] 
for they subtend the same segment 5 
therefore the triangle ABD is equiangular with the triangle AAC. 

Hence, proportionally, 


as BC is to CE, so is BD to DA. [v1.4] 
Therefore the rectangle BC, AD is equal to the rectangle 5D, a 61 
VIL I 


Again, since the angle 4.8. is equal to the angle D&C, 
and the angle BAZ is also equal to the angle BDC, [π|. 27] 
the triangle 4 BZ is equiangular with the triangle DAC. 


H. E. It. 15 
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Therefore, proportionally, 
as BA isto AZ, sois BD to DC; [vi 4] 
therefore the rectangle BA, DC is equal to the rectangle BD, AZ. ἴνι. 16] 
But it was also proved that 
the rectangle BC, AD is equal to the rectangle BD, CZ; 


therefore the rectangle 4C, BD as a whole is equal to the sum of the 
rectangles AB, DC and AD, BC: 
(being) what it was required to prove.” 

Another proof of this proposition, and of its converse, is indicated by 
Dr Lachlan (Elements of Huclid, pp.273—4). It depends on two preliminary 
propositions. 

(1) Lf two circles be divided, by a chord in each, into segments which are 
similar respectively, the chords are proportional to the corresponding diameters. 

The proof is instantaneous if we join the ends of each chord to the centre 
of the circle which it divides, when we obtain two similar triangles. 

(2) Lf D be any point on the circle circumscribed about a triangle ABC, and 
DX, DY, DZ δὲ perpendicular to the sides BC, CA, AB of the triangle 
respectively, then X, Y, Z he in one straight line ; and, conversely, if the feet of 
the perpendiculars from any point D on the sides of a triangle lie in one straight 
line, D les on the circle circumscribed about the triangle. 

The proof depending on II. 21, 22 15 well known. 

Now suppose that 2 is azy point in the plane of a triangle 4.50, and 
that DX, DY, DZ are perpendicular to the sides 
BC, CA, AB respectively. 

Join ¥Z, DA. 

Then, since the angles at VY, Z are night, 
A, Y, D, Z lie on a circle of which DA is the 
diameter. 

And YZ divides this circle into segments which 
are similar respectively to the segments into which 
BC divides the circle circumscribing ARC, since 
the angles ZA Y, BAC coincide, and their supple- Y 
ments are equal. 

Therefore, if d be the diameter of the circle 
circumscribing ABC, 


wm 
© 


BCistodas YZisto DA; 
and therefore the rectangle 4D, BC is equal to the rectangle 4, YZ. 
Similarly the rectangle 5D, Cd is equal to the rectangle @, ZX, and the 
rectangle CD, AZ is equal to the rectangle ὦ, XY. 
Hence, in a quadrilateral in general, the rectangle 
contained by the diagonals is less than the sum of the 
rectangles contained by the pairs of opposite sides. 


Next, suppose that 2 lies on the circle circum- 
scribed about 4.5.0, but so that 4, B, C, D follow 
each other on the circle in this order, as in the figure 
annexed. 

Let DX, DY, DZ be perpendicular to BC, CA, 
“44 respectively, so that X, Y, Zare in a straight line. 

Then, since the rectangles 4D, BC; BD, CA; CD, AB are equal to the 
rectangles a, YZ; ὁ, ZX; d, X Y respectively, and XZ is equal to the sum of 
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XY, YZ, so that the rectangle d, XZ is equal to the sum of the rectangles 
a, XYand d, YZ, it follows that 


the rectangle AC, BD is equal to the sum of the rectangles 4D, BC and 
4", CD. 


2 


Conversely, if the latter statement is true, while we are supposed to know 
nothing about the position of D, it follows that 


XZ must be equal to the sum of XY, ΚΖ, 
so that X, Y, Z must be in a straight line. 


_ Hence, from the theorem (2) above, it follows that D must le on the 
circle circumscribed about ABC, 1.6, that ABCD is a quadrilateral about 
which a circle can be described. 


All the above propositions can be proved on the basis of Book i. and 
without using Book vL, since it is possible by the aid of 111. 21 and 35 alone 
to prove that zm eguiangular triangles the rectangles contained by the non- 
corresponding sides about egual angles are egual te one another (a result arrived 
at by combining vi. 4 and vi. 16). This is the method adopted by Casey, 
H. M. Taylor, and Lachlan; but I fail to see any particular advantage in It. 


Lastly, the following proposition may be given which Playfair added as 
vi, E. It appears in the Java of Euclid, Prop. 93, and may be thus 
enunciated. 


Lf the angle BAC of a triangle ABC be bisected by the stratght line AD 
meeting the circle circumscribed about the triangle in D, and if BD be joined, 
then 

the sum of BA, AC ts te AD as BC is fo BD. 

Join CD. Then, since AD bisects the angle BAC, the subtended arcs 
BD, DC, and therefore the chords 6D, DC, are 
equal. 


(1) The result can now be easily deduced from 
Ptolemy’s theorem. 

For the rectangle 4D, BC'is equaltothesumof | 
the rectangles AB, DC and AC, BD, i.e. (since | 
BD, CD are equal) to the rectangle contained by ἃ 
BA+ AC and BD. \ 

Therefore the sum of BA, AC isto 4. δ BC B® 
is to BD. [νι. 16] 

(2) Euclid proves it differently in Dafa, Prop. 93. 


Let AD meet BC in £. 
Then, since AZ bisects the angle BAC, 


BA isto AC as BE to EC, [γ1:.8] 
or, alternately, 
AB isto bE as AC to CE. [v. 16] 
Therefore also 
BA+ ACisto BCas AC to CH. [v. 12] 
Again, since the angles BAD, ZAC are equal, and the angles ADB, ACE 
are also equal, [rrr 21] 
the triangles 45D, AFC are equiangular. 
Therefore ACisto CE as AD to AD. νι. 4] 


m— 


15—2 


228 BOOK VI (vr. τό, 77 


Hence BA+ACisto BCas AD to BD, ἵν. 11] 


and, alternately, 
BA+ACisto ADas BC is to BD. [v..16] 


Euclid concludes that, if the circle ABC is given in magnitude, and the 
chord BC cuts off a segment of it containing a given angle (so that, by Data 
Prop. 87, BC and also BD are given in magnitude), 


the ratio of BA + AC to AD 1s given, 


and further that (since, by similar triangles, BD is to DE as AC'is to CE, 
while B4+AC is to BC as AC 1s to (2), 


the rectangle (BA + AC), DE, being equal to the rectangle BC, BD, is 
also given. 


PROPOSITION 17. 


77 three straight lines be proportional, the rectangle con- 
tained by the extremes ts equal to the square on the mean; 
and, if the rectangle contained by the extremes be equal to the 
sguare on the mean, the three straight lines wll be proportronal. 


Let the three straight lines 4, &, C be proportional, so 
that, as 4 isto &,sois δος: 


I say that the rectangle contained by A, C is equal to the 
square on 66. 


A 
Β---------- τ D 
Cc 
Let D be made equal to S. 
Then, since, as 4 is to δ, so is B to C, 
and & is equal to J, 
therefore, as 4 is to &, sois J to ὦ. 


But, if four straight lines be proportional, the rectangle 
contained by the extremes is equal to the rectangle contained 
by the means. νι. 16] 


Therefore the rectangle 4, C is equal to the rectangle 
B, LD. 


But the rectangle 4, 2) is the square on 2, for 8 is 
equal to D; 


therefore the rectangle contained by 4, C is equal to the 
square on ὁ. 


Next, let the rectangle 4, C be equal to the square on B; 
I say that, as 4 is to &, so is 5 to C. 
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For, with the same construction, 
since the rectangle 4, C is equal to the square on B, 
while the square on & is the rectangle #, DY, for B is equal 
to 2», 
therefore the rectangle 4, C is equal to the rectangle B, D. 
But, if the rectangle contained by the extremes be equal 
to that contained by the means, the four straight lines are 
proportional. [vi. 16] 
Therefore, as 4 is to &, so is J to C. 
But & is equal to 2); 
therefore, as 4 is to &, so is B to ὦ. 
Therefore etc. Q. E. Ὁ. 


VI. 17 is, of course, a particular case of vi. 16. 


PROPOSITION 18. 


Ox a given straight line to describe a vectilineal figure 
semilar and siniutarly situated to a given rectilineal figure. 


Let ABZ be the given straight line and CZ the given 
rectilineal figure ; 
thus it is required to describe on the straight line 4&4 a 
rectilineal figure similar and similarly situated to the recti- 


lineal figure CZ. 


- ὦ 


C D A B 


Let DF be joined, and on the straight line 44, and at 
the points 4, 8 on it, let the angle GAZ be constructed 
equal to the angle at C, and the angle AG equal to the 


angle CDF. [τ 23] 
Therefore the remaining angle CFD is equal to the angle 
AGB; [1 32] 


therefore the triangle FCD is equiangular with the triangle 
GAB. 

Therefore, proportionally, as FD is to G&, so is FC to 
GA, and CD to AB. 
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Again, on the straight line BG, and at the points 4, G on 
it, let the angle BGH be constructed equal to the angle 2.2, 


and the angle GBA equal to the angle ADE. [1. 23] 
Therefore the remaining angle at & is equal to the re- 
maining angle at 7; [1. 32] 


therefore the triangle “DZ is equiangular with the triangle 
GBH : 


therefore, proportionally, as #D is to GZ&, so is FE to 
GH, and 5. to ASL. [vi. 4] 


But it was also proved that, as FD is to GB, so is FC to 
GA,and CDto 438: 


therefore also, as FC is to AG, so is CD to AB, and δὲ 
to GH, and further ED to AB. 


And, since the angle CFD is equal to the angle AGB, 
and the angle DFZ to the angle δ ἢ, 


therefore the whole angle CFZ is equal to the whole angle 
AGF. 


For the same reason 
the angle CD is also equal to the angle ALL. 
And the angle at C is also equal to the angle at 4, 
and the angle at £ to the angle at 27. 
Therefore 47 is equiangular with CZ ; 
and they have the sides about their equal angles proportional; 


therefore the rectilineal figure A is similar to the 
rectilineal figure CZ. [v1. Def. 1] 


Therefore on the given straight line AZ the rectilineal 
figure AH has been described similar and similarly situated 
to the given rectilineal figure CZ. 


Q. E. F. 


Simson thinks the proof of this proposition has been vitiated, his grounds 
for this view being (1) that it is demonstrated only with reference to 
quadrilaterals, and does not show how it may be extended to figures of five or 
more sides, (2) that Euclid infers, from the fact of two triangles being 
equiangular, that a side of the one is to the corresponding side of the other as 
another side of the first is to the side corresponding to it in the other, ie. he 
permutes, without mentioning the fact that he does so, the proportions 
obtained in vi. 4, whereas the proof of the very next proposition gives, in a 
similar case, the intermediate step of permutation. I think this is hyper- 
criticism. As regards (2) it should be noted that the permuted form of the 
proportion is arrived at first in~tne proof of νι. 4; and the omission of the 
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intermediate step of adternando, whether accidental or not, is of no importance. 
On the other hand, the use of this form of the proportion certainly simplifies 
the proof of the proposition, since it makes unnecessary the subsequent 
ex aegualt steps of Simson’s proof, their place being taken by the inference 
[v. I i that ratios which are the same with a third ratio are the same with one 
anotner. 


Nor is the first objection of any importance. We have only to take as the 


given polygon a polygon of five sides at least, as CDE FG, join one extremity 
of CD, say D, to each of the angular points other than C and £, and then 
use the same mode of construction as Euclid’s for any number of successive 
triangles as ABL, LBK, etc., that may have to be made. Evclid’s con- 
struction and proof for a quadrilateral are quite sufficient to show how to deal 
with the case of a figure of five or any greater number of sides. 

Clavius has a construction which, given the power of moving a figure 


B 


bodily from one position to any other, is easier. CDFG being the given 
polygon, join CZ, C#. Place 4.8 on CD so that 4 falls on ὦ and let 5 
fall on D’, which may either lie on CP or on CD produced. 

Now draw D’£’ parallel to DZ, meeting CZ, produced if necessary, in £, 
EF’ parallel to HF, meeting CF, produced if necessary, in ’, and so on. 

Let the parallel to the last side but one, δύ, meet CG, produced if 
necessary, in Οὐ. 

Then CDE’ F'G is similar and similarly situated to CDEFG, and it is 
constructed on CD’, a straight line equal to 4.8. 

The proof of this is obvious. . 

A more general construction 15 indicated in the subjoined figure. If 
CDEFG be the given polygon, suppose its angular points all joimed to any 
point O and the connecting straight lines produced both ways. Then, if CD, 
a straight line equal to 42, be placed so that it is parallel to CD, and C’, D’ 
lie respectively on OC, OD (this can of course be done by finding fourth 
proportionals), we have only to draw DZ’, «Ε΄ Σ΄, etc., parallel to the 
corresponding sides of the original polygon in the manner shown. 
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De Morgan would rearrange Props. 18 and 20 in the following manner. 
He would combine Prop. 18 and the first part of Prop. 20 into one, with the 
enunciation : 


------. 


-- 


- 
-“ Ὁ 
a 
“ 


Pairs of similar triangles, similarly put together, give similar figures ; and 
every patr of similar figures is composed of pairs of similar triangles similarly 
put together. 

He would then make the prodlem of v1. 18 an application of the first part. 
In form this would certainly appear to be an improvement; but, provided that 
the relation of the propositions is understood, the matter of form is perhaps 
not of great importance. 


PROPOSITION 10. 


Szmlar triangles ave to one another in the duplicate ratio 
of the corresponding sides. 


Let ABC, DEF be similar triangles having the angle at 
& equal to the angle at 4, and such that, as 4B is to BC, so 
5is DE to EF, so that BC corresponds to EF; ἵν. Def. rz] 


I say that the triangle 4 AC has to the triangle DEF a ratio 
duplicate of that which AC has to EF. 


A 
D 

For let a third proportional BG be taken to BC, EF, so 

that, as BC is to EF so is EF to BG: [vi. x1] 


xo and let AG be joined. 
Since then, as 4B is to BC, so is DE to EF, 
therefore, alternately, as 4B is to DE, so is BC to EF. [v.16] 


vi. 10 PROPOSITIONS 18, τὸ 233 


But, as BC is to EF, so is EF to BG: 
therefore also, as AB is to DE, so is EF to BG. [v. rr] 
13 Therefore in the triangles 4256, DEF the sides about 


the equal angles are reciprocally proportional. 

But those triangles which have one angle equal to one 
angle, and in which the sides about the equal angles are 
reciprocally proportional, are equal; ἵνι. 15] 


20 therefore the triangle AAG is equal to the triangle DEF. 
Now since, as BC is to EF; so is EF to BG, 


and, if three straight lines be proportional, the first has to 
the third a ratio duplicate of that which it has to the second, 
iv. Def. 9] 
therefore BC has to BG a ratio duplicate of that which CB 
2s has to AL. 


But, as CA is to B&G, so is the triangle ABC to the 
triangle ALG; νι. 1] 
therefore the triangle αἰ ΒΟ also has to the triangle dBG a 
ratio duplicate of that which BC has to EF. 


30 Βα the triangle 44G is equal to the triangle DEF: 


therefore the triangle 48C also has to the triangle DEF a 
ratio duplicate of that which AC has to EF. 


Therefore etc. 


PorismM. From this it is manifest that, if three straight 
35 lines be proportional, then, as the first is to the third, so is 
the figure described on the first to that which is similar and 


similarly described on the second. 
Q. E. Ὁ. 


4. and such that, as AB is to BC, so is DE to EP, literally ‘‘(triangles) having 
the angle at B equal to the angle at Z, and (Aaving)\, as AB to BC, so DE to EF.” 


Having combined Prop. 18 and the first part of Prop. 20 as just indicated, 
De Morgan would tack on to Prop. 19 the second part of Prop. 20, which 
asserts that, if similar polygons be divided into the same number of similar 
triangles, the triangles are “ Zomologous to the wholes” (in the sense that the 
polygons have the same ratio as the corresponding triangles have), and that 
the polygons are to one another in the duplicate ratio of corresponding sides. 
This again, though no doubt an improvement of form, would necessitate the 
drawing over again of the figure of the altered Proposition 18 and a certain 
amount of repetition. 

Agreeably to his suggestion that Prop. 23 should come before Prop. 14 
which is a particular case of it, De Morgan would prove Prop. 19 for 
paralielograms by means of Prop. 23, and thence infer the truth of it for 
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triangles or the halves of the parallelograms. He adds: “The method of 
Euclid is an elegant application of the operation requisite to compound equal 
ratios, by which the conception of the process is lost sight of” For the 
general reason given in the note on vi. 14 above, I think that Euclid showed 
the sounder discretion in the arrangement which he adopted. Moreover it is 
not easy to see how performing the actual operation of compounding two 
equal ratios can obscure the process, or the fact that two equal ratios are 
being compounded. On the definition of compounded ratios and duplicate 
ratio, De Morgan has himself acutely pointed out that “composition” is here 
used for the process of detecting the single alteration which produces the 
effect of two or more, the duplicate ratio being the result of compounding two 
equal ratios. The proof of vi. 19 does in fact exhibit the single alteration 
which produces the effect of two. And the operation was of the essence of 
the Greek geometry, because it was the manipulation of ratios in this manner, 
by simplification and transformation, that gave it so much power, as every one 
knows who has read, say, Archimedes or Apollonius. Hence the introduction 
of the necessary operation, as well as the theoretical proof, in this proposition 
seems to me to have been distinctly worth while, and, as it is somewhat 
simpler in this case than in the more general case of VI. 23, it was in 
accordance with the plan of enabling the difficulties of Book v1. to be more 
easily and gradually surmounted to give the simpler case first. 

That Euclid wished to emphasise the importance of the method adopted, 
as well as of the result obtained, in v1. 19 seems to me clearly indicated by 
the Porism which follows the proposition. It is as if he should say: “1 have 
shown you that similar triangles are to one another in the duplicate ratio of 
corresponding sides; but I have also shown you incidentally how it is possible 
to work conveniently with duplicate ratios, viz. by transforming them into 
simple ratios between straight lines. I shall have occasion to illustrate the 
use of this method in the proof of vi. 22.” 

The Porism to vi. 19 presents one difficulty. It will be observed that it 
speaks of the figure (εἶδος) described on the first straight line and of that which 
is similar and similarly described on the second. If “figure” could be 
regarded as loosely used for the figure of the proposition, i.e. for a triangle, 
there would be no difficulty. If on the other hand “the figure” means any 
rectilineal figure, 1.6. any polygon, the Porism is not really established until 
the next proposition, vi. 20, has been proved, and therefore it is out of place 
here. Yet the correction τρίγωνον, triangle, for εἶδος, figure, is due to Theon 
alone; P and Campanus have “figure,” and the reading of Philoponus and 
Psellus, τετράγωνον, sguare, partly supports εἶδος, since it can be reconciled with 
εἶδος but not with τρίγωνον. Again the second Porism to vi. 20, in which this 
Porism is reasserted for any rectilineal figure, and which is omitted by 
Campanus and only given by P in the margin, was probably interpolated by 
Theon. Heiberg concludes that Euclid wrote “figure” (εἶδος), and Theon, 
seeing the difficulty, changed the word into “triangle” here and added Por. 2 
to VI. 20 in order to make the matter clear. If one may hazard a guess as to 
how Euclid made the slip, may it be that he first put it after vi. 20 and then, 
observing that the expression of the duplicate ratio by a single ratio between 
two straight lines does not come in vi. 20 but in vi. 19, moved the Porism to 
the end of vi. 19 in order to make the connexion clearer, without noticing 
that, if this were done, εἶδος would need correction ἢ 

The following explanation at the end of the Porism is bracketed by 
Fleiberg, viz. “Since it was proved that, as CB is to BG, so is the triangle 
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ABC to the triangle ABG, that is DEF” Such explanations in Porisms are 
not in Euclid’s manner, and the words are not in Campanus, though they date 
from a time earlier than Theon. 


PROPOSITION 20. 


Szmilar polygons ave divided into similar triangles, and 
into triangles egual in multitude and in the same ratio as 
the wholes, and the polygon has to the polygon a ratio duplicate 
of that which the corresponding side has to the corresponding 

5 S20. 


Let ABCDE, FGHKL be similar polygons, and let AB 
correspond to /G ; 


I say that the polygons ABCDE, FGHKE are divided into 
similar triangles, and into triangles equal in multitude and in 

ro the same ratio as the wholes, and the polygon ASCYDE has 
to the polygon /GAKZL a ratio duplicate of that which dL 
has to #G. 


Let BE, EC, GL, LA be joined. 


A 


\ 


| 
Ni 
Hi K 


Now, since the polygon 4ACDE is similar to the polygon 
3ilhGHKL, 
the angle BAF is equal to the angle GFL ; 
and, as BA isto AZ, sois GF to FL. ἴνι. Def. 1] 
Since then ABZ, FGL are two triangles having one 
angle equal to one angle and the sides about the equal angles 
20 proportional, 


therefore the triangle 44 is equiangular with the triangle 
FGL;: [vr 6] 


so that it is also similar; — [v1. 4 and Def. 1] 


therefore the angle 4 REZ is equal to the angle δ 2. 
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23 But the whole angle ABC is also equal to the whole angle 
FGH because of the similarity of the polygons ; 


therefore the remaining angle ZAC is equal to the angle 
ΣΟ ἢ. 


And, since, because of the similarity of the triangles 4.52, 
30 FGL, 
as EB is to BA, so is LG to GF, 
and moreover also, because of the similarity of the polygons, 
as AB is to BC, sois /G to GH, 
therefore, ex aegualt,as EB is to BC, sois LG to GH;; Iv. 22] 


35 that is, the sides about the equal angles EAC, LGA are 
proportional ; 


therefore the triangle EAC is equiangular with the triangle 


LG, [vi. 6] 
so that the triangle ABC is also similar to the triangle 
40 L GFT. νι. 4 and Def. 1] 


For the same reason 
the triangle ECV is also similar to the triangle LAK. 

Therefore the similar polygons ABCDEL, FGHEKL have 
been divided into similar triangles, and into triangles equal in 

45 multitude. 

I say that they are also in the same ratio as the wholes, 
that is, in such manner that the triangles are proportional, 
and ABE, EBC, ECD are antecedents, while 7GL, LGH, 
LHK are their consequents, and that the polygon ABCDE 

sohas to the polygon PGAXKZ a ratio duplicate of that which 


the corresponding side has to the corresponding side, that is 
AB to FG. 


For let 4C, AA be joined. 
Then since, because of the similarity of the polygons, 


55 the angle AAC is equal to the angle FGH, 
and, as 4f is to BC, so is FG to GH, 
the triangle AC is equiangular with the triangle /GH ; 


[νι. 6] 
therefore the angle BAC is equal to the angle ΟΣ, 


and the angle BCA to the angle GH 
6 And, since the angle 5.4 77 is equal to the angle GFN, 
and the angle 4 84/7 is also equal to the angle “GN, 
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therefore the remaining angle 44/B is also equal to the 

remaining angle 7G; [1. 32] 

therefore the triangle 4247 is equiangular with the triangle 
65 FGN. 

Similarly we can prove that 
the triangle BMC is also equiangular with the triangle GVH. 

Therefore, proportionally, as 4.17 is to WB, so is FN to 

vo and, as Bi isto MC, sois GN to VA; 
so that, in addition, ex aegualz, 
as 427 isto MC, so is FN to AA. 

But, as AMZ is to ATC, so is the triangle 48.17 to ATBC, 

and AME to AMC; for they are to one another as their 
75 bases. νι. τῇ 
Therefore also, as one of the antecedents is to one of the 
consequents, so are all the antecedents to all the consequents ; 
VY. 2 
oie as the triangle 4i7B is to BWC, so is ABE εἰ 
82. 
80 But, as AMA is to BMC, so is AAT to 270; 
therefore also, as AMZ is to MC, so is the triangle ABE to 
the triangle AAC. 

For the same reason also, 

as ΔΛ is to W/Z, so is the triangle /GL to the triangle 
85 GLI. 

And, as 477 is to WC, sois FN to VA; 
therefore also, as the triangle AZZ is to the triangle BEC, 
so is the triangle “GZ to the triangle GL/7; 
and, alternately, as the triangle 4 LZ is to the triangle FGL, 

90 so is the triangle BEC to the triangle GLA. 

Similarly we can prove, if 22, GX be joined, that, as the 
triangle BEC is to the triangle Δ 6 ΤΥ, so also ts the triangle 
ECP to the triangle LAK. 

And since, as the triangle 4 8Z£ is to the triangle FGL, 

9550 is EBC to LGH, and further ECD to LHK, 
therefore also, as one of the antecedents is to one of the 
consequents, so are all the antecedents to all the ro 
Vv. T2 
therefore, as the triangle AZ is to the triangle AGL, 
so is the polygon 48CDE to the polygon PGCAKL. 
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oo Βαῖ the triangle A BF has to the triangle “GL a ratio 
duplicate of that which the corresponding side 4Z has to the 
corresponding side “G; for similar triangles are in the 
duplicate ratio of the corresponding sides. [vi. 19] 

Therefore the polygon 42CDE also has to the polygon 
τος ΣΟ ΑΔ a ratio duplicate of that which the corresponding 
side 48 has to the corresponding side /G. 
Therefore etc. 


Porism. Similarly also it can be proved in the case of 
quadrilaterals that they are in the. duplicate ratio of the 
110 corresponding sides. And it was also proved in the case of 
triangles; therefore also, generally, similar rectilineal figures 
are to one another in the duplicate ratio of the corresponding 


sides, 
Ο. Ἑ. Ὁ. 


2. in the same ratio as the wholes. The same word ὁμόλογος is used which I have 
generally translated by ‘“‘ corresponding.” But here it is followed by a dative, ὁμόλογα τοῖς 
ὅλοις ““ Aontologois with the wholes,” instead of being used absolutely. The meaning can 
therefore here be nothing else but “in the same ratio with’’ or ‘‘ proportional to the 
wholes”; and Euclid seems to recognise that he is making a special use of the word, 
because he explains it lower down (1. 46): ‘‘the triangles are homologous to the wholes, that 
is, in such manner that the triangles are proportional, and 4B2, ΡΟ, ΞΟ are ante- 
cedents, while AGL, ZLGH, LHX are their consequents.” 

49. ἑπόμενα αὐτῶν, “their consequents,” is a little awkward, but may be supposed to 
indicate which triangles correspond to which as consequent to antecedent. 


An alternative proof of the second part of this proposition given after the 
Porisms is relegated by August and Heiberg to an Appendix as an interpolation. 
It is shorter than the proof in the text, and is the only one given by many 
editors, including Clavius, Billingsley, Barrow and Simson. It runs as follows: 

“We will now also prove that the triangles are homologous in another and 
an easier manner, 


C D Hi K 


Again, let the polygons ABCDE, FGHKTL be set out, and let BE, ZC, 
GL, LH be joined. 

I say that, as the triangle ABZ is to FGZ, so is EBC to LGA and CDE 
to AKL. 

For, since the triangle 4 AZ is similar to the triangle /GZ, the triangle 
ABE has to the triangle “GZ a ratio duplicate of that which BZ has to GZ. 
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For the same reason also 


the triangle BEC has to the triangle GZA a ratio duplicate of that which 
BE has to GL. 


Therefore, as the triangle ABZ is to the triangle PGZ, so is BEC 
to GLA. 


Again, since the triangle ZAC is similar to the triangle LGA, 


LBC has to 26 ἢ a ratio duplicate of that which the straight line C# has 
to AL. 


For the same reason also 


the triangle #CY has to the triangle ZAX a ratio duplicate of that which 
CE has to AZ. 


Therefore, as the triangle ESC is to LGH, so is ECD to LHK. 
But it was proved that, 


as HBC is to LGH, so also is ABE to FGL. 


Therefore also, as ASF is to δ 7, sois BEC to GLA and ECD to 
LHK. 


Oo; Ἐ. η.᾿ 


Now Euclid cannot fail to have noticed that the second part of his 
proposition could be proved in this way. It seems therefore that, in giving 
the other and longer method, he deliberately wished to avoid using the result 
of νι. 19, preferring to prove the first two parts of the theorem, as they can be 
proved, independently of any relation between the areas of similar triangles. 

The first part of the Porism, stating that the theorem is true of guadrilaterals, 
would be superfluous but for the fact that technically, according to Book 1. 
Def. το, the term “polygon” (or figure of many sides, πολύπλευρον) used in the 
enunciation of the proposition is confined to rectilineal figures of sore than 
four sides, so that a quadrilateral might seem to be excluded. The mention 
of the triangle in addition fills up the tale of “similar rectilineal figures.” 

The second Porism, Theon’s interpolation, given in the text by the editors, 
but bracketed by Heiberg, is as follows: 

“And, if we take Oa third proportional to 48, #G, then BA has to Oa 
ratio duplicate of that which 4Z has to AG. 

But the polygon has also to the polygon, or the quadrilateral to the 
quadrilateral, a ratio duplicate of that which the corresponding side has to 
the corresponding side, that is 4B to #G; 
and this was proved in the case of triangles also ; 


so that it is also manifest generally that, if three straight lines be proportional, 
as the first is to the third, so will the figure described on the first be to the 
similar and similarly described figure on the second.” 


PROPOSITION 21. 


Figures whith are similar to the same vectrlineal figure 
are also similar to one another. 


For let each of the rectilineal figures A, 2 be similar to C; 
I say that 4 is also similar to ὁ. 
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For, since A is similar to C, 


it is equiangular with it and has the sides about the equal 
angles proportional. [vi. Def. τ] 


| Noa 


Again, since .8᾽ is similar to C, 


it is equiangular with it and has the sides about the equal 
angles proportional. 


Therefore each of the figures 4, 4 is equiangular with C 
and with C has the sides about the equal angles proportional; 


therefore 4 is similar to B. 
9. Ε. Ὁ. 
It will be observed that the text above omits a step which the editions 
generally have before the final inference “Therefore 4 is similar to 2.” The 
words omitted are “so that A is also equiangular with & and [with 4] has the 


sides about the equal angles proportional.” Heiberg follows P in leaving 
them out, conjecturing that they may be an addition of Theon’s. 


PROPOSITION 22. 


Lf four straight lines be proportional, the rectilineal figures 
stmilar and similarly described upon them will also be pro- 
portional; and, of the recttleneal figures similar and similarly 
described upon them be proportional, the straight lines will 
themselves atso be proportional. 


Let the four straight lines 44, CD, EF, GH be pro- 
portional, 
so that, as 441s to CD,sois AF to GH, 


and let there be described on 44, CY the similar and similarly 
situated rectilineal fgures KAS, LCD, 


and on £/, GH the similar and similarly situated rectilineal 


figures Mi, NA; 
I say that, as A.B is to LCD, sois MF to NA. 


For let there be taken a third proportional O to AB, CD, 
and a third proportional P to EF, GZ. [vi. rr] 
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Then since, as 4B is to CD, so is EF to GH, 
and, as CY is to O, so is GH to P, 
therefore, ex aeguali, as AB is to O, sois EF to P. [ν. 22] 
But, as 4B is to O, so is KAB to LCD, | 
and, as £F'is to P, sois MF to NA: 
therefore also, as KAB isto LCD, so is MF to NH. [v. 11] 


A AD 


7 


ἵνι. 19, Por.] 


Q R 


Next, let WF be to VH as ΚΑΘ isto LCD; 
I say also that, as 47 is to CD, so is EF to GH. 
For, if &/ is not to GH as AB to CD, 
let EF be to QR as AS to CD, (vi. 12] 


and on ΟἿ let the rectilineal figure SR be described similar 
and similarly situated to either of the two M/F, VA. τι. 18] 


Since then, as 4A is to CY, so is EF to OR, 


and there have been described on 4A, CD the similar and 
similarly situated figures KAB, LCD, 


and on £¥, QA the similar and similarly situated figures 
MF, Sk, 
therefore, as KAR isto LCD, sois MF to SR. 

But also, by hypothesis, 

as KAB isto LCD, so is MF to NA; 

therefore also, as 271} is to SR, so is MF to NA [v.11] 

Therefore ZF has the same ratio to each of the figures 
NA, SR; 

therefore V7 is equal to SR. fv. 9] 
But it is also similar and similarly situated to it ; 


therefore GH is equal to OR. 


H. E. 11. 16 
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And, since, as 4B is to CD, so is EF to OR, 
while OF is equal to GH, 
therefore, as 42 is to CD, so is EF to GH. 


Therefore etc. 
Q. E. Ὁ. 


The second assumption in the first step of the first part of the proof, viz. 
that, as CD is to O, so GH to Δ. should perhaps be explained. It is a 
deduction [by v. 11] from the facts that 


AB isto CDas CD to O, 
EF isto GHas GH to FP, 
and AB isto CDas £F to GH. 


The defect in the proof of this proposition is well known, namely the 
assumption, without proof, that, because the figures VA, S& are equal, 
besides being similar and similarly situated, their corresponding sides GH, OR 
are equal. Hence the minimum addition necessary to make the proof 
complete is a proof of a lemma to the effect that, 27 two stmtlar figures are also 
equal, any pair of corresponding sides are egual. 

To supply this lemma is one alternative; another is to prove, as a 
preliminary proposition, a much more general theorem, viz. that, 7 fhe 
duplicate ratios of two ratios are equal, the tuo rattos are themselves equal. 
When this is proved, the second part of vi. 22 is an immediate inference from 
it, and the effect is, of course, to substitute a new proof instead of 
supplementing Euclid’s. 


I. Itis to be noticed that the lemma required as a minimum is very like 
what is needed to supplement vi. 28 and 29, in the proofs of which Euclid 
assumes that, 27 feo similar parallelograms are unegual, any side tn the greater 
is greater than the corresponding side in the smaller. Therefore, on the whole, it 
seems preferable to adopt the alternative of proving the simpler lemma which 
will serve to supplement all three proofs, viz. that, 7f of two similar rectilineal 
Jigures the first is greater than, equal to, or less than, the second, any side of the 
jirst is greater than, equal to, or less than, the corresponding side of the second 
respectively. 

The case of eguality of the figures is the case required for vi. 22; and the 
proof of it is given in the Greek text after the proposition. Since to give such 
a “lemma” after the proposition in which it is required is contrary to Euclid’s 
manner, Heiberg concludes that it is an interpolation, though it is earlier than 
Theon. The lemma runs thus: 


__ “But that, if rectilineal figures be equal and similar, their corresponding 
sides are equal to one another we will prove thus. 


Let WH, S& be equal and similar rectilineal figures, and suppose that, 
as HG is to GN, sois RQ to OS; 
I say that RQ is equal to HG. 
For, if they are unequal, one of them is greater ; 
let RQ be greater than AG. 
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Then, since, as #Q is to QS, so is HG to GN, 
alternately also, as RQ is to HG, sois OS to GN; 
and QA is greater than HG ; 

therefore QS is also greater than GV; 
so that FS is also greater than A.A’*, 

But it is also equal: which is impossible. 

Therefore QA is not unequal to GH; 
therefore it is equal to it.” 


[The step marked * is easy to see if it is remembered that it is only 
necessary to prove its truth in the case of ¢réangies (since similar polygons are 
divisible into the same number of similar and similarly situated triangles 
having the same ratio to each other respectively as the polygons have). If the 
triangles be applied to each other so that the two corresponding sides of each, 
which are used in the question, and the angles included by them coincide, 
the truth of the inference is obvious. ] 


The lemma might also be arrived at by proving that, if @ ratio ts greater than 
a ratio of equality, the ratio which ts tts duplicate ts also greater than a ratio of 
equality; and tf the ratto which 1s duplicate of another ratio ts greater than a 
ratio of equality, the ratio of which it ts the duplicate is also greater than a ratio 
of equality. It is not difficult to prove this from the particular case of v. 25 in 
which the second magnitude is equal to the third, i.e. from the fact that in 
this case the sum of the extreme terms is greater than double the middle term. 


II. We nowcome to the alternative which substitutes a new proof for the 
second part of the proposition, making the whole proposition an immediate 
inference from one to which it is practically equivalent, viz. that 

(1) Lf two ratios be equal, their duplicate ratios are equal, and (2) con- 
versely, if the duplicate ratios of two ratios be equal, the ratios are equal. 

The proof of part (1) is after the manner of Euclid’s own proof of the first 
part of vi. 22. 


Let 4 be to Bas C to D, 


and let X be a third proportional to 4, &, and Y a third proportional to C, D, 


so that 
Aisto Bas & to X, 


and Cisto Das Dto Y; 
whence A is to X in the duplicate ratio of 4 to .δ, 
and Cis to Yin the duplicate ratio of C to D. 
Since Aisto Bas Cis to D, 
and Bisto X as A isto S, 
Le. as Cis to D, 
fv. rr] 


ie. as Disto Καὶ 
therefore, ex φεφμα ζῇ, Aisto Xas Cisto V. 


Part (2) is much more difficult and is the crux of the whole thing. _ 

Most of the proofs depend on the assumption that, 2 being any magnitude 
and P and Q two magnitudes of the same kind, there does exist a magnitude 
A which is to B in the same ratio as P to Q. It is this same assumption 


16—2 
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which makes Euclid’s proof of v. 18 illegitimate, since it is nowhere proved 
in Book v. Hence any proof of the proposition now in question which 
involves this assumption even in the case where 4, /, Ὁ are all straight lines 
should not properly be given as an addition to Book v.; it should at least be 
postponed until we have learnt, by means of vi. 12, giving the actual 
construction of a fourth proportional, that such a fourth proportional exists. 

Two proofs which are given of the proposition depend upon the following 
lemma. 

if A, B, C be three magnitudes of one kind, and D, E, F three magnitudes 
of one kind, then, tf 


the ratio of A to B ts greater than that of D Zo E, 
and the ratio of B to C greater than that of E to F, 
ex aequali, the ratio of A to C is greater than that of D 20 F. 


One proof of this does not depend upon the assumption referred to, and 
therefore, if this proof is used, the theorem can be added to Book v. The 
proof is that of Hauber (Camerer’s Euclid, p. 358 of Vol. 11.) and is reproduced 
by Mr H. M. Taylor. For brevity we will use symbols. 

Take equimultiples #4, mD of A, D and 2B, x£ of B, & such that 


mA>nb, but mD pa. 


Also let 4, 22 be equimultiples of 2, & and gC, g/ equimultiples of 
C, # such that 
pB>d, but ΖΕ >of. 
Therefore, multiplying the first line by and the second by 2, we have 
pmA >pnB, pmD ppn£, 


and npB >ngC, ap png, 

whence 2γι4 >ngCl, pmD »>ngF. 
Now pmA, pmD are equimultiples of mA, mD, 

and ngC, ngF equimultiples of 7C, φῇ: 
Therefore [v. 3] they are respectively equimultiples of 4, D and of C, & 
Hence [v. Def. 7] A:C>oD:F. 


Another proof given by Clavius, though depending on the assumption 
referred to, is neat. 
Take G such that 


G:C=ZE:£ 
A D 
B Ε 
Cc F 
G 
H 
Therefore B:C>G:6, [v. 13] 
and B>G. [v. ro] 


Therefore A:G>A:B. [ν. 8] 
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But ASB SDE. 
Therefore, a fortiori, AtGoD: Zz. 
Suppose /# taken such that 
MG Sas ξ. 
Therefore 4». [v. 13, 10] 
Hence Asis C. [v. 8] 
But A PGaD o£, 
GHC a2 ide 
Therefore, ex aeguali, AH. C=aD:f. [v. 22] 
Hence A: C>D:F. [v. x3] 


Now we can prove that 
Ratios of whith equal ratios are duplicate are equal. 


Suppose that “Apap Ἃς, 
and DS Se Oe Ow ai 
and further that ACH LD ΖΥ 


it is required to prove that 
A: B=: EE. 


For, if not, one of the ratios must be greater than the other. 
Let .d : & be the greater. 


Then, since A: B=B:C, 
and Pete = io £ 
while A: B>D:2£, 
it follows that B:C>k > f. [v. 13] 
Hence, by the lemma, ex aegual, 
Az:C>D =: 


which contradicts the hypothesis. 
Thus the ratios 4: Band ): £ cannot be unequal; that ts, they are equal. 
Another proof, given by Dr Lachlan, also assumes the existence of a 
fourth proportional, but depends upon a simpler lemma to the effect that 
it is impossible that two different ratios can have the same duplicate ratio. 
For, if possible, let the ratio .4:2 be duplicate both of 4: Yand 4: Κ᾽ 
so that 


A:X=X: 8B, 
and A: V=V¥:38. 
Let X be greater than Y. 
Then At xX <A TY: iv. 8] 
that is, Ney ΣΝ ἵν. τὰ, 13] 
or X<Y, [v. ro] 


But X is greater than Y: which is absurd, etc. 
Hence A=, 
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Now suppose that A B=B +; 
Di: E=E:F; 
and AsCSD Δ 
To prove that A:B=D: £. 


If this is not so, suppose that 


ALBeSD es 
Since Ἢ ΟΞ) ες 
therefore, inversely, οἰ Ξε: 
Therefore, ex aegualt, 
C:B=F:Z, [v. 22] 
or, inversely, ΠΟ Ξ Ζεῦ 
Therefore A: B=Z:f. [v. rx] 
But A:B=D:Z, by hypothesis. 
Therefore DP aL sd [v. τι] 
Also, by hypothesis, DB ee ee ἘΣ 
whence, by the lemma, L=Z. 
Therefore A: B=D:£. 


De Morgan remarks that the best way of remedying the defect in Euclid 
is to insert the proposition (the lemma to the last proof) that ΖΖ zs zazposszble 
that two different ratios can have the same duplicate ratio, ‘‘ which,” he says, 
“immediately proves the second (or defective) case of the theorem.” But this 
seems to be either too much or too little: too much, if we choose to make 
the minimum addition to Euclid (for that addition is a lemma which shall prove 
that, if a duplicate ratio is a ratio of equality, the ratio of which it is duplicate 
is also one of equality), and too little if the proof is to be altered in the more 
fundamental manner explained above. 

I think that, if Euclid’s attention had been drawn to the defect in his 
proof of vi. 22 and he had been asked to remedy it, he would have done so 
by supplying what I have called the minimum lemma and not by making the 
more fundamental alteration. This I infer from Prop. 24 of the Data, where 
he gives a theorem corresponding to the proposition that ratios of which equal 
ratios are duplicate are equal. The proposition in the Dafa is enunciated 
thus: Jf three straight lines be proportional, and the first have to the third a 
given ratio, it will also have to the second a given ratio. 

A, &, C being the three straight lines, so that 


A: B=8:C, 
and A:C being a given ratio, it is required to prove that 4: B is also a 
given ratio. 
Euclid takes any straight line D, and first finds another, such that 
De Fea iC, 
whence J : # must be a given ratio, and, as D is given, F is therefore given. 
Then he takes & a mean proportional between D, F, so that 
Piha sf, 
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It follows [vi. 17] that 
the rectangle D, Fis equal to the square on &. 
But J, Fare both given ; 
therefore the square on £ is given, so that £ is also given. 

[Observe that De Morgan’s lemma is here assumed without proof. It 
may be proved (1) as it is by De Morgan, whose proof is that given above, 
p. 245, (2) in the manner of the ‘minimum lemma,” pp. 242—3 above, or 
(3) as it is by Proclus on 1. 46 (see note on that proposition).] 

Hence the ratio D : & is given. 


Now, since ALi CeaD +f 
and A : C= (square on 4): (rect. A, C), 
while D : F= (square on D): (rect. D, F), ivi. 1] 
therefore (square on 4) : (rect. 4, C) = (square on D) : (rect. D, F). ἵν. 11} 
But, since 4::.5-.8: C, (rect. A, C)=(sq. on B); ay eee va 


and (rect. D, /)=(sq. on £), from above ; 
therefore (square on 4) : (square on &) = (sq. on D) : (sq. on £). 
Therefore, says Euclid, 
A? BaD 2, 
that is, ἀξ assumes the truth of vi. 22 for squares. 


Thus he deduces his proposition from vi. 22, instead of proving vi. 22 by 
means of it (or the corresponding proposition used by Mr Taylor and 
Dr Lachlan). 


PROPOSITION 23. 


Equiangular parallelograms have to one another the ratio 
compounded of the ratios of therr sides. 
Let AC, CF be equiangular parallelograms having the 
angle BCD equal to the angle ECC; 
51 say that the parallelogram AC has to the parallelogram 
CF the ratio compounded of the ratios of the sides. 


K 
L. 
| 


For let them be placed so that BC is in a straight line 
with CG; 


therefore DC is also in a straight line with CZ. 
το _ Let the parallelogram DG be completed ; 
let a straight line K be set out, and let it be contrived that, 
as BC is to CG, so is & to 2, 
and, as DC is to CE, so is Z to 977. [vi. 12] 


248 BOOK VI [vI. 23 


Then the ratios of Kto Z and of Z to 27] are the same 
τς ἂς the ratios of the sides, namely of BC to CG and of DC 
to CE. 
But the ratio of K to Mis compounded of the ratio of A 
to Z and of that of Z to W; 
so that K has also to W/ the ratio compounded of the ratios 
20 of the sides. 
Now since, as BC is to CG, so is the parallelogram 4AC 


to the parallelogram C/7, (vi. x] 

while, as BC is to CG, so is K to ZL, 

therefore also, as K is to L, so is AC to CH. [v. 11] 
2, Again, since, as YC 15 to CE, so is the parallelogram C/T 

to CP, [vi. 1] 


while, as DC is to CZ, so is Z to .77, 


therefore also, as Z is to M, so is the parallelogram CA to 
the parallelogram CF. [v. 11} 


30 Since then it was proved that, as A is to LZ, so is the 
parallelogram AC to the parallelogram C/7, 


and, as Z is to M, so is the parallelogram Οὐ to the 
parallelogram C/, 


therefore, ex aeguali, as K is to MW, so is AC to the parallelo- 
35 gram CF. 


But A has to JZ the ratio compounded of the ratios of 
the sides ; 


therefore 4C also has to CF the ratio compounded of the 
ratios of the sides. 


40 Therefore etc. 
Q. E. D. 


1,6, 19, 36. the ratio compounded of the ratios of the sides, λόγον τὸν συγκείμενον 
ἐκ τῶν πλευρῶν which, meaning literally ‘‘ the ratio compounded of the sides,’ is negligently 
written here and commonly for λόγον τὸν συγκείμενον ἐκ τῶν τῶν πλευρῶν (sc. λόγων). 

11. let it be contrived that, as BC is τὸ CG,soisKtoL. The Greek phrase is 
of the usual terse kind, untranslatable literally: καὶ γεγονέτω as μὲν ἡ ΒΓ πρὸς τὴν TH, 
οὕτως ἡ K πρὸς τὸ Δ, the words meaning “‘ and let (there) be made, as BC to CG, so X to 
L,” where Z is the straight line which has to be constructed. 


The second definition of the Dasa says that A ratio is said to be given if 
we can fend (πορίσασθαι) [another ratio that ἐς} the same with it. Accordingly 
vi. 23 not only proves that equiangular parallelograms have to one another a 
ratio which is compounded of two others, but shows that that ratio is “given” 


when its component ratios are given, or that it can be represented as a simple 
ratio between straight lines. 
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Just as vi. 23 exhibits the operation necessary for compounding two 
ratios, a proposition (8) of the Dafa indicates the operation by which we may 
divide one ratio by another. The proposition proves that Things «wéhich 
have a given ratio to the same thing have also a given ratio to one another. 
Euclid’s procedure is of course to compound one ratio with the zzverse of the 
other; but, when this is once done and the result of Prop. 8 obtained, he 
uses the result in the later propositions as a substitute for the- method of 
composition. Thus he uses the division of ratios, instead of composition, 
in the propositions of the Mata which deal with the same subject-matter as 
νι. 23. The effect is to represent the ratio of two equiangular parallelograms 
as a ratio between straight lines one of which is one side of one of the 
parallelograms. Prop. 56 of the Dafa shows us that, if we want to express 
the ratio of the parallelogram 4C to the parallelogram CF in the figure 


of vi. 23 in the form of a ratio in which, for example, the side AC is the 
antecedent term, the required ratio of the parallelograms is BC: X, where 


DGC i CEL= CG - ἃ, 
or X is a fourth proportional to DC and the two sides of the parallelogram CF. 
Measure CX along CB, produced if necessary, so that 
WC CLS ek 
(whence CX is equal to X). 
[This may be simply done by joining DG and then drawing £4 parallel 
to it meeting CB in £.]} 
Complete the parallelogram 4X. 


Then, since DC:CE=CG : C&, 
the parallelograms DX, CF are equal. γι. 14} 
Therefore (AC): (CF)=(AC): (DK) ecg 
=BC: CK (vi. 1} 
= BC: X. 


Prop. 68 of the Dafa uses the same construction to prove that, /f to 
eguiangular parallelograms have to one another a given ratio, and one side have 
to one side a given ratio, the remaining side will also have to the remaining side 
a given ratio. 

I do not use the figure of the Dae/a but, for convenience’ sake, I adhere 
to the figure given above. Suppose that the ratio of the parallelograms is 
given, and also that of CD to C&. 

Apply to CD the parallelogram DX equal to CF and such that CA, CB 


coincide in direction. [π᾿ 45 
Then the ratio of 4C to KD is given, being equal to that of AC to Οἷα 
And (AC): (KD)=CB: CK; 


therefore the ratio of CB to CK is given. 
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But, since KD = CF, 
CP SCE SCG? Cx. ἵν: 14] 
Hence CG : CK is a given ratio. 
And 68 : CX was proved to be a given ratio. 
Therefore the ratio of CB to CG is given. | Data, Prop. 8] 
Lastly we may refer to Prop. 70 of the Dada, the first part of which proves 
what corresponds exactly to vi. 23, namely that, /f 7 two equiangular paral- 
lelograms the sides containing the equal angles have a given ratio to one another 
[i.e. one side in one to one side in the other}, the paradlelograms themselves will 
also have a given ratio to one another. [Here the ratios of BC to CG and of 
CD to CE are given. | 
The construction is the same as in the last case, and we have AD equal 
to CF, so that 
CD: CE=aCG: CK. νι. 14] 
But the ratio of CD to CE is given; 
therefore the ratio of CG to CK is given. 


And, by hypothesis, the ratio of CG to CB is given. 

Therefore, by dividing the ratios [ Data, Prop. 8], we see that the ratio of 
CB to CK, and therefore [v1. 1] the ratio of AC to DK, or of AC to CF, 
is given. 

Euclid extends these propositions to the case of two parallelograms which 
have gzvez but not equal angles. 


Pappus (vl. p. 928) exhibits the result of vi. 23 in a different way, 
which throws new light on compounded ratios. He proves, namely, that ὦ 
paralteéogram is to an eguiangular parallelogram as the rectangle contained by 
the adjacent sides of the first is to the rectangle contained by the adjacent sides 


of the second. 
A 
Βα CG EH Ε 


Let AC, DF be equiangular parallelograms on the bases BC, EF, and let 
the angles at B, & be equal. 


Draw perpendiculars 4G, DH to BC, EF respectively. 
Since the angles at &, G are equal to those at #, Z, 


the triangles 48G, DAA are equiangular. 


Therefore BA: AG=ED: DE. [vr. 4] 
But BA: AG =(rect. BA, BC) : (rect. AG, BC), 
and #D: DH=(rect. ED, EF): (rect. DA, EF). [νι. 1] 


Therefore [v. 11 and v. 16] 


(rect. 4B, BC) : (rect. DE, EF) = (rect. AG, BC) : (rect. DH, EF) 
SACI DF): 
Thus it is proved that the ratio compounded of the ratios 4B: DZ& and 


£C:£F is equal to the ratio of the rectangle 48, AC to the rectangle 
DE, EF. 
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Since each parallelogram in the figure of the proposition can be divided 
into pairs of equal triangles, and all the triangles which are the halves of either 
parallelogram have two sides respectively equal and the angles included by 
them equal or supplementary, it can be at once deduced from vi. 23 (or it 
can be independently proved by the same method) that ¢riaugles which have 
one angle of the one equal or supplementary to one angle of the other are in the 
ratio compounded of the ratios of the sides about the egual or supplementary 
angles. Cf. Pappus vil. pp. 894—6. 

vi. 23 also shows that rectangles, and therefore parailelograms or triangles, 
ave to one another in the ratio compounded of the ratios of their bases and 
heights. 

The converse of VI. 23 is also true, as is easily proved by reductio ad 
absurdum. More generally, Ζῇ tee paradlelograms or irtangles are in the ratto 
contpounded of the ratios of two adjacent sides, the angles included by those sides 
are either equal or supplementary. 


PROPOSITION 24. 


In any parallelogrant the parallelograms about the diameter 
are similar both to the whole and to one another. 


Let ALCY be a parallelogram, and AC its diameter, 
and let EG, YK be parallelograms 
about AC; 


J say that each of the parallelograms 
EG, AK is similar both to the whole 
ABCLD and to the other. 


For, since AF has been drawn 
parallel to GC, one of the sides of the 
triangle ABC, 


proportionally, as BE is to AA, sois CF to FA. [νι 2 


Again, since /G has been drawn parallel to CD, one of 
the sides of the triangle ACY, 


proportionally, as CF is to HA, sois DGto GA. [νε 2] 
But it was proved that, 
as ΟΡ ᾿ς to FA, so also is BE to ZA; 
therefore also, as BE is to £4, so is DG to GH, 
and therefore, componendo, 


as BA isto AF, so is DA to AG, [v. 18] 
and, alternately, 
as BA is to AD, so is EA to AG. [v. 16] 


Therefore in the parallelograms 4 BCD, EG, the sides 
about the common angle &4/ are proportional. 


And, since GF is parallel to DC, 
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the angle AFG is equal to the angle DCA; 
anid the angle DAC is common to the two triangles ADC, 
AG: 
therefore the triangle 4 DC is equiangular with the triangle 
AGE, 
For the same reason 
the triangle 4CB is also equiangular with the triangle 
AFE, 
and the whole parallelogram ABCD is equiangular with the 
parallelogram £G. 
Therefore, proportionally, 
as 4D isto DC, so is AG to GF, 
as DC is to CA, sois GF to FA, 
as AC is to CB, so is AF to FA, 
and further, as CB is to AA, sois FE to AA. 
And, since it was proved that, 
as DC is to CA, sois GF to FA, 
and, as dC is to CB, sois AF to FEL, 
therefore, ex aegualt, as DC is to C4, so is GF to FE. [ν. 22] 
Therefore in the parallelograms 48CD, £G the sides 
about the equal angles are proportional ; 
therefore the parallelogram 4.50} is similar to the parallelo- 
gram EG. νι. Def. x] 
For the same reason 
a ABCD is also similar to the parallelogram 
therefore each of the parallelograms AG, AX is similar to 
ABCD. 


But figures similar to the same rectilineal figure are also 
similar to one another ; (vr. 21] 


therefore the parallelogram £G is also similar to the parallelo- 
gram ΤΠ Κ. 


Therefore etc. 


Q. E. Ὁ. 


Simson was of opinion that this proof was made up by some unskilful 
editor out of two others, the first of which proved by parallels (v1. 2) that 
the sides about the common angle in the parallelograms are proportional, 
while the other used the similarity of triangles (v1. 4). It is of course true 
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that, when we have proved by vi. 2 the fact that the sides about the common 
angle are proportional, we can infer the proportionality of the other sides 
directly from I. 34 combined with v. 7. But it does not seem to me unnatural 
that Euclid should (1) deliberately refrain from making any use of 1. 34 and 
(2) determine beforehand that he would prove the sides proportional iz ἃ 
definite order beginning with the sides #4, 4G and BA, AD about the 
common angle and then taking the remaining sides in the order indicated 
by the order of the letters 4, G, 4% 2. Given that Euclid started the proof 
with such a fixed intention in his mind, the course taken presents no difficulty, 
nor is the proof unsystematic or unduly drawn out. And its genuineness 
seems to me supported by the fact that the proof, when once the first two 
sides about the common angle have been disposed of, follows closely the 
order and method of vi. 18. Moreover, it could readily be adapted to the 
more general case of two polygons having a common angle and the other 
corresponding sides respectively parallel. 

The parallelograms in the proposition are of course similarly situated as 
well as similar; and those “about the diameter” may be ‘‘about” the 
diameter produced as well as about the diameter itself. 

From the first part of the proof it follows that parallelograms which have 
one angle equal to one angle and the sides about those angles proportional 
are similar. 

Prop. 26 is the converse of Prop. 24, and there seems to be no reason 
why they should be separated as they are in the text by the interposition of 
vi. 25. Campanus has vi. 24 and 26 as VI. 22 and 23 respectively, vi. 23 as 
VI, 24, and VI. 25 as we have it. 


PROPOSITION 25. 


To construct one and the same figure simzlar to a given 
rectilineal figure and equal to another given rectilineal figure. 


Let ABC be the given rectilineal figure to which the 
figure to be constructed must be similar, and Y that to which 
it must be equal ; 
thus it is required to construct one and the same figure similar 


to :ABC and equal to DL. 


A K 


ι. Ε M G H 


Let there be applied to BC the parallelogram BL equal 
to the triangle ABC [1. 44], and to CZ the parallelogram CA 
equal to D in the angle #CE which is equal to the angle 
CBL. [τ 45] 


254 BOOK VI [vi. 25 


Therefore AC is in a straight line with C/, and ZZ with 
EM. 

Now let GH be taken a mean proportional to BC, CF 
(vt. 13], and on GH let KGH be described similar and similarly 
situated to JBC. [v1. 18] 

Then, since, as BC is to GAZ, sois GA to CF. 
and, if three straight lines be proportional, as the first is to 
the third, so is the figure on the first to the similar and 
similarly situated figure described on the second, _ νι. 19, Por.] 
therefore, as BC is to CF, so is the triangle ALC to the 
triangle AGH. 

But, as BC is to CF, so also is the parallelogram BLE to 
the parallelogram .5 2. ἵνι. 1] 

Therefore also, as the triangle ALC is to the triangle 
KGH,., so is the parallelogram BZ to the parallelogram EF; 


therefore, alternately, as the triangle 4AC is to the parallelo- 
gram BE, so is the triangle AG// to the parallelogram Z/. 
[v. 16] 
But the triangle ALC is equal to the parallelogram BE ; 


therefore the triangle AG// is also equal to the parallelogram 
5.5: 

But the parallelogram AF is equal to 2); 
therefore KGA// is also equal to LD. 


And ΑΘ is also similar to ABC. 

Therefore one and the same figure AG// has been con- 
structed similar to the given rectilineal figure 4 AC and equal 
to the other given figure 2), 

Ο. Ἑ. Ὁ. 


3. to which the figure to be constructed must be similar, literally ‘to which it 
is required to construct (one) similar,” ᾧ de? ὅμοιον συστήσασθαι. 


This is the highly important problem which Pythagoras is credited with 
having solved. Compare the passage from Plutarch (Sym. vil. 2, 4) quoted 
in the note on 1. 44 above, Vol. I. pp. 343—4. 


We are bidden to construct a rectilineal figure which shall have the form of 
one and the szze of another rectilineal figure. The corresponding proposition 
of the Daza, Prop. 55, asserts that, “if an area (χωρίον) be given in form 
(εἴδει) and in magnitude, its sides will also be given in magnitude.” 

Simson sees signs of corruption in the text of this proposition also. In 
the first place, the proof speaks of the “7rangle ABC, though, according to the 
enunciation, the figure for which APC is taken may be axy rectilineal figure, 
εὐθύγραμμον “rectilineal figure” would be more correct, or εἶδος, “figure”; the 
mistake, however, of using τρέγωνον is not one of great importance, being no 
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doubt due to the accident by which the figure was drawn as a triangle in the 
diagram. 


The other observation is more important. After Euclid has proved that 
(fig. ABC): (fig. KGA)=(BE) : (EF), 
he might have inferred drvecf/y from v. 14 that, since ABC is equal to BE, 
KGH is equal to #F For v. 14 includes the proof of the fact that, if A is 
to B as (15 to J, and A is equal to C, then & is equal to D, or that of four 
proportional magnitudes, if the first is equal to the third, the second is equal 
to the fourth. Instead of proceeding in this way, Euclid first permutes the 
proportion by v. 16 into 
(fig. ABC) : (SL) = (fig. AGH) : (AF), 
and then infers, as if the inference were easier in this form, that, since the 
jirst is equal to the second, the third is equal to the fourth. Yet there is no 
proposition to this effect in Euclid. The same unnecessary step of permutation 
is also found in the Greek text of x1. 23 and XI. 2, 5, r1, 12 and 18. In 
reproducing the proofs we may simply leave out the steps and refer to v. 14. 


PROPOSITION 26. 


Tf fron. a parallelogram there be taken away a parallelo- 
gram similar and similarly sttuated to the whole and having 
a common augle with it, τέ τς about the same diameter with the 
whole. 


For from the parallelogram ACY let there be taken 
away the parallelogram 4/ similar and 
similarly situated to .4 SCV, and having 
the angle DAZ common with it ; 


I say that 4.50} is about the same 
diameter with “412. 


For suppose it is not, but, if possible, 
let 4A/C be the diameter <of dPCD >, 
let GF be produced and carried through 
to Hf, and let HA be drawn through /7 


parallel to either of the straight lines 4D, SC. [-- 31] 
Since, then, 4.50 is about the same diameter with AG, 
therefore, as DA is to 4B, so is GA to AK. νι. 24] 


But also, because of the similarity of ALCD, AG, 
as DA isto AB, so is GA to AZ; 
therefore also, as Gd is to AK, sois GA to AL. [v. 11] 


Therefore GA has the same ratio to each of the straight 
lines AK, AL. 
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Therefore AZ is equal to AX [ν. 9], the less to the 


greater: which is impossible. . 
Therefore 4 82CD cannot but be about the same diameter 


with 4.6; 


therefore the parallelogram 42CD is about the same diameter 
with the parallelogram A/. 


‘Therefore etc. 
Q. E. D. 


“For suppose it is not, but, if possible, let 4.52. be the diameter.” What 
is meant is “For, if AFC is not the diameter of the parallelogram AC, let 
AHC be its diameter.” The Greek text has ἔστω αὐτῶν διάμετρος 7 AOL; 
but clearly αὐτῶν is wrong, as we cannot assume that one straight line is the 
diameter of both parallelograms, which is just what we have to prove. F and 
V omit the αὐτῶν, and Heiberg prefers this correction to substituting αὐτοῦ 
after Peyrard. I have inserted “<of A4BCD>” to make the meaning clear. 

If the straight line 4 HC does not pass through /, it must meet either 
GF or GF produced in some point A. The reading in the text ‘and let 
GF be produced and carried through to Ἐ (καὶ ἐκβληθεῖσα ἡ HZ διήχθω ἐπὶ 
τὸ ©) corresponds to the supposition that His on GF produced. The words 
were left out by Theon, evidently because in the figure of the mss. the letters 
E, Zand K, Θ were interchanged. Heiberg therefore, following August, has 
preferred to retain the words and to correct the figure, as well as the passage in 
the text where 42, AX were interchanged to be in accord with the Ms. figure. 


It is of course possible to prove the proposition directly, as is done by 
Dr Lachlan. Let 44 AC be the diagonals, and let us make no assumption 
as to how they fall. 

Then, since &/ is parallel to 4G and therefore to BC, 


the angles AZ 4, ABC are equal. 
And, since the parallelograms are similar, 
AL EP RAB: BC. [vi. Def. 1] 
Hence the triangles 427, ABC are similar, [vi. 6] 
and therefore the angle “4 Z is equal to the angle CAB. 


Therefore AF falls on AC. 


The proposition is equally true if the parallelogram which is similar and 
similarly situated to the given parallelogram is not “ taken 
away” from it, but is so placed that it is entirely outside the -¢ ¢ 
other, while two sides form an angle vertically opposite to 
an angle of the other. In this case the diameters are not 
“the same,” in the words of the enunciation, but are in 
a straight line with one anothér. This extension of the 
proposition is, as will be seen, necessary for obtaining, 
according to the method adopted by Euclid in his solu- 
tion of the problem in vi. 28, the second solution of that 
problem. 


Q) 
o 
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PROPOSITION 27. 


Of all the parallelograms applied to the same straight line 
and deficient by parallelogranmiuc figures similar and sinilarly 
setuated to that described on the half of the straight line, that 
parallelogram is greatest which ἐς applied to the half of the 
straight line and ts stntilar to the defect. 


Let AB be a straight line and let it be bisected at C; 

let there be applied to the straight 
line AL the parallelogram AD 
deficient by the parallelogrammic 
figure DZ described on the half of 
AL, that is, CB; 
I say that, of all the parallelograms 
applied to AL and deficient by 
parallelogrammic figures similar and 
similarly situated to DL, AD is greatest. 

For let there be applied to the straight line HA the 
parallelogram A/* deficient by the parallelogrammic figure 
#B similar and similarly situated to DA; 

I say that 4/2 is greater than 4/- 

For, since the parallelogram 2 is similar to the parallelo- 
gram fS, 

they are about the same diameter. [v1. 26] 

Let their diameter D/& be drawn, and let the figure be 
described. 

Then, since CF is equal to “4, [1. 43] 
and /& is common, 


therefore the whole C# is equal to the whole KZ. 


But ΟἿ is equal to CG, since AC is also equal to CZ. 
[1. 36] 


Therefore GC is also equal to EX. 
Let CF be added to each ; 


therefore the whole AF is equal to the gnomon LAN ; 


so that the parallelogram JS, that is, 4, is greater than 
the parallelogram AL. 


Therefore etc. 
Q. E. ἢ. 


H. E. IL. 1 
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We have already (note on I. 44) seen the significance, in Greek geometry, 
of the theory of “the application of areas, their exceeding and their falling- 
short.” In 1. 44 it was a question of “applying to a given straight line 
(exactly, without ‘excess’ or ‘defect’) a parallelogram equal to a given 
rectilineal figure, in a given angle.” Here, in vi. 27—29, it is a question 
of parallelograms applied to a straight line but “ defccent (or exceeding) by 
parallelograms similar and similarly 
situated to a given parallelogram.” 
Apart from size, it is easy to construct 
any number of parallelograms “de- 
ficient” or “exceeding” in the manner 
described. Given the straight line 
AB to which the parallelogram has to 
be applied, we describe on the base 
CB, where C is on AS, or on BA 
produced beyond A, any parallelogram “ similarly situated” and either equal 
or similar to the given parallelogram (Euclid takes the similar and similarly 
situated parallelogram on half the line), draw the diagonal BD, take on it 
(produced if necessary) any points as #, A, draw ZY, or KZ, parallel to CD 
to meet AB or AB produced and complete the parallelograms, as AH, ACL. 

If the point Z is taken on BD or BD produced beyond D, it must be so 
taken that EF meets AB between 4 and &. Otherwise the parallelogram 
AE would not be applied to 4.8 itself, as it is required to be. 

The parallelograms BD, BZ, being about the same diameter, are similar 
[vi. 24], and BE is the defect of the parallelogram AZ relatively to AZ. 
AF, is then a parallelogram applied to AZ but deficient by a parallelogram 
similar and similarly situated to BD. 

If K is on D& produced, the parallelogram BX is similar to BD, but it 
is the excess of the parallelogram AX relatively to the base 4.8. AK is a 
parallelogram applied to 4.5. but exceeding by ἃ parallelogram similar and 
similarly situated to BD. 

Thus it is seen that 4 produced both ways is the /ocus of points, such 
as £ or K, which determine, with the direction of CD, the position of 4, and 
the direction of 4, parallelograms applied to 4.8 and deficient or exceeding 
by parallelograms similar and similarly situated to the given parallelogram. 

The importance of vi. 27—-29 from a historical point of view cannot be 
overrated. They give the geometrical equivalent of the algebraical solution 
of the most general form of quadratic equation when that equation has a real 
and positive root. It will also enable us to find a real negateve root of a 
quadratic equation; for such an equation can, by altering the sign of x, be 
turned into another with a real Aosifize root, when the geometrical method 
again becomes applicable. It will also, as we shall see, enable us to represent 
both roots when both are real and positive, and therefore to represent both 
roots when both are real but either positive or negative. 

The method of these propositions was constantly used by the Greek 
geometers in the solution of problems, and they constitute the foundation of 
Book x. of the Elements and of Apollonius’ treatment of the conic sections. 
Simson’s observation on the subject is entirely justified. He says namely on 
vi. 28, 29: “These two problems, to the first of which the 27th Prop. is 
necessary, are the most general and useful of all in the Elements, and are 
most frequently made use of by the ancient geometers in the solution of 
other problems; and therefore are very ignorantly left out by Tacquet and 
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Dechales in their editions of the Elements, who pretend that they are scarce 
of any use.” 

It is strange that, with this observation »efore him, even Todhunter should 
have written as follows. ‘‘We have omitted in the sixth Book Propositions 
27, 28, 29 and the first solution which Euclid gives of Proposition 30, as they 
appear now to be never required, and have been condemned as useless by 
various modern commentators; see Austin, Walker and Lardner.” 

VI. 27 contains the διορεσμός, the condition for a real solution, of the 
problem contained in the proposition following it. The maximum of all the 
parallelograms having the given property which can be applied to a given 
straight line is that which is described upon half the line (τὸ ἀπὸ τῆς ἡμισείας 
ἀναγραφόμενον). This corresponds to the condition that an equation of the 
form 


ἄπ -- ῥα Ξ αὶ 


may have a real root. The correctness of the result may be seen by taking 
the case in which the parallelograms are 
rectangles, which enables us to leave out 
of account the se of the angle of the 
parallelograms without any real loss of 
generality. Suppose the sides of the rect- 
angle to which the defect is to be similar 
to be as 4 to ¢, & corresponding to the 
side of the defect which lies along 4S. 
Suppose that AAG is any parallelogram 
applied to AZ having the given property, that d&=a, and that FA =x. 
Then 


KB= : x, and therefore 4X ξα -- , ΕΞ 


Hence (2 - , x) x = S, where Sis the area of the rectangle 4 AFG. 


Thus, given the equation 


ὖ 
απ -- - αὐτο S, 


where .S is undetermined, vi. 27 tells us that, if « is to have ἃ real value, S 
cannot be greater than the rectangle CZ. 


Now C= -; and therefore CD= 1: = ; 
« α 
whence S > ioe. 


which is just the same result as we obtain by the algebraical method. 

In the particular case where the defect of the parallelogram is to be a 
square, the condition becomes the statement of the fact that, δ’ a séraighi tine 
be divided into two parts, the rectangle contained by the parts cannot exceed the 
sguare on half the line. 

Now suppose that, instead of taking # on SD as in the figure of the 
proposition, we take / on BD produced beyond J but so that D/'is less 
than 4D. 

Complete the figure, as shown, after the manner of the construction in 
the proposition. 


17—2 
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Then the parallelogram ΚΑΒ. is similar to the given parallelogram to 
which the defect is to be similar. Hence the parallelogram GAA/'1s also a 
parallelogram applied to 42 and satisfying 
the given condition. oa SR 

We can now prove that GAAP is less τς : 
than CE or AD. , oN 

Let ED produced meet AG in O. 

Now, since SF is the diagonal of the 
parallelogram AH, the complements ‘J, 
DH are equal. 

But 

DH = DG, and DG is greater than OF. 

Therefore KD> OF. 
Add O€ to each ; 
and AD, or CE, > AF- 


This other “case” of the proposition is found in all the mss., but Heiberg 
relegates it to the Appendix as being very obviously interpolated. The 
reasons for this course are that it is not in Euclid’s manner to give a separate 
demonstration of such a “case”; it is rather his habit to give one case only 
and to leave the student to satisfy himself about any others (cf 1. 7). Internal 
evidence is also against the genuineness of the separate proof. It is put after 
the conclusion of the proposition instead of before it, and, if Euclid had intended 
to discuss two cases, he would have distinguished them at the beginning of 
the proposition, as it was his invariable practice to do. Moreover the second 
“case” is the less worth giving because it can be so easily reduced to the 
first. For suppose 2 to be taken on BD so that MD=F"D. Produce BF 
to meet 4G produced in F. Complete the parallelogram BAPQ, and draw 
through /” straight lines parallel to and meeting its opposite sides. 

Then the complement /’@ is equal to the complement 4”. 

And it is at once seen that 4 /’Q are equal and similar. Hence the 
solution of the problem represented by AF or #’Q gives a parallelogram of 
the same size as AF” arrived at as in the first “ case.” 

It is worth noting that the actual difference between the parallelogram 
AF and the maximum area AD that it can possibly have is represented in 
the figure. The difference is the small parallelogram DZ. 


PROPOSITION 28. 


70 a given straight line to apply a parallelogram egual to 
a gwen rectilineal figure and defictent by a parallelogrammtc 
figure similar to a given one: thus the gtven rectilineal figure 
must not be greater than the parallelogram described on the 
half of the straight line and simtlar to the defect. 


Let AZ be the given straight line, C the given rectilineal 
hgure to which the figure to be applied to AZ is required to 
be equal, not being greater than the parallelogram described 
on the half of AA and similar to the defect, and J the 
parallelogram to which the defect is required to be similar ; 
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thus it is required to apply to the given straight line AA a 
parallelogram equal to the given rectilineal figure C and 
deficient by a parallelogrammic figure which is similar to D. 
Let AZ be bisected at the point Z, and on EB let EBFG 
be described similar and similarly situated to D ; [v1. 18] 


let the parallelogram AG be completed. 

If then AG is equal to C, that which was enjoined will 
have been done; 

for there has been applied to the given straight line 4B 
the parallelogram AG equal to the given rectilineal figure C 


and deficient by a parallelogrammic figure GA which is similar 
ἴο 22). 


But, if not, let 12 be greater than C. 
Now /7E is equal to G4; 


therefore GZ is also greater than C. 


Let KLAN be constructed at once equal to the excess 
by which Ο is greater than C and similar and similarly 


situated to D. [vt. 25] 
But J) is similar to GA; 
therefore KZ is also similar to GA. (vi. 21] 


Let, then, AZ correspond to GZ, and L.I/ to GF. 
Now, since G& is equal to C, AW, 


therefore GZ is greater than A.V; 
therefore also GZ is greater than AZ, and G/ than LAL. 


Let GO be made equal to AZ, and GP equal to LV; 
and let the parallelogram OGPQ be completed ; 


therefore it is equal and similar to A.W. 
Therefore GQ is also similar to GB; [vi. 27] 
therefore GQ is about the same diameter with 6.8, ἵνι. 26] 


262 BOOK VI [vi. 28 


Let GOB be their diameter, and let the figure be described. 
Then, since BG is equal to C, AM, 


and in them GQ is equal to KM, 
therefore the remainder, the gnomon UW’, is equal to the 
remainder C. 

And, since PR is equal to OS, 

let OB be added to each ; 

therefore the whole PZ is equal to the whole OZ. 

But OB is equal to TZ, since the side AZ is also equal 
to the side 58 ; [τ- 36] 

therefore 7 is also equal to PL. 
Let OS be added to each ; 


therefore the whole 7S is equal to the whole, the gnomon 
VWY. 


But the gnomon VWU was proved equal to C; 
therefore 7\S is also equal to C. 


Therefore to the given straight line 44 there has been 
applied the parallelogram 5.7 equal to the given rectilineal 
figure C and deficient by a parallelogrammic figure QB which 
is similar to D. 

Q. E. F. 


The second part of the enunciation of this proposition which states the 
διορισμός appears to have been considerably amplified, but not improved in 
the process, by Theon. His version would read as follows. ‘* But the given 
rectilineal figure, that namely to which the applied parallelogram must be 
equal (@ δεῖ ἴσον παραβαλεῖν), must not be greater than that applied to the half 
(παραβαλλομένου instead of ἀναγραφομένου), the defects being similar, (namely) 
that (of the parallelogram applied) to the half and that (of the required 
parallelogram) which must have a similar defect” (ὁμοίων ὄντων τῶν ἐλλειμ- 
μάτων τοῦ τε ἀπὸ τῆς ἡμισείας καὶ ᾧ δεῖ ὅμοιον ἐλλείπειν). The first amplification 
“that to which the applied parallelogram must be equal” is quite unnecessary, 
since “the given rectilineal figure” could mean nothing else. The above 
attempt at a translation will show how difficult it is to make sense of the 
words at the end; they speak of two defects apparently and, while one may 
well be the “ defect on the half,” the other can hardly be the given parallelogram 
“to which the defect (of the required parallelogram) must be similar.” Clearly 
the reading given above (from P) is by far the better. 

In this proposition and the next there occurs the tacit assumption (already 
alluded to in the note on vi. 22) that Ζ of two similar parallelograms, one ts 


greater than the other, either side of the greater ts greater than the corresponding 
side of the less. 
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As already remarked, vi. 28 is the geometrical equivalent of the solution 
of the quadratic equation 


Ox 
αα -- - αἰ Ξ (δὶ 
ζ 
subject to the condition necessary to admit of a real solution, namely that 
ς αἱ 
5 Ὁ -. --᾿ 
ΠΡ 


The corresponding proposition in the Dafa is (Prop. 581, 27 @ gvven (aréa) 
be applied (i.e. in the form of a parallelogram) ¢o ἃ given straight Hine and te 
deficient by a figure (1.6. a parallelogram) geven in spectes, the breadths of the 
defect are given. 

To exhibit the exact correspondence between Euclid’s geometrical and 
the ordinary algebraical method of solving the equation we will, as before 
(in order to avoid bringing in a constant dependent on the sine of the angle 
of the parallelograms), suppose the parallelograms to be rectangles. To solve 
the equation algebraically we change the signs and write it 


2-ax=— 5. 
c 
We may now complete the square by adding ; : ᾿ : 


B c 
Thus : πὰ. 


and, extracting the square root, we have 


He first describes GEBF on EB (half of 44) similar to the given 


parallelogram D. - = 
He then places in one angle #GZ of GESF a similar and similarly 


situated parallelogram GQ, equal to the difference between the parallelogram 
GB and the area C. 


With our notation, GO: 0Q=¢:4, 


b 
whence O@=GO0. “ἢ 
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a b 
Similarly -=KB=GE. :: 


on 
ca 
so that GE=5.-- 


. ὦ 
Therefore the parallelogram σῷ Ξ- G O°, ἢ 


equal to (6 8 -- .5), Euclid really 


and _ the parallelogram 6 8 = ; : 


Thus, in taking the parallelogram Οἱ 
finds GO from the equation 


The value which he finds is ΝΕ 


¢f/t @ ὡΝ 
co= 4/3 G.-s), 
and he finds QS (or x) by subtracting GO from GE; whence 


ae CLO ὩΣ ) 
“-ὸ.ξ- 0.2 5.» 


It will be observed that Euclid only gives one solution, that corresponding 
to the zegative sign before the radical. But the reason must be the same as that 
for which he only gives one “case” in v1.27. He cannot have failed to see how 
to adi GO to G£& would give another solution. As shown under the last 
proposition, the other solution can be arrived at 
(1) by placing the parallelogram GOQP in BN 
the angle vertically opposite to “GZ so that 
GQ' lies along &G produced. The parallelo- 
gram AQ’ then gives the second solution. The 
side of this parallelogram lying along AP is 
equal to S4. The other side is what we have 
called x, and in this case 


x=EG+GO 


ἐν 2 aS 
ς ὦ cle α : 
οξιξι {ς{{.-Ξ.- ὃ. Α͂ E SB 
(2) <A parallelogram similar and equal to 4Q’ can also be obtained by 
producing &G till it meets 47’ produced and completing the parallelogram 
BABA’, whence it is seen that the complement Q.4’ is equal to the comple- 
ment AQ, besides being equal and similar and similarly situated to 4Q’. 

A particular case of this proposition, indicated in Prop. 85 of the Data, is 
that in which the sides of the defect are equal, so that the defect is a rhombus 
with a given angle. Prop. 85 proves that, Jf two straight lines contain a 
given area in a given angle, and the sum ; 
of the straight lines be given, each of them E A 
will be given also. AB, BC being the 
given straight lines “containing a given 
area AC’ in a given angle ABC,” one 
side CB is produced to D so that BD 5 3 το 
is equal to “4.38, and the parallelograms are 


completed. Then, by hypothesis, CD is of given length, and AC isa parallelo- 
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gram applied to CY falling short by a rhombus (4) with a given angle 
LDL. The case is thus a particular case of Prop. 58 of the Data quoted 
above (p. 263) as corresponding to v1. 28. 
A particular case of the last, that namely in which the defect is a syuaze, 
corresponding to the equation 
ax — αὐ -- ὁ", 


15. important. This is the problem of appiing to a given straight line a 
rectangle equal to a given aréa and falling short by a square; and it can be 
solved, without the aid of Book v1., as shown above under u. 5 (Vol. L 
pp- 383—4). 


PROPOSITION 29. 


lo a gwen straight line to apply a parallelogram equal to 
a given vectilineal figure and exceeding by a parallelogrammic 
jiguve similar to a given one. 


Let 42 be the given straight line, C the given rectilineal 
figure to which the figure to be applied to dA is required to 
be equal, and J that to which the excess is required to be 
similar ; 
thus it is required to apply to the straight line 4A a parallelo- 
gram equal to the rectilineal figure C and exceeding by a 
parallelogrammic figure similar to D. 


F M K H 
G 
Let AB be bisected at £; 


L 
let there be described on &F the parallelogram LF similar 
and similarly situated to D ; 


and let GH be constructed at once equal to the sum of Bf, 
C and similar and similarly situated to D. [τι᾿ 25] 
Let XA correspond to FL and KG to ΖΕ. 
Now, since GH is greater than 7S, 


therefore K// is also greater than FL,and KG than 2. 


L. 
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Let FL, FE be produced, 
let FZM be equal to KH, and LEN to AG, 
and let AZN be completed ; 

therefore AZN is both equal and similar to GZ. 
But GH is similar to AZ; | 
therefore JZ is also similar to ZZ ; [ντ. 21] 
therefore EZ is about the same diameter with AZ. __ [vt 26] 

Let their diameter /O be drawn, and let the figure be 
described. 

Since GH is equal to EZ, C, 
while G// is equal to AZN, 
therefore AZN 1s also equal to EZ, C. 

Let £Z be subtracted from each ; 

therefore the remainder, the gnomon X WI, is equal to C. 

Now, since AF is equal to ZB, 

AWN is also equal to VB [1. 36], that is, to LP [1. 43]. 
Let £O be added to each ; 

therefore the whole 4O is equal to the gnomon VWX, 
But the gnomon VWX is equal to C; 

therefore 4O 15 also equal to C. 

Therefore to the given straight line 42 there has been 
applied the parallelogram AO equal to the given rectilineal 
figure C and exceeding by a parallelogrammic figure OP 
which is similar to 2), since PQ is also similar to AL [v1 24]. 

QE. Ε. 


The corresponding proposition in the Dafa is (Prop. 59), 27 a given (area) 
be applied (1.6. in the form of a parallelogram) zo a given straight line exceeding 
by a figure given in species, the breadths of the excess are given. 

The problem of vi. 29 corresponds of course to the solution of the 
quadratic equation 


ax + e 5. 
c 
The algebraical solution of this equation gives 


ca Cit @ 
“τις, 7 (4.5.9) 


The exact correspondence of Euclid’s method to the algebraical solution 
may be seen, as in the case of vi. 28, by supposing the parallelograms to be 
rectangles. In this case Euclid’s construction on 48 of the parallelogram 
EL similar to D is equivalent to finding that 


by 
FE ==. and ἘΣ): 
ὁ 2 6b 4 
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His determination of the similar parallelogram ZV equal to the sum of 5.2 
and S corresponds to proving that 


ome 1 
or N= 5G: = +S), 


whence x is found as 


CSG a ¢ ἃ 
sa kN-FE=\/ (6.24 5)— 2.8. 


Euclid takes, in this case, the solution corresponding to the festive sign 
before the radical because, from his point of view, that would be the ely 
solution. : 

No διορισμός is necessary because a real geometrical solution is always 
possible whatever be the size of S. 

Again the Data has a proposition indicating the particular case in which 
the excess is a rhombus with a given angle. Prop. 84 proves that, /f two 
stright lines contain a given area in a given angle, and one of the straight lines 
is greater than the other by a given straight line, each of the two straight fines ts 
given also. The proof reduces the proposition to a particular case of Data, 
Prop. 59, quoted above as corresponding to VI. 29. 

Again there is an important particular case which can be solved by means 
of Book 11. only, as shown under 11. 6 above (Vol. το pp. 386—8), the case namely 
in which the excess is a sguvave, corresponding to the solution of the equation 


IGP Tt. 
This is the problem of applying to a given straight line a rectangle equal to a 
given area and exceeding by a square, 


PROPOSITION 30. 


To cut a given finite straight line in extreme and mean 
ratio. 

Let AB be the given finite straight line ; 

thus it is required to cut 4# in extreme and mean ratio. 

On AB let the square BC be described ; 


and let there be applied to 4C the parallelo- 5 oe 
gram CD equal to @C and exceeding by 
the figure AD similar to BC. [vi. 29] 


Now &C is a square ; 
therefore AD is also a square. 
And, since BC is equal to CD, A 
let CE be subtracted from each ; | 


therefore the remainder BF is equal to 
the remainder 4D. 
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But it is also equiangular with it ; 


therefore in BF, AD the sides about the equal angles are 
reciprocally proportional ; [vi. 14] 


therefore, as FE is to ED, so is AF to 8. 


But ΖΕ is equal to AL, and ED to AL. 
Therefore, as BA is to AZ, so is AF to EL. 
And AZ is greater than 42 ; 


therefore 4ZF is also greater than AA. 


Therefore the straight line 44 has been cut in extreme 
and mean ratio at &, and the greater segment of it is AZ. 
Q. EF. 


It will be observed that the construction in the text is a direct application 
of the preceding Prop. 29 in the particular case where the excess of the 
parallelogram which is apphed is a sgware. This fact coupled with the 
position of VI. 30 is a sufficient indication that the construction 15 Euclid’s. 

In one place Theon appears to have amplified the argument. The text 
above says “But AZ is equal to 44,” while the mss. B, F, V and p have 
“But FE is equal to 4C, that is, to 4B.” 

The Mss. give after ὅπερ ἔδει ποιῆσαι an alternative construction which 
Heiberg relegates to the Appendix. The text-books give this construction 
alone and leave out the other. It will be remembered that the alternative 
proof does no more than refer to the equivalent construction in 11. 11. 

“Let 4B be cut at C so that the rectangle 42, BC is equal to the 


square on CA. [π 11] 
Since then the rectangle 4.8, BC is equal to the square on C4, 
therefore, as BA is to 4C, sois AC to CB. [vi. 17] 


Therefore 42 has been cut in extreme and mean ratio at C.” 

It is intrinsically improbable that this alternative construction was added 
to the other by Euclid himself. It is however just the kind of interpolation 
that might be expected from an editor. If Euclid had preferred the alternative 
construction, he would have been more likely to give it alone. 


PROPOSITION 31. 


ln vright-angled triangles the figure on the side subtending 
the right angle ἧς equal to the similar and stntlarly described 
figures on the sides containing the right angle. 

Let A&C be a right-angled triangle having the angle BAC 
right ; 
I say that the figure on BC is equal to the oe and 
similarly described figures on BA, AC. 

Let 4D be drawn perpendicular. 

Then since, in the right-angled triangle 4BC, AD has 
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been drawn from the right angle at 4 perpendicular to the 
base BC, 


the triangles 4BD, ADC adjoin- 
ing the perpendicular are similar 
both to the whole ARC and to 
one another. [vr. 8] 


And, since AAC is similar to 
ABD, 


therefore, as CB is to BA, so is 
ALB to BD, [vi. Def. 1] 


And, since three straight lines 
are proportional, 


as the first is to the third, so is the figure on the first to the 
similar and similarly described figure on the second. [v1.19, Por.) 


Therefore, as CB is to LL, so is the figure on CB to the 
similar and similarly described figure on BA. 
For the same reason also, 


as BC is to CL, so is the figure on &C to that on CA; 
so that, in addition, 


as BC is to BD, DC, so is the figure on &C to the similar 
and similarly described figures on BA, AC. 


But &C is equal to BD, DC; 


therefore the figure on &C is also equal to the similar and 
similarly described figures on SA, AC. 


Therefore etc. 


Q. E. D. 


As we have seen (note on 1. 47), this extension of 1. 47 is credited by 


Proclus to Euclid personally. ὯΝ 
There is one inference in the proof which requires examination. Euclid 


proves that : 
CB : BD=(figure on CB) : (figure on BA), 


and that BC: CD= (figure on BC): (figure on CA), 
and then infers directly that 
BC : (BD+CD)=(fig. on BC) : (sum of figs. on BA and 4C). 


Apparently v. 24 must be relied on as justifying this inference. But it is not 
directly applicable ; for what it proves is that, if 


4202064, 
and e:b=f:d, 
then (α ἰ ε) : ὅ το (ες τὸ 7) -: ἀ. 


Thus we should zvvert the first two proportions given above (by Simson’s 
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Prop. B which, as we have seen, is a direct consequence of the definition of 
proportion), and thence infer by v. 24 that 
(BD + CD): BC=(sum of figs. on BA, AC) : (fig. on BC). 

But BD+CD is equal to BC; 
therefore (by Simson’s Prop. A, which again is an immediate consequence of 
the definition of proportion) the sum of the figures on BA, AC is equal to 
the figure on &C. 

The mss. again give an alternative proof which Heiberg places in the 
Appendix. It first shows that the similar figures on the three sides have the 
same ratios to one another as the sguares on the sides respectively. Whence, 
by using 1. 47 and the same argument based on V. 24 as that explained above, 
the result is obtained. 

If it is considered essential to have a proof which does not use Simson’s 
Props. B and A or any proposition but those actually given by Euclid, no 
method occurs to me except the following. 

Eucl. v. 22 proves that, if a, ὁ, c are three magnitudes, and d, e, f three 
others, such that 


ας Ξε S, 

b:¢=e:f, 

then, ex aegualt, a:¢=a:f. 
If now in addition a:b=b:e, 
so that, also, ας ξεν 


the ratio @:¢ is duplicate of the ratio a; ὅ, and the ratio δ : f duplicate of 
the ratio d: 6, whence the ratios which are duplicate of equal ratios are equal. 


Now (fig. on AC) : (fig. on 48) =the ratio duplicate of AC: AB 
= the ratio duplicate of CD : DA 


= 6D 2D, 
Hence (sum of figs. on 4C, 4A): (fig. on AB)= BC: BD. [v. 18] 
But (fig. on BC): (fig. on AB)= BC: BD 


(as in Euclid’s proof). 

Therefore the sum of the figures on AC, ABZ has to the figure on AZ the 
same ratio as the figure on &C has to the figure on 4A, whence 

the figures on 4C, .4.8 are together equal to the figure on BC. [v. 9] 


PROPOSITION 32. 


Lf two triangles having two sides proportional to two sides 
be placed together at one angle so that thetr corresponding sides 
ave also parallel, the remaining sides of the triangles will be 
in a Straight lene. 

Let ABC, DCE be two triangles having the two sides 
LA, AC proportional to the two sides DC, DE, so that, as 
AB isto AC, sois DC to DE, and AB parallel to DC, and 
AC to DE; 


I say that &C is in a straight line with CZ. 
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For, since AZ is parallel to DC, 
and the straight line 4C has fallen upon them, 
the alternate angles BAC, ACD 


are equal to one another. [1. 29] D 
For the same reason 
the angle CDE is also A 


equal to the angle ACD; 


so that the angle BAC is equal 
to the angle CDE. 


And, since ABC, DCE are Ξ : ᾿ 


two triangles having one angle, the angle at 4, equal to one 


angle, the angle at 2), 
and the sides about the equal angles proportional, 

so that, as BA is to AC, sois CD to DE, 

therefore the triangle ASC is equiangular with the 
triangle DCE ; [vi. 6] 

therefore the angle “4.50 is equal to the angle DCEL. 

But the angle ACD was also proved equal to the angle 
BAC ; 

therefore the whole angle 4CZ is equal to the two angles 
ABC, BAC, 

Let the angle ACB be added to each ; 


therefore the angles ACA, ACZ are equal to the angles BAC, 
ACB, CBA. 


But the angles BAC, ALC, ACB are equal to two right 
angles ; (1. 32] 

therefore the angles ACH, ACB are also equal to two 
right angles. 


Therefore with a straight line AC, and at the point C on 
it, the two straight lines BC, CZ not lying on the same side 
make the adjacent angles ACL, ACA equal to two right 
angles ; 

therefore BC is in a straight line with C4. 1. 14] 

Therefore etc. 

Q. E. Ὁ. 


It has often been pointed out (e.g. by Clavius, Lardner and Todhunter) 
that the enunciation of this proposition is not precise enough. Suppose that 
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ABC is a triangle. From C draw CYP parallel to BA and of any length. 
From D draw DE parallel to CA and of such length that 

CD: DE=BA: AC. 
Then the triangles 4250, ECD, which have the angular point C common 
literally satisfy Euclid’s enunciation; but by no possi- 
bility can CZ be in a straight line with CZ if, as E 
in the case supposed, the angles included by the A 
corresponding sides are supplementary (unless both are 
right angles). Hence the included angles must be D 
egual, so that the triangles must be szmlar. That 
being so, if they are to have nothing more than one é “A 
angular point common, and two pairs of corresponding 
sides are to be paradle/ as distinguished from one or both being in the same 
straight line, the triangles can only be placed so that the corresponding sides 
in both are on the same side of the third side of either, and the sides (other 
than the third sides) which meet at the common angular point are not corre- 
sponding sides. 

Todhunter remarks that the proposition seems of no use. Presumably he 
did not know that it zs used by Euclid himself in xu. 17. This is so 
however, and therefore it was not necessary, as several writers have thought, to 
do away with the proposition and find a substitute which should be more useful. 


1. De Morgan proposes this theorem: “If two similar triangles be placed 
with their bases parallel, and the equal angles at the bases towards the same 
parts, the other sides are parallel, each to each; or one pair of sides are in 
the same straight line and the other pair are parallel.” 

2. Dr Lachlan substitutes the somewhat similar theorem, “If two similar 
triangles be placed so that two sides of 
the one are parallel to the corresponding Ὁ 
sides of the other, the third sides are 
parallel.” 


But it is to be observed that these 
propositions can be proved without 
using Book vi. at all; they can be 
proved from Book 1., and the triangles 
may as well be called ‘“‘ equiangular” 
simply. It is true that Book vi. is no more than formally necessary to 
Euclid’s proposition. He merely uses vi. 6 because his enunciation does not 
say that the triangles are similar; and he only proves them to be similar in 
order to conclude that they are equiangular. From this point of view 
Mr Taylor's substitute seems the best, viz. 


3. “If two triangles have sides parallel in pairs, the straight lines joining 
the corresponding vertices meet in a point, 
or are parallel.” 


Simson has a theory (unnecessary in -ε΄ 
the circumstances) as to the posable πὰς, ‘ 
object of vi. 32 as it stands. He points Ze 

out that the enunciation of vi. 26 might F 

be more general so as to cover the case 

of similar and similarly situated parallelo- Ο 

grams with equal angles not coincident 

but vertically opposite. It can then be proved that the diagonals drawn 
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through the common angular point are in one straight line. If d4BCK CDEG 
be similar and similarly situated parallelograms, 
so that BCG, DCF are straight lines, and if 
the diagonals 4C, CZ be drawn, the triangles 
ABC, CDE are similar and are placed exactly 
as described tm V1. 32, so that AC, CE are ina 
straight line. Hence Simson suggests that 
there may have been, in addition to the in- 
direct demonstration in vi. 26, a direct proof 
covering the case just given which may have 
used the result of vi. 32. I think however 
that the place given to the latter proposition in Book vi. is against this view. 


PROPOSITION 33. 


Ln equal circles angles have the sanze ratio as the circum- 
erences on which they stand, whether they stand at the centres 
or at the circumferences. 


Let ABC, DEF be equal circles, and let the angles BGC, 
EHF be angles at their centres G, 7, and the angles BAC, 
LDF angles at the circumferences ; 


I say that, as the circumference δ. is to the circumference 
EF, so is the angle BGC to the angle 5.765 and the angle 
BAC to the angle EDF. 


For let any number of consecutive circumferences CA, 
KL be made equal to the circumference AC, 
and any number of consecutive circumferences δι}, J/.\" equal 
to the circumference £F; 
and let GK, GL, HM, HN be joined. 
Then, since the circumferences BC, CA, AL are equal 
to one another, 
the angles BGC, CGK, KGZ are also equal to one another ; 
fi. 27] 
H. E. 11. τὸ 


or BOOK VI νι, 33 


therefore, whatever multiple the circumference SZ is of BC, 
that multiple also is the angle GGL of the angle AGC. 


For the same reason also, 


whatever multiple the circumference VZ is of £/, that 
multiple also is the angle WAZ of the angle A/F. 


If then the circumference GZ is equal to the circumference 
EN, the angle BGZL is also equal tothe angle LAN; [m1 27] 


if the circumference AZ is greater than the circumference 
EN, the angle SGZL is also greater than the angle AAV; 


and, if less, less, 
There being then four magnitudes, two ΓΤ ΤΥ 


BC, &£F, and two angles BGC, LAF, 


there have been taken, of the circumference GC and the angle 


BGC equimultiples, name the circumference BZ and the 
angle BGL, 


and of the circumference 4/ and the angle AAF equi- 

multiples, namely the circumference ZV and the angle E/N. 
And it has been proved that, 

if the circumference AZ is in excess of the circumference 17, 


the angle 60 2 is also in excess of the angle A//N ; 
if equal, equal ; 
and if less, less. 


Therefore, as the circumference AC is to AF, so is the 
angle &GC to the angle LAF: [ν. Def. 5] 

But, as the angle SGC is to the angle EA/F; so is the 
angle BAC to the angle EDF; for they are doubles respec- 
tively. 

Therefore also, as the circumference AC is to the circum- 
ference £/, so is the angle BGC to the angle HAF, and 
the angle BAC to the angle ADF. 

Therefore etc. 


Q. E. Ὁ. 


This proposition as generally given includes a second part relating to sectors 
of circles, corresponding to the following words added to the enunciation: 
‘‘and further the sectors, as constructed at the centres” (ἔτι δὲ καὶ οἱ τομεῖς are 
[or otre] πρὸς τοῖς κέντροις συνιστάμενοι). There is of course a corresponding 
addition to the “definition” or ‘“‘particular statement,” “and further the sector 
GBOC to the sector HEOF.” These additions are clearly due to Theon, as 
may be gathered from his own statement in his commentary on the μαθηματικὴ 
σύνταξις of Ptolemy, ‘But that sectors in equal circles are to one another as 
the angles on which they stand, has been proved by me in my edition of the 
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Elements at the end of the sixth book.” Campanus omits them, and P has them 
only in a later hand in the’margin or between the lines. Theon’s proof scarcely 
needs to be given here in full, as it can easily be supplied. From the equality 
of the arcs BC, CX he infers [11. 29] the equality of the chords BC, CK. 
Hence, the radii being equal, the triangles GAC, GCK are equal in all 
respects [1. 8, 4]. Next, since the arcs BC, CX are equal, so are the arcs 
BAC, CAK. Therefore the angles at the circumference subtended by the 
latter, i.e. the angles in the segments BOC, CPX, are equal [11. 27], and the 
segments are therefore similar fu. Def. 11] and equal [χπ|. 241. 

Adding to the equal segments the equal triangles GBC, GCK respectively, 
we see that 

the sectors GBC, GCK are equal. 


Thus, in equal circles, sectors standing on equal arcs are equal; and the rest 
of the proof proceeds as in Euclid’s proposition. 


As regards Euclid’s proposition itself, it will be noted that {1}, besides 
quoting the theorem in π|. 27 that in equal circles angles which stand on 
equal arcs are equal, the proof assumes that the angle standing on a greater 
arc 15 greater and that standing on a less arcis less. This is indeed a suffi- 
ciently obvious deduction from 111. 27. 

(2) Any equimultiples zatever are taken of the angie BGC and the are 
BC, and any equimultiples watever of the angle HAF and the arc EF. 
(Accordingly the words “aay eguimulitples chatever” should have been used in 
the step immediately preceding the inference that the anyles are proportional 
to the arcs, where the text merely states that there have been taken of the 
circumference #C and the angle BGC eguimultiples BL and 866 2.) But, if 
any multiple of an angle is regarded as being itself an angle, it follows that the 
restriction in I. Deff. 8, 10, 11, 12 of the term απο to an angle “ss than tao 
right angles is implicitly given up; as De Morgan says, “the angle breaks 
prison.” Mr Dodgson (Zuchd and Ais Modern Rivals, p. 193) argues that 
Euclid conceived of the multiple of an angle as so many separate angles not 
added together into one, and that, when it is inferred that, where two such 
multiples of an angle are equal, the arcs subtended are also equal, the argu- 
ment is that the sum total of the first set of angles is equal to the sum total 
of the second set, and hence the second set can be breken up and put 
together again in such amounts as to make a set equal, each to each, to the 
first set, and then the sum total of the arcs will evidently be equal also. If 
on the other hand the multiples of the angles are regarded as single angular 
magnitudes, the equality of the subtending arcs is not inferrible directly from 
Euclid, because Azs proof of 11. 26 only applies to cases where the angle is 
less than the sum of two nght angles. (As a matter of fact, it is a question of 
inferring equality of angles or multiples of angles from equality of ares, and 
not the converse, so that the reference should have been to 1. 27, but this 
does not affect the question at issue.) Of course it is against this view of 
Mr Dodgson that Euclid speaks throughout of “the angle BGL” and “ the 
angle EHN” (ἡ ὑπὸ BHA γωνία, ἡ ὑπὸ EON γωνία). I think the probable 
explanation is that here, as in 111. 20, 21, 26 and 27, Euclid deliberately took 
no cognisance of the case in which the multiples of the angles in question 
would be greater than two right angles. If his attention had been called to 
the fact that 11. 20 takes no account of the case where the segment is less 
than a semicircle, so that the angle in the segment is obtuse, and therefore the 
“anole at the centre” in that case (if the term were still applicable) would be 
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greater than two right angles, Euclid would no doubt have refused to regard 
the latter as an angle, and would have represented it otherwise, e.g. as the 
sum of two angles or as what is left when an amg/e in the true sense is sub- 
tracted from four right angles. Here then, if Euclid had been asked what 
course he would take if the multiples of the angles in question should be 
greater than two right angles, he would probably have represented them, I 
think, as being egual to so many right angles plus an angle less than a right 
angle, or so many times two right angles plus an angle, acute or obtuse. Then 
the equality of the arcs would be the equality of the sums of so many circum- 
ferences, semi-circumferences or quadrants plus arcs less than a semicircle or 
a quadrant. Hence I agree with Mr Dodgson that vi. 33 affords no evidence 
of a recognition by Euclid of “angles” greater than two right angles. 

Theon adds to his theorem about sectors the Porism that, As ¢he sector ts 
to the sector, so also ts the angle to the angle. This corollary was used by 
Zenodorus in his tract περὶ icopérpwv σχημάτων preserved by Theon in his 
commentary on Ptolemy’s σύνταξις, unless indeed Theon himself interpolated 
the words (ws δ᾽ ὃ τομεὺς πρὸς τὸν τομέα, ἡ ὑπὸ EOA γωνία πρὸς τὴν ὑπὸ M@A), 


BOOK VII. 


DEFINITIONS. 


1. An unit is that by virtue of which each of the things 
that exist is called one. 


2. A number is a multitude composed of units. 


3. A number is a part of a number, the less of the 
greater, when it measures the greater ; 


4. but parts when it does not measure it. 


5. The greater number is a multiple of the less when 
it is measured by the less. 


6. An even number is that which is divisible into two 
equal parts. 


7. An odd number is that which is not divisible into 
two equal parts, or that which differs by an unit from an 
even number. 


8. An even-times even number is that which [5 
measured by an even number according to an even number. 


9. An even-times odd number is that which is 
measured by an even number according to an odd number. 


το. An odd-times odd number is that which is 
measured by an odd number according to an odd number. 
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11. A prime number is that which is measured by an 
unit alone. 


12. Numbers prime to one another are those which 
are measured by an unit alone as a common measure. 


13, A composite number is that which is measured 
by some number. 


14. Numbers composite to one another are those 
which are measured by some number as a common measure. 


15. A number is said to multiply a number when that 
which is multiplied is added to itself as many times as there 
are units in the other, and thus some number ts produced. 


16. And, when two numbers having multiplied one 
another make some number, the number so produced is 
called plane, and its sides are the numbers which have 
multiplied one another. 


17. And, when three numbers having multiplied one 
another make some number, the number so produced is 
solid, and its sides are the numbers which have multiplied 
one another. 


18. A square number is equal multiplied by equal, or 
a number which is contained by two equal numbers. 


ig. Anda cube is equal multiplied by equal and again 


by equal, or a number which is contained by three equal 
numbers. 


20. Numbers are proportional when the first is the 
same multiple, or the same part, or the same parts, of the 
second that the third is of the fourth. 


21. Similar plane and solid numbers are those which 
have their sides proportional. 


22, A perfect number is that which is equal to its own 
parts. 


VIL. DEF. 1] DEFINITIONS 


DEFINITION 1. 
Fd F A ~ 
Movas ἐστιν, καθ᾽ ἣν ἕκαστον τῶν ὄντων ἕν λέγεται. 


Tamblichus (fl. αὐτὰ 300 a.d.) tells us ¢ Comm. ex Nicomachus, ed. Pistelli, 
p. ΤΙ, 5) that the Euclidean definition of an wit or a monad was the definition 
given by “more recent” writers (ef νεώτεροι;, and that it lacked the words 
“even though it be collective” (κὰν συστηματικὸν 7). He also gives (ibid. 
p- Ir) a number of other definitions. (1) According to “some of the Pytha- 
goreans,” “an unit is the boundary between number and parts” ἰμονάς ἐστιν 
ἀριθμοῦ καὶ μορίων μεθόριον), “because from it, as from a seed and eternal 
root, ratios increase reciprocally on either side,” ie. on one side we have 
multiple ratios continually increasing and on the other (if the unit be sub- 
divided) submultiple ratios with denominators continually increasing. (2) A 
somewhat similar definition is that of Thymaridas, an ancient Pythagorean, 
who defined a monad as “limiting quantity” (wepacrovea ποσότης), the 
beginning and the end of a thing being equally an extremity πέρας). Perhaps 
the words together with their explanation may best be expressed by δ limit of 
fewness.” Theon of Smyrna (p. 18, 6, ed. Hiller) adds the explanation that 
the monad is “that which, when the multitude is diminished by way of 
continued subtraction, is deprived of all number and takes an abiding position 
(μονήν) and rest.” If, after arriving at an unit in this way, we proceed to divide 
the unit itself into parts, we straightway have multitude again. (3) Some, ac- 
cording to Iamblichus (p. 11, 16), defined it as the “‘form of forms” (eidar εἶδος) 
because it potentially comprehends all forms of number, eg. it is a polygonal 
number of any number of sides from three upwards. a solid number in all 
forms, and so on. (We are forcibly reminded of the latest theories of number 
as a “‘Gattung” of “Mengen” or as a “class of classes.") (4) Ayain an 
unit, says Iamblichus, is the first, or smallest, in the category of Aow many 
(ποσόν), the common part or beginning of Acc: many. Aristotle defines it as 
“the indivisible in the (category of) quantity.” τὸ κατὰ τὸ ποσὸν ἀδιαίρετον 
(Metaph. 1089 Ὁ 35), ποσόν including in Aristotle continuous as well as 
discrete quantity; hence it is distinguished from a point by the fact that it 
has not position: “Of the indivisible in the category of, and yd, quantity, 
that which is every way (indivisible) and destitute of position is called an 
unit, and that which is every way indivisible and has position is a point” 
(Metaph. 1016 b 25). (5) In accordance with the last distinction, Aristotle 
calls the unit “a point without position,” στιγμὴ aberos (Jefaph. 1084 Ὁ 26). 
(6) Lastly, Iamblichus says that the school of Chrysippus defined it in a con- 
fused manner (συγκεχυμένως) as “multitude ove {πλῆθος ἕν}, whereas it Is 
alone contrasted with multitude. On a comparison of these definitions, it 
would seem that Euclid intended his to be a more οι one than those 
of his predecessors, δημώδης, as Nicomachus called Euclid’s definition of an 
even number. 

The etymological signification of the word μονάς is supposed by Theon of 
Smyrna (p. 19, 7—13) to be either (1) that it remains unaltered if it be 
multiplied by itself any number of times, or (2) that it is separated and zsolated 
(μεμονῶσθαι) from the rest of the multitude of numbers. Nicomachus also 
observes (1. 8, 2) that, while any number is half the sum (1) of the adjacent 
numbers on each side, (2) of numbers equidistant on each side, the unit is 
most solitary (μονωτάτη) in that it has not a number on each side but only on 
one side, and it is half of the latter alone, i.e. of 2. 
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DEFINITION 2. 


᾿Αριθμὸς δὲ τὸ ἐκ μονάδων συγκείμενον πλῆθος. 


The definition of a umber is again only one out of many that are on 
record. Nicomachus (1. 7, 1) combines several into one, saying that it is 
‘a defined multitude {πλῆθος ὡρισμένον), or 8 collection of units (μονάδων 
σύστημα), or a flow of quantity made up of units ᾿ (ποσότητος χύμα ἐκ μονάδων 
συγκείμενον). Theon, in words almost identical with those attributed by 
Stobaeus (Zclogae, 1. τ, 8) to Moderatus, a Pythagorean, says (p. 18, 3- 8): 
“4 number is a collection of units, or a progression (προποδισμός) of mul- 
titude beginning from an unit and a retrogression (ἀναποδισμὸς) ceasing at an 
unit.” According to Iamblichus (p. 10) the description “collection of units” 
(μονάδων σύστημα) was applied to the how many, 1.6. to number, by Thales, 
following the Egyptian view (κατὰ τὸ Αἰγυπτιακὸν ἀρέσκον), while It was 
Eudoxus the Pythagorean who said that a number was “a defined multitude” 
(πλῆθος ὡρισμένον). Aristotle has a number of definitions which come to the 
same thing: “limited multitude” {πλῆθος τὸ πεπερασμένον, Metaph. 1020 a 
13), “multitude” (or “combination”) “of units” or “multitude of indivi- 
sibles” (2214. 1053 a 30, 1039 a 12, 1085 Ὁ 22), “several ones” (ἕνα πλείω, 
Phys. 1. 7, 207 Ὁ 7), “multitude measurable by one” (Mefaph. 1057 a 3) 
and “multitude measured and multitude of measures,” the “measure” being 
unity, τὸ ἕν (116. 1088 a 5). 


DEFINITION 3. 


~ “ 7 ef ~ 
Μέρος ἐστὶν ἀριθμὸς ἀριθμοῦ 6 ἐλάσσων τοῦ μείζονος, ὅταν καταμετρῇ τὸν 
μείζονα. 


By 2 part Euclid means a submultiple, as he does in v. Def. 1, with which 
definition this one is identical except for the substitution of xumdber (ἀριθμός) 
for magnitude (μέγεθος) ; cf. note on v. Def. 1. Nicomachus uses the word 
“submultiple” (ὑποπολλαπλάσιος) also. He defines it in a way corresponding 
to his definition of multiple (see note on Def. 5 below) as follows (1. 18, 2): 
“The submultiple, which is by nature first in the division of inequality 
(called) less, is the number which, when compared with a greater, can 
measure it more times than once so as to fill it exactly (πληρούντως)." Simi- 
larly sub-double (ὑποδιπλάσιος) is found in Nicomachus meaning 4aéf, and 
50 On. 


DEFINITION 4. 
Μέρη δέ, ὅταν μὴ καταμετρῇ. 


By the expression farts (μέρη, the plural of μέρος) Euclid denotes what we 
should call a proper fraction. ‘That is, a part being a submultiple, the rather 
inconvenient term 2,2 ς means any number of such submultiples making up 
a fraction less than unity. I have not found the word used in this special 
sense elsewhere, e.g. in Nicomachus, Theon of Smyrna or Iamblichus, except 


in one place of Theon (p. 79, 26) where it is used of a proper fraction, of 
which 2 is an illustration. 
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DEFINITION 5. 
4 s ¢ , ~ “~ - 
Πολλαπλάσιος δὲ 6 μείζων τοῦ ἐλάσσονος, ὅταν καταμετρῆται ὑπὸ τοῦ ἐλάσσονος. 


The definition of ἃ mu/¢iple is identical with that in v. Def. 2, except that 
the masculine of the adjectives is used agreeing with ἀριθμός understood 
instead of the neuter agreeing with μέγεθος understood. Nicomachus (1. 18, 
1) defines a multiple as being ‘‘a species of the greater which is naturally 
first in order and origin, being the number which, when considered in com- 
parison with another, contains it in itself completely more than once.” 


DEFINITIONS 6, 7. 


¥ “N i 2 
6. “Aprtos ἀριθμός ἐστιν ὃ δίχα δεαιρούμετος. 


Lad 


7. Περισσὸς δὲ ὃ μὴ διαιρούμενος δίχα ἢ [δὲ μονάδι διαφέρωτ' ἀρτίου ἀριθμοῦ. 


Nicomachus (1. 7, 2) somewhat amplifies these definitions of evev and edd 
numbers thus. ‘That is ever which is capable of being divided into two 
equal parts without an unit falling in the middle, and that is edd which cannot 
be divided into two equal parts because of the aforesaid intervention (μεσ: 
τείαν) of the unit.” He adds that this definition is derived ‘ from the popular 
conception ” (ἐκ τῆς δημώδους ὑπολήψεως). In contrast to this, he gives «1. 7, 3) 
the Pythagorean definition, which is, as usual, interesting. “An eve number 
is that which admits of being divided, by one and the same operation, mto the 
greatest and the least (parts}, greatest in size (πηλικοότητα but least in quantity 
(zooorytt)...while an odd number is that which cannot be so treated, but is 
divided into two unequal parts.” That is, as Iamblichus says (p. 12, 2—9), an 
even number is divided into parts which are the gvedfest possible “ parts,” namely 
halves, and into the fezwes¢ possible, namely two, two being the first “num- 
ber” or ‘‘ collection of units.” According to another ancient definition quoted 
by Nicomachus (1. 7, 4), an even number is that which can be divided both 
into two equal parts and into two unequal parts (except the first one, the 
number 2, which is only susceptible of division into equals), but, however it 
is divided, must have its two parts of the same kind, i.e. both even or both 
odd; while an odd number is that which can only be divided into two 
unequal parts, and those parts always of diferent kinds, i.e. one odd and 
one even. Lastly, the definition of odd and even *‘by means of each other” 
says that an odd number is that which differs by an unit from an even 
number on both sides of it, and’an even number that which differs by an 
unit from an odd number on each side. ‘This alternative definition of an 
odd number is the same thing as the second haif of Euclid’s definition, “the 
number which differs by an unit from an even number.” This evidently 
pre-Euclidean definition is condemned by Aristotle as unscientific, because 
odd and even are coordinate, both being differentiae of number, so that one 
should not be defined by means of the other (Zofzes VI. 4, 142 Ὁ 7—10). 


DEFINITION 8. 


ε μὲ 3 f 


᾿Αρτιάκις ἄρτιος ἀριθμός ἔστιν ὁ ὑπὸ ἀρτίου ἀριθμοῦ μετρούμενος κατὰ ἄρτιον 
ἀριθμόν. 

Euclid’s definition of an evea-fimes even number differs from that given by 
the later writers, Nicomachus, Theon of Smyrna and Iamblichus; and the 
inconvenience of it is shown when we come to IX. 34, where it 1s proved 
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that a certain sort of number is doth “ even-times even” and “‘even-times odd.” 
According to the more precise classification of the three other authorities, the 
“ aven-times even” and the “even-times odd” are mutually exclusive and are 
two of three subdivisions into which even numbers fall. Of these three sub- 
divisions the “ even-times even” and the “even-times odd” form the extremes, 
and the “odd-times even” is as it were intermediate, showing the character 
of both extremes (cf. note on the following definition). The even-dimes even is 
then the number which has its halves even, the halves of the halves even, and 
so on, until unity is reached. In short the even-fzmes even number is always 
of the form 2". Hence Iamblichus (pp. 20, 21) says Euclid’s definition of it 
as that which is measured by an even number an even number of times is 
erroneous. In support of this he quotes the number 24 which 15 four times 6, 
or six times 4, but yet is not “‘even-times even” according to Euclid himself 
(οὐδὲ κατ᾽ αὐτόν), by which he must apparently mean that 24 is also 8 times 3, 
which does not satisfy Euclid’s definition. There can however be no doubt that 
Euclid meant what he said in his definition as we have it; otherwise 1x. 32, 
which proves that a number of the form 2” is even-temes even only, would be quite 
superfluous and a mere repetition of the definition, while, as already stated, 
ΙΧ. 34 clearly indicates Euclid’s view that a number might at the same time 
be both even-times even and even-times odd. Hence the μόνως which some 
editor of the commentary of Philoponus on Nicomachus found in some 
copies, making the definition say that the even-times even number is ondy 
measured by even numbers an even number of times, is evidently an interpo- 
lation by some one who wished to reconcile Euclid’s definition with the 
Pythagorean (cf. Heiberg, Auk/id-studzen, Ὁ. 200). | 

A consequential characteristic of the series of even-times even numbers 
noted by Nicomachus brings in a curious use of the word δύναμις (generally 
power in the sense of square, or square root). He says (1. 8, 6—7) that any 
part, i.e. any submultiple, of an even-times even number is called by an even- 
times even designation, while it also has an even-times even walue (it is 
ἀρτιάκις ἀρτιοδύναμον) when expressed as so many actual units. That is, the 


I é 
sath part of 2” (where m is less than 21) is called after the even-times even 


number 2”, while its actual za/ve (δύναμις) in units is 2"~”, which is also an 
even-times even number. Thus all the parts, or submultiples, of even-times 
even numbers, as well as the even-times even numbers themselves, are con- 
nected with one kind of number only, the eve. 


DEFINITION 9. 


᾿Αρτιάκις δὲ περισσός ἐστιν ὃ ὑπὸ ἀρτίου ἀριθμοῦ μετρούμενος κατὰ περισσὸν 
ἀρίθμόν. 

Euclid uses the term even-times odd (ἀρτιάκις περισσός), whereas Nicomachus 
and the others make it one word, ever-odd (ἀρτιοπέριττος). According to the 
stricter definition given by the latter (1. 9, 1), the ewen-odd number is related to 
the even-/zmes even as the other extreme. It is such a number as, when once 
halved, leaves as quotient an odd number; that is, it is of the form 2(2m +1). 
Nicomachus sets the even-odd numbers out as follows, 


6, 10, 14, 18, 22, 26, 30, etc. 


In this case, as Nicomachus observes, any part, or submultiple, is called by a 
name of corresponding in kind to its actual value (δύναμις) in units. Thus, 
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in the case of 18, the 2 part is called after the even number 2, but its cade is 
the odd number 9, and the Ard part is called after the odd number 3, while its 
value is the even number 6, and so on. 

The third class of even numbers according to the strict subdivision is the 
odd-even (περισσάρτιος). Numbers are of this class when they can be halved 
twice or more times successively, but the quotient left when they can no 
longer be halved is an odd number and not unity. They are therefore of 
the form 2.11 (522 - 1), where 7, m are integers. They ate, 850 to say, inter- 
mediate between, or a mixture of, the extreme classes ece-¢intes even and even- 
odd, for the following reasons. (1) Their subdivision by 2 proceeds for some 
way like that of the even-times even, but ends in the way that the division of 
the even-odd by 2 ends. (2) The numbers after which submultiples are 
called and their value (δύναμις) in units may be buth of one kind, ie. both odd 
or both even (as in the case of the even-times even), or again may be one odd 
and one even as in the case of the even-odd. For example 24 is an odd-even 
number; the }th, τ᾿ εἰ, 3th or 2 parts of it are even, but the ἃ τὰ part of it, 
or 8, is even, and the 1th part of it, or 3, is odd. (3) Nicomachus shows 
(I. 10, 6—~g) how to form all the numbers of the odd-even class.) Set out two 
lines (4) of odd numbers beginning with 3, (ὁ) of even-times even numbers 
beginning with 4, thus: 

(2). 3,) 5, 7, 9, 11, 13, 1S εἴς. 
(2) 4, 8, 16, 32, 64, 128. 256 ete. 


Now multiply each of the first numbers into each of the second row. Let 
the products of one of the first into all the second set make horizontal rows ; 
we then get the rows 


12, 24, 48, οὔ, 192, 384, 768 etc. 
20, 40, 80, 160, 320, 640, 1280 etc. 
28, 56, 112, 224, 448, 86, 1792 εἴς. 


36, 72, 144, 288, 576, 1152, 2304 etc. 
and so on. 


Now, says Nicomachus, you will be surprised to see {φανήσεταζ cor θαυμασ- 
tas) that (@) the vertical rows have the property of the ezex-odd series, 6, το, 
14, 18, 22 etc., viz. that, if an odd number of successive numbers be taken, 
the middle number is half the sum of the extremes, and if an even number, 
the two middle numbers together are equal to the sum of the extremes, 
(δ) the herisontal rows have the property of the evem-dimes even series 4, 8, 16 
etc., viz. that the product of the extremes of any number of successive terms 
is equal, if their number be odd, to the square of the middle term, or, if their 
number be even, to the product of the two middle terms. 

Let us now return to Euclid. His goth definition states that an eten-fimes 
ΘΔ number is a number which, when divided by an even number, gives an 
odd number as quotient. Following this definition in our text comes a toth 
definition which defines an odd@-dfimes ecex number: this is stated to be a 
number which, when divided by an odd number, gives an even number as 
quotient. According to these definitions any even-times odd number would 
also be odd-times even, and, from the fact that Iamblichus notes this, we may 
fairly conclude that he found Def. τὸ as well as Def. 9 in the text of Euclid 
which he used. But, if both definitions are genuine, the enunciations of IX. 33 
and IX. 34 as we have them present difficulties. ΙΧ. 33 says that “Ifa num- 
ber have its half odd, it is even-times odd oz/y”; but, on the assumption that 
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both definitions are genuine, this would not be true, for the number would be 
odd-times even as well. 1X. 34 says that “If a number neither be one of those 
which are continually doubled from 2, nor have its half odd, it is both even- 
times even and even-times odd.” The term odd-times even (περισσάκις ἄρτιος) 
not occurring in these propositions, nor anywhere else after the definition, that 
definition becomes superfluous. JIamblichus however (p. 24, 7—14) quotes 
these enunciations differently. In the first he has instead of “even-times odd 
only” the words “ doth even-times odd and odd-times even” ; and, in the second, 
for “both even-times even and even-times odd” he has “is both even-times 
even and at the same time even-times odd and odd-times even.” In both 
cases therefore “odd-times even” is added to the enunciation as Iamblichus 
had it; the words cannot have been added by Iamblichus himself because 
he himself does not use the term odd-tzmes even, but the one word odd-even 
(περισσάρτιος). In order to get over the difficulties involved by Def. τὸ and 
these differences of reading we have practically to choose between (1) accept- 
ing Iamblichus’ reading in all three places and (2) adhering to the reading of 
our MSS. in IX. 33, 34 and rejecting Def. 10 altogether as an interpolation. 
Now the readings of our text of 1x. 33, 34 are those of the Vatican Ms. 
and the Theonine mss. as well; hence they must go back to a time before 
Theon, and must therefore be almost as old as those of Iamblichus. 
Heiberg considers it improbable that Euclid would wish to maintain a point- 
less distinction between even-dzmes odd and odd-times even, and on the whole 
concludes that Def. 10 was first interpolated by some ignorant person who 
did not notice the difference between the Euclidean and Pythagorean classi- 
fication, but merely noticed the absence of a definition of odd-times even 
and fabricated one as a companion to the other. When this was done, it 
would be easy to see that the statement in ix. 33 that the number referred 
to is “even-times odd on/y” was not strictly true, and that the addition of 
the words “and odd-times even” was necessary in IX. 33 and IX. 34 as 
well, 


DEFINITION I0. 


Περισσάκις δὲ περισσὸς ἀριθμός ἐστιν ὃ ὑπὸ περισσοῦ ἀριθμοῦ μετρούμενος 
κατὰ περισσὸν ἀριθμόν. 

The odd-times odd number is not defined as such by Nicomachus and 
Iamblichus ; for them these numbers would apparently belong to the com- 
posite subdivision of odd numbers. Theon of Smyrna on the other hand 
says (Ὁ. 23, 21) that odd-times odd was one of the names applied to prime 
numbers (excluding 2), for these have two odd factors, namely 1 and the 
number itself. This is certainly a curious use of the term. 


DEFINITION 11. 

Ἠρῶτος ἀριθμός ἐστιν ὃ μονάδι μόνῃ μετρούμενος. 

A prime number (πρῶτος ἀριθμός) is called by Nicomachus, Theon, and 
Tamblichus a “prime and incomposite (ἀσύνθετος) number.” Theon (p. 23, 9) 
defines it practically as Euclid does, viz. as a number “measured by no number, 
but by an unit only.” Aristotle too says that a prime number is not measured by 
any number (Azadé. ost. 1. 13, 96 a 36), an unit not being a number (Metaph. 
1088 a 6), but only the beginning of number (Theon of Smyrna says the same 
thing, p. 24, 23). According to Nicomachus (1. 11, 2) the prime number is a 
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subdivision, not of numbers, but of a/Z numbers; it is “an odd number 
which admits of no other part except that which is called after its own name 
(παρώνυμον ἑαυτῷ)" The prime numbers are 3, 5, 7 e¢tc., and there is no 
submultiple of 3 except }rd, no submultiple of 11 except 7,th, and so on. In 
all these cases the only submultiple is an unit. According to Nicomachus 3 
is the first prime number, whereas Aristotle ( Zopies viii. 2, 157 a 39) regards 
2 as a prime number: “as the dyad is the only even number which is prime,” 
showing that this divergence from the Pythagorean doctrine was earlier than 
Euclid. The number 2 also satisfies Euclid’s definition of a prime number. 
Iamblichus (p. 30, 27 sqq.) makes this the ground of another attack upon Euclid. 
His argument (the text of which, however, leaves much to be desired) appears 
to be that 2 is the ovdy even number which has no other part except an 
unit, while the subdivisions of the even, as previously explained by him (the 
even-times even, the even-odd, and edd-even), all exclude primeness, and he has 
previously explained that 2 Is fofentzaé/y even-odd, being obtained by 
multiplying by 2 the potentially odd, i.e. the unit: hence 2 15 regarded by him 
as bound up with the subdivisions of even, which exclude primeness. Theon 
seems to hold the same view as regards 2, but supports it by an apparent 
circle. A prime number, he says (Ὁ. 23, 14—23), 15 also called edittimes udd : 
therefore only odd numbers are prime and incomposite. Even numbers are 
not measured by the unit alone, except 2, which therefore (Ὁ. 24, 7) 1s odd-dhe 
(περισσοειδής) without being prime. 

A variety of other names were applied to prime numbers. We have 
already noted the curious designation of them as ed.t-times add. According to 
Iamblichus (p. 27, 3—5) some called them euthvmetric (ecOvperpixos), and 
Thymaridas rectilinear (εὐθυγραμμικός), the ground being that they can only be 
set out in one dimension with no breadth (ἀπλατὴς γὰρ ἐν τῇ ἐκθέσει ἐφ᾽ ἕν 
μόνον διιστάμενος). The same aspect of a prime number is also expressed by 
Aristotle, who (Wefaph. 1020 Ὁ 3) contrasts the composite number with that 
which is only in one dimension (μόνοι ἐφ᾽ ἐν wy). Theon of Smyrna (p. 23, 12) 
gives γραμμικός (dizear) as the alternative name instead of εὐθυγραμμικός. In 
either case, to make the word a proper description of a prime number we have 
to understand the word ov/; a prime number is that which is ἐρίφια», or 
rectilinear, only. For Nicomachus, who uses the form &ear, expressly says 
(11. 13, 6) that αὐ numbers are so, i.e, all can be represented as linear by dots 
to the required amount placed in a line. 

A prime number was called prime or jirsf, according to Nicomachus 
(1. 11, 3), because it can only be arrived at by putting together a certain 
number of units, and the unit is the beginning of number (cf. Aristotle’s 
second sense of πρῶτος “as not being composed of xumlers,” ws μὴ συγκεῖσθαι 
ἐξ ἀριθμῶν, Anal. Fost. u. 13, 96 ἃ 37), and also, according to Iamblichus, 
because there is no number before it, being a collection of units (μονάδων 
σύστημα), of which it is a multiple, and it appears 7rsf as a basis for other 
numbers to be multiples of. 


DEFINITION 12, 


Ἰρῶτοι πρὸς ἀλλήλους ἀριθμοί εἰσιν οἱ μονάδι μόνῃ μετρούμενοι κοινῷ μέτρῳ. 

By way of further emphasising the distinction between “prime” and 
“prime to one another,” Theon of Smyrna (p. 23, 6—8) calls the former 
“prime absolutely” (ἁπλῶς), and the latter “prime to one another and ποῖ 
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absolutely” or “not in themselves” (οὐ καθ᾽ αὐτούς). The latter (p. 24, 8---το) 
are “ measured by the unit [sc. only] as common measure, even though, taken 
by themselves (ὡς πρὸς ἑαυτούς), they be measured by some other numbers.” 
From Theon’s illustrations it is clear that with him as with Euclid 
a number prime to another may be even as well as odd. In Nicomachus 
(1, rz, 1) and Iamblichus (p. 26, 19), on the other hand, the number which is 
“in itself secondary (δεύτερος) and composite (σύνθετος), but in relation to 
another prime and incomposite,” is a subdivision of odd. I shall call more 
particular attention to this difference of classification when we have reached 
the definitions of “composite” and “composite to one another”; for the 
present it is to be noted that Nicomachus (1. 13, 1) defines a number prime / 
another after the same manner as the absolutely prime; it is a number which 
‘‘is measured not only by the unit as the common measure but also by some 
other measure, and for this reason can also admit of a part or parts called by 
a different name besides that called by the same name (as itself), but, when 
examined in comparison with another number of similar character, is found 
not to be capable of being measured by a common measure in relation to the 
other, nor to have the same part, called by the same name as (any of) those 
simply (ἁπλῶς) contained in the other; e.g. 9 in relation to 25, for each of 
these is in itself secondary and composite, but, in comparison with one 
another, they have an unit alone as a common measure and no part 15 called 
by the same name in both, but the 477d in one is not in the other, nor is the 
fifth in the other found in the first.” 


DEFINITION 13. 

SivGeros ἀριθμός ἐστιν ὃ ἀριθμῷ τινι μετρούμενος. 

Euclid’s definition of composite is again the same as Theon’s definition 
of numbers “composite in relation to themselves,” which (p. 24, 16) are 
“numbers measured by any less number,” the unit being, as usual, not 
regarded as a number. Theon proceeds to say that “of composite numbers 
they call those which are contained by two numbers /A/ane, as being 
investigated in two dimensions and, as it were, contained by a length and a 
breadth, while (they call) those (which are contained) by three (numbers) 
solid, as having the third dimension added to them.” To a similar effect is 
the remark of Aristotle (Mefaph. 1020 Ὁ 3) that certain numbers are 
“composite and are not only in one dimension but such as the plane and the 
solid (figure) are representations of (μέμημα), these numbers being so many 
times so many (ποσάκις woof), or so many times so many times so many 
(ποσάκις ποσάκις ποσοΐῇ respectively.” These subdivisions of composite 
numbers are, of course, the subject of Euclid’s definitions 17, 18 respectively. 
Euclid’s composite numbers may be either even or odd, like those of Theon, 
who gives 6 as an instance, 6 being measured by both 2 and 3. 


DEFINITION 14. 
Σύνθετοι δὲ πρὸς ἀλλήλους ἀριθμοί εἰσιν of ἀριθμῷ τινι μετρούμενοι κοινῷ 
μέτρῳ. 
Theon (p. 24, 18), like Euclid, defines numbers composite to one another as 
“those which are measured by any common measure whatever” (excluding 


unity, as usual). Theon instances 8 and 6, with 2 as common measure, and 
6 and 9, with 3 as common measure. 
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As hinted above, there is a great difference between Euclid’s classification 
of prime and composite numbers, and of numbers prime and composite 
to one another, and the classification found in Nicomachus (1 1r1—-13} and 
Jamblichus. According to the latter, all these kinds of numbers are sub- 
divisions of the class of ed¢ numbers only. As the class of even numbers is 
divided into three kinds, (1) the even-times even, (2) the even-odd, which 
form the extremes, and (3) the odd-even, which is, as it were, intermediate to 
the other two, so the class of odd numbers is divided into three, of which the 
third is again a mean between two extremes. The three are: 

(1) the prime and incomposite, which is like Euclid’s prime number except 
that it excludes 2 ; 

(2) the secondary and composite, which is “odd because it is a distinct 
part of one and the same genus (διὰ τὸ ἐξ ἑνὸς καὶ τοῦ αὐτοῦ γένους διακεκρέσθαι) 
but has in it nothing of the nature of a first principle (αρχοειδές) : for it arises 
from adding some other number (to itself), so that, besides having a part 
called by the same narne as itself, it possesses a part or parts called by another 
name.” Nicomachus cites 9, 15, 21, 25, 27, 33, 35, 230. [t is made clear that 
not only must the factors be both odd, but they must all be prime numbers. 
This is obviously a very inconvenient restriction of the use of the word 
composite, a word of general signification. 

(3) is that which is “secondary and composite in itself but prime and 
incomposite to another.” The actual words in which this is defined have been 
given above in the note on Def. 12. Here again all the factors must be odd 
and prime. 

Besides the inconvenience of restricting the term compostfe to edd numbers 
which are composite, there is in this classification the further serious defect, 
pointed out by Nesselmann (Dze Algebra der Griechen, 1842, Ὁ. 194), that 
subdivisions (2) and (3) overlap, subdivision (2) including the whole of 
subdivision (3). The origin of this confusion is no doubt to be found in 
Nicomachus’ perverse anxiety to be symmetrical; by hook or by crook he 
must divide odd numbers into three kinds as he had divided the evew. 
Tamblichus (p. 28, 13) carries his desire to be logical so far as to point out 
why there cannot be a fourth kind of number contrary in character to (3), 
namely a number which should be “prime and incomposite in itself, but 
secondary and composite to another ”! 


DEFINITION 15. 
᾿Αριθμὸς ἀριθμὸν πολλαπλασιάζειν λέγεται, ὅταν, ὅσαι εἰσὶν & αὐτῷ μονάδες, 
τοσαυτάκις συντεθῇ ὃ πολλαπλασιαζόμειος, καὶ γένηταί τις. 
This is the well known primary definition of multiplication as an 
abbreviation of addition. 


DEFINITION 16. 


Ὅταν δὲ δύο ἀριθμοὶ πολλαπλασιάσαντες ἀλλήλους ποιῶσί τινα, ὃ γενόμενος 
ἐπίπεδος καλεῖται, πλευραὶ δὲ αὐτοῦ οἱ πολλαπλασιάσαντες ἀλλήλους ἀριθμοί. 
The words plane and solid applied to numbers are of course adapted from 


their use with reference to geometrical figures. A number is therefore cailed 
linear (γραμμικός) when it is regarded as in one dimension, as being a /exgth 
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(μῆκος). When it takes another dimension in addition, namely breadth 
(πλάτος), it is in two dimensions and becomes plane (ἐπίπεδος). The 
distinction between a g/ane and a plane number is marked by the use of the 
neuter in the former case, and the masculine, agreeing with ἀριθμός, in the 
latter case. So with a sgvare and a square number, and so on. The most 
obvious form of a plane number is clearly that corresponding to a rectangle in 
geometry ; the number is the product of two linear numbers regarded as sides 
(wXeupat) forming the length and breadth respectively. ‘Such a number is, as 
Aristotle says, ‘‘so many times so many,” and a plane is its counterpart 
(μίμημα). So Plato, in the Zheaetetus (147 E—148 B), says: “ We divided all 
numbers into two kinds, (1) that which can be expressed as equal multiplied 
by equal (τὸν δυνάμενον ἴσον ἰσάκις γίγνεσθαι), and which, likening its form to 
the square, we called sgzare and equilateral; (2) that which is intermediate, 
and includes 3 and 5 and every number which cannot be expressed as equal 
multiplied by equal, but is either less times more or more times less, being 
always contained by a greater and a less side, which number we likened to 
the oblong figure (προμήκει σχήματι) and called an od/ong number.... Such 
lines therefore as sguare the equilateral and plane number [1.6. which can 
form a plane number with equal sides, or a square] we defined as Length 
(μῆκος); but such as square the oblong (here ἑτερομήκης) [1.6. the square of 
which is equal to the oblong] we called voots (δυνάμεις) as not being com- 
mensurable with the others in length, but only in the plane areas (ἐπιπέδοις), 
to which the squares on them are equal (ἃ δύνανται). This passage seems 
to make it clear that Plato would have represented numbers as Euclid does, 
by straight lines proportional in length to the numbers they represent (so far 
as practicable); for, since 3 and 5 are with Plato oblong numbers, and /znes 
with him represent the sides of oblong numbers (since a line represents the 
“root,” the square on which is equal to the oblong), it follows that the zzz 
representing the smaller side must have been represented as a line, and 3, the 
larger side, as a line of three times the length. But there 1s another possible way 
of representing numbers, not by lines of a certain length, but by pezts disposed 
in various ways, in straight lines or otherwise. Iamblichus tells us (p. 56, 27) 
that “in old days they represented the quantuplicities of number in a more 
natural way (φυσικώτερον) by splitting them up into units, and not, as in our 
day, by symbols” (συμβολικῶς). Aristotle too (Wefaph. 1092 b 10) mentions 
one Eurytus as having settled what number belonged to what, such a number 
to a man, such a number to a horse, and so on, “copying their shapes” 
(reading τούτων, with Zeller) “δ pebbles (ταῖς ψήφοις), just as those do who 
arrange numbers in the forms of triangles or squares.” We accordingly find 
numbers represented in Nicomachus and Theon of Smyrna by a number of 
a’s ranged like points according to geometrical figures. According to this 
system, any number could be represented by points in a straight line, in which 
case, says Iamblichus (p. 56, 26), we shall call it rectilinear because it 15 
without breadth and only advances in length (ἀπλατῶς ἐπὶ μόνον τὸ μῆκος 
πρύεισιν). The prime number was called by Thymaridas rectilinear par 
excellence, because it was without breadth and in one dimension ovly (ἐφ᾽ ἕν 
μόνον διιστάμενος). By this must be meant the impossibility of representing, 
say, 3 as a plane number, in Plato’s sense, 1.6. as a product of two numbers 
corresponding to a rectangle in geometry ; and this view would appear to rest 
simply upon the representation of a number by fozzzs, as distinct from lines. 
Three dots in a straight line would have ze breadth; and if breadth were 
introduced in the sense of producing a rectangle, ie. by placing the same 
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number of dots in a second line below the first line, the first s/aze number 
would be 4, and 3 would not be a plane number at all, as Plato says itis. It 
seems therefore to have been the alternative representation of a number by 
points, and not lines, which gave rise to the different view of a plane number 
which we find in Nicomachus and the rest. By means of separate points we 
can represent numbers in geometrical forms other than rectangles and squares. 
One dot with two others symmetrically arranged below it shows a ¢riangie, 
which is a figure zz fawo dimensions as much as a rectangle or parallelogram is. 
Similarly we can arrange certain numbers in the form of regular pentagons or 
other polygons. According therefore to this mode of representation, 3 is the 
first Aéane number, being a ¢viangular number. The method of formation of 
triangular, square, pentagonal and other polygonal numbers is minutely 
described in Nicomachus (11. 8—11), who distinguishes the separate series of 
gnomons belonging to each, 1.6. gives the law determining the number which 
has to be added to a polygonal number with ~ in a side, in order to make it 
into a number of the same form but with 2 +1 in a side (the addend being of 
course the gnomon). Thus the gnomonic series for triangular numbers is 
I, 2, 3, 4, 5...; that for squares 1, 3, 5, 7...; that for pentagonal numbers 
I, 4, 7, 10...,andsoon. The subject need not detain us longer here, as we 
are at present only concerned with the different views of what constitutes a 
plane number. 

Of A/ane numbers in the Platonic and Euclidean sense we have seen that 
Plato recognises ¢wo kinds, the sguare and the od/ong ἱπρομήκης or ἑτερομήκης). 
Here again Euclid’s successors, at all events, subdivided the class more 
elaborately. Nicomachus, Theon of Smyrna, and Iamblichus divide plane 
numbers with unequal szdes into (1) ἑτερομήκεις, the nearest thing to squares, 
viz. numbers in which the greater side exceeds the less side by 1 only, or 
numbers of the form (z+ 1), 6g. ©. 2, 2.3, 3-4, etc. (according to Nico- 
machus), and (2) προμήκεις, or those whose sides differ by 2 or more, 1.8. are of 
the form 7 (z +m), where # is not less than 2 (Nicomachus illustrates by 2. 4, 
3.6, etc.). Theon of Smyrna (p. 30, 8—14) makes προμήκεις include ἑτερομήκεις, 
saying that their sides may differ by 1 or more; he also speaks of paralfelogram- 
numbers as those which have one side different from the other by 2 or more ; 
I do not find this latter term in Nicomachus or Iamblichus, and indeed it 
seems superfluous, as parallelogram is here only another name for oblong. 
Iamblichus (p. 7.4, 23 sqq.), always critical of Euclid, attacks him again here 
for confusing the subject by supposing that the ἑτερομήκης number is the pro- 
duct of any two different numbers multiplied together, and by not distinguishing 
the oblong (προμήκης) from it: “for his definition declares the same number 
to be square and also ἑτερομήκης, as for example 36, 16 and many others: 
which would be equivalent to the odd number being the same thing as the 
even.” No importance need be attached to this exaggerated statement ; it is 
in any case merely a matter of words, and it is curious that Euclid does not in 
fact use the word ἑτερομήκης of numbers at all, but only of geometrical oblong 
figures as opposed to squares, so that Iamblichus can apparently only have 
inferred that he used it in an unorthodox manner from the geometrical use of 
the term in the definitions of Book 1. and from the fact that he does not give 
the two subdivisions of plane numbers which are not square, but seems only 
to divide plane numbers into square and not-square. The argument that 
ἑτερομήκεις numbers are a watura/, and therefore essential, subdivision 
Iamblichus appears to found on the method of successive addition by which 
they can be evolved; as square numbers are obtained by successively adding 
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odd numbers as gnomons, so ἑτερομήκεις are obtained by adding even numbers 
asgnomons. Thus 1.2=2, 2.3=2+4, 3-4=2+4+6, and so on. 


DEFINITION 17. 


“-“ ~ fs € , 
Ὅταν δὲ τρεῖς ἀριθμοὶ πολλαπλασιάσαντες ἀλλήλους ποιῶσί τινα, ὃ γενόμενος 
~ 4 > 3 ΄ 
στερεός ἐστιν, πλευραὶ δὲ αὐτοῦ of πολλαπλασιάσαντες ἀλλήλους ἀριθμοί. 


What has been said of the two apparently different ways of regarding ἃ 
plane number seems to apply equally, mutatis mutandis, to the definitions of a 
solid number. Aristotle regards it as a number which is so many times so 
many times so many (ποσάκις ποσάκις ποσόν). Plato finishes the passage about 
lines which represent the sides of sgvare numbers and lines which are roots 
(δυνάμεις), 1.6. the squares on which are equal to the rectangle representing a 
number which is oblong and not square, by adding the words, ‘‘ And another 
similar property belongs to solids” (καὶ περὶ τὰ στερεὰ ἄλλο τοιοῦτον). That is, 
apparently, there would be a corresponding term to voot (dvvapis)—practically 
representing a surd—to denote the side of a cube equal to a parallelepiped 
representing a solid number which is the product of three factors but 
not a cube. Such is a solid number when numbers are represented by 
straight lines: it corresponds in general to a parallelepiped and, when all 
the factors are equal, to a cube. 

But again, if numbers be represented by fozzzs, we may have solid numbers 
(i.e. numbers in three dimensions) in the form of pyramids as well. The first 
number of this kind is 4, since we may have three points forming an 
equilateral triangle in one plane and a fourth point placed in another plane. 
The length of the sides can be increased by 1 successively ; and we can have 
a series of pyramidal numbers, with triangles, squares or polygons as bases, 
made up of layers of triangles, squares or similar polygons respectively, each 
of which layers has one less in the side than the layer below it, until the top 
of the pyramid is reached, which of course is one point representing unity. 
Nicomachus (11 1316), Theon of Smyrna (p. 41—2), and Iamblichus 
(p. 95, 15 sqq.), all give the different kinds of pyramidal solid numbers in 
addition to the other kinds. 

These three writers make the following further distinctions between solid 
numbers which are the product of three factors. 


1. First there is the equal by equal by equal (ἰσάκις ἰσάκις ἴσος), which is, 
of course, the cube. 


2. The other extreme is the unequal by unequal by unequal (ἀνισάκις 
avigaxts ἄνισος), or that in which all the dimensions are different, e.g. the 
product of 2, 3, 4 or 2, 4, ὃ or 3, 5, 12. These were, according to Nicomachus 
(11. 16), called scalene, while some called them σφηνίσκοι (wedge-shaped), others - 
σφηκίσκοι (from odyé, a wasp), and others βωμίσκοι (altar-shaped). Theon 
appears to use the last term only, while Iamblichus of course gives all! three 
names. 


3. Intermediate to these, as it were, come the numbers “whose A/anes 
form ἕτερομήκεις numbers” (1.6. numbers of the form m(z+1)). These, says 
Nicomachus, are called paradlelepipedal. 

Lastly come two classes of such numbers each of which has two equal 
dimensions but not more. 
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4. If the third dimension is less than the others, the number is egua/ by 
rd by less (ἰσάκις ἴσος ἐλαττονάκις) and is called a plinth (πλινθίς), eg. 
ὅς, ὁ. 


5. If the third dimension is greater than the others, the number is egua/ 

ay equal by greater (ἰσάκις ἴσος μειζονάκις) and is called a Geam: (δοκίς), eg. 

-3-7-  sknother name for this latter kind of number (according to 
Iamblichus) was στηλίς (diminutive of στήλη). | 


Lastly, in connexion with pyramidal numbers, Nicomachus (1. 14, 5) dis- 
tinguishes numbers corresponding to frusfa of pyramids. These are truncated 
(κόλουροι), fewice-truncated (δικόλουροι), thrice-truncated (τρικόλουροι) pyramids, 
and so on, the term being used mostly in theoretic treatises (ἐν συγγράμμασι 
μάλιστα τοῖς θεωρηματικοῖς). The ¢runcated pyramid was formed by cutting 
off the point forming the vertex. The swvzce-/runcated was that which lacked 
the vertex and the next plane, and so on. Theon of Smyrna (p. 42, 4) only 
mentions the ¢runcated pyramid as “that with its vertex cut off? (ἢ τὴν 
κορυφὴν ἀποτετμημένη), saying that some also called it a trapezium, after the 
similitude of a plane trapezium formed by cutting the top off a triangle 
by a straight line parallel to the base. 


DEFINITION 18. 


T Ld 3 θ f 2 ¢ » F ¥ A ς e« x 4 δ 3 a 
ἐτράγωνος ἀριῦμος ἐστιν ὁ ἰσάκις LTOS 1) [ὁ] ὑπὸ OVO Lowy ἀριθμῶν πτερι- 
εχόμενος. 


A particular kind of square distinguished by Nicomachus and the rest was 
the square number which ended (in the decimal notation) with the same 
number as its side, e.g. 1, 25, 36, which are the squares of 1, 5 and 6. These 
square numbers were called cyclic (κυκλικοί) on the analogy of circles in 
geometry which return again to the point from which they started. 


DEFINITION IQ. 
Κύβος δὲ 6 ἰσάκις ἴσος ἰσάκις ἢ [6] ὑπὸ τριῶν ἴσων ἀριθμῶν περιεχόμενος. 


Similarly cube numbers which ended with the same number as their sides, 
and the squares of those sides also, were called spherical (adaiptxor) or recurrent 
(aroxatacrarixot). One might have expected that the term sferical would be 
applicable also to the cubes of numbers which ended with the same digit as the 
side but not necessarily with the same digit as the syware of the side also. 
E.g. the cube of 4, ie. 64, ends with the same digit as 4, but not with the 
same digit as 16. But apparently 64 was not called a spherical number, the 
only instances given by Nicomachus and the rest being those cubed from 
numbers ending with 5 or 6, which end with the same digit if sguared. A 
sphertcal number is in fact derived from a cireudar number only, and that by 
adding another equal dimension. Obviously, as Nesselmann says, the names 
cyclic and spherical applied to numbers appeal to an entirely different principle 
from that on which the figured numbers so far dealt with were formed. 


19-2 
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DEFINITION 20. 


“~ ~“~ f ~ ? 
᾿Αριθμοὶ ἀνάλογόν εἶσιν, ὅταν 6 πρῶτος τοῦ δευτέρου Kal ὃ τρίτος TOU τετάρτου 
* ‘\ + N 2 Ri XN 3 NR 4 - 
ἰσάκις ἦ πολλαπλάσιος ἢ τὸ αὐτὸ μέρος ἢ τὰ αὑτὰ μέρη ὠσιν. 


Euclid does not give in this Book any definition of ratio, doubtless because 
it could only be the same as that given at the beginning of Book v., with 
numbers substituted for “homogeneous magnitudes” and “in respect of szze” 
(πηλικότητα) Omitted or altered. We do not find that Nicomachus and the 
rest give any substantially different definition of a ratio between numbers. 
Theon of Smyrna says, in fact (p. 73, 16), that “ratio in the sense of 
proportion (λόγος ὁ κατ᾽ ἀνάλογον) is a sort of relation of two homogeneous 
terms to one another, as for example, double, triple.” Similarly Nicomachus 
says (11. 21, 3) that ‘‘a ratio is a relation of two terms to one another,” the word 
for “relation” being in both cases the same as Euclid’s (σχέσις). Theon of 
Smyrna goes on to classify ratios as greater, less, or equal, i.e. as ratios of greater 
inequality, less inequality, or equality, and then to specify certain arithmetical 
ratios which had special names, for which he quotes the authority of Adrastus. 
The names were πολλαπλάσιος, ἐπιμόριος, ἐπιμερής, πολλαπλασιεπιμόριος, 
πολλαπλασιεπιμερής (the first of which is, of course, a multiple, while the rest 
are the equivalent of certain types of improper fractions as we should call 
them), and the reciprocals of each of these described by prefixing to or sud. 
After describing these particular classes of arithmetical ratios, Theon goes on 
to say that numbers still have ratios to one another even if they are different 
from all those previously described. We need not therefore concern ourselves 
with the various types; it is sufficient to observe that any ratio between 
numbers can be expressed in the manner indicated in Euclid’s definition of 
arithmetical proportion, for the greater is, in relation to the less, either one or 
a combination of more than one of the three things, (1) a multiple, (2) a 
submultiple, (3) a proper fraction. 

It is when we come to the definition of pvoportion that we begin to find 
differences between Euclid, Nicomachus, Theon and Iamblichus. “Proportion,” 
says Theon (p. 82, 6), ‘‘is similarity or sameness of more ratios than one,” 
which is of course unobjectionable if it is previously understood what a vatio 
is; but confusion was brought in by those (like Thrasyllus) who said that 
there were three proportions (ἀναλογίαι), the arithmetic, geometric, and 
harmonic, where of course the reference is to arithmetic, geometric and 
harmonic mmeavis (μεσότητες). Hence it was necessary to explain, as Adrastus 
did (Theon, p. 106, 15), that of the several means “the geometric was called 
both proportion par excellence and primary...though the other means were 
also commonly called proportions by some writers.” Accordingly we have 
Nicomachus trying to extend the term “proportion” to cover the various 
means as well as a proportion in three or four terms in the ordinary sense. He 
says (11. 21, 2): “‘ Proportion, Zar excellence (κυρίως), is the bringing together 
(σύλληψις) to the same (point) of two or more ratios; or, more generally, (the 
bringing together) of two or more ze/ations (σχέσεων), even though they be 
subjected not to the same ratio but to a difference or some other (law).” 
lamblichus keeps the senses of the word more distinct. He says, like Theon, 
that “proportion is similarity or sameness of several ratios” (p. 98, 14), and 
that “it is to be premised that it was the geometrical (proportion) which the 
ancients called proportion par excellence, though it is now common to apply 
the name generally to all the remaining means as well” (p. 100,15). Pappus 
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remarks (111, p. 70, 17}, “ΑΔ mean differs from a proportion in this respect that, if 
anything is a proportion, it is also a mean, but not conversely. For there are 
three means, of which one is arithmetic, one geometric and one harmonic.” 
The last remark implies plainly enough that there is only one profartion 
(ἀναλογία) in the proper sense. So, too, says Iamblichus in another place 
(p. 104, 19): “the second, the geometric, mean has been called progertion 
par excellence because the terms contain the same ratio, being separated 
according to the same proportion (ara τὸν αὐτὸν λόγον duecrdres).” The 
natural conclusion is that of Nesselmann, that originally the geometric 
proportion was called ἀναλογία, the others, the arithmetic, the harmonic, etc., 
means ; but later usage had obliterated the distinction. 

Of proportions in the ancient and Euclidean sense Theon (p. 82, το) 
distinguished the continuous (συνεχής) and the separated (denpquéy), using the 
same terms as Aristotle (474. Nic. 1131 a 32). The meaning is of course 
clear: in the continuous proportion the consequent of one ratio is the ante- 
cedent of the next; in the separated proportion this is not so. Nicomachus 
(11. 21, 5—6) uses the words connected (συνημμένη) and adisjeczed (διεζευγμένη) 
respectively. Euclid regularly speaks of numbers in continuous proportion as 
‘proportional in order, or successively ” (ἑξῆς dvadoyov). 


DEFINITION 21. 
Ὅμοιοι ἐπίπεδοι καὶ orepeot ἀριθμοί εἶσιν of ἀνάλογον ἔχοντες τὰς πλευράς. 


Theon of Smyrna remarks (p. 36, 12) that, among plane numbers, @// 
squares are similar, while of ἑτερομήκεις those are similar “ whose sides, that 
is, the numbers containing them, are proportional.” Here ἑτερομήκης must 
evidently be used, not in the sense of a number of the form (z+ 1), but as 
synonymous with προμήκης, any oblong number; so that on this occasion 
Theon follows the terminology of Plato and (according to Tamblichus) of 
Euclid. Obviously, if the strict sense of ἑτερομήκης is adhered to, no two 
numbers of that form can be similar unless they are also eyua’, We may 
compare Iamblichus’ elaborate contrast of the square and the ἑτερομήκης. 
Since the two sides of the square are equal, a square number might, as he 
says (p. 82, 9), be fitly called ἰδιομήκης (Nicomachus uses tatrouyxys) in 
contrast to ἑτερομήκης ; and the ancients, according to him, called square 
numbers “the same” and “similar” {ταὐτούς τε καὶ ὁμοίους), but ἑτερομήκεις 
numbers “ dissimilar and other” (ἀνομοίους καὶ θατέρους). | 

With regard to solid numbers, Theon remarks in like manner (p. 37, 2) 
that a7 cube numbers are similar, while of the others those are similar whose 
sides are proportional, 1.6. in which, as length is to length, so is breadth to 
breadth and height to height. 


DEFINITION 22. 
Τέλειος ἀριθμός ἐστιν ὃ τοῖς ἑαυτοῦ μέρεσιν ἴσος av. 


Theon of Smyrna (p. 45, 9 566.) and Nicomachus (i. 16) both give 
the same definition of a derfect number, as well as the law of formation of 
such numbers which Euclid proves in the later proposition, 1x. 36. They 
add however definitions of two other kinds of numbers in contrast with it, 
(1) the over-perfect (ὑπερτελής in Nicomachus, ὑπερτέλειος in Theon), the 
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sum of whose parts, i.e. submultiples, is greater than the number itself, e.g. 12, 
24 etc, the sum of the parts of 12 being 64+4+3+2+1 =16, and the 
sum of the parts of 24 being 12+8+6+4+3+2+1=36, (2) the defective 
(ἐλλιπής), the sum of whose parts is less than the whole, e.g. 8 or 14, the 
parts in the first case adding up to 4+2+1, or 7, and in the second case to 
7+2+1,0rt1o. All three classes are however made by Theon subdivisions 
of numbers in general, but by Nicomachus subdivisions of eve numbers. 

The term perfect was used by the Pythagoreans, but in another sense, of 
10; while Theon tells us (p. 46, 14) that 3 was also called perfect “ because 
it is the first number that has beginning, middle and extremity; it is also both 
a dine and a plane (for it is an equilateral triangle having each side made up 
of two units), and it is the first link and potentiality of the solid (for a solid 
must be conceived of in three dimensions).” 


There are certain unexpressed axioms used in Book vir. as there are in 
earlier Books. 


The following may be noted. 
1. If A measures 2, and B measures C, A will measure C. 


2. If A measures B, and also measures C, 4 will measure the difference 
between & and C when they are unequal. 


3. If A measures B, and also measures C, 4 will measure the sum of B 
and C. 


It is clear, from what we know of the Pythagorean theory of numbers, of 
musical intervals expressed by numbers, of different kinds of means etc., that 
the substance of Euclid Books vi1.—ix. was no new thing but goes back, at 
least, to the Pythagoreans. It is well known that the mathematics of Plato’s 
Timaeus is essentially Pythagorean. It is therefore ὦ prior? probable (if not 
perhaps quite certain) that Plato πυθαγορίζει even in the passage (32 A, B) where 
he speaks of numbers “whether solid or square” in continued proportion, 
and proceeds to say that between p/ames one mean suffices, but to connect 
two solids two means are necessary. This passage has been much discussed, 
but I think that by “planes” and “solids” Plato certainly meant square and 
solid numbers respectively, so that the allusion must be to the theorems 
established in Eucl. vit. 11, 12, that between two square numbers there is 
one mean proportional number, and between two cube numbers there are 
two mean proportional numbers?. 


Ὁ It is true that stwzlar plane and solid numbers have the same property (Eucl. vu. 18, 
19); but, if Plato had meant similar plane and solid numbers generally, I think it would 
have been necessary to specify that they were ‘‘ similar,” whereas, seeing that the 7Zmaeus is 
as a whole concerned with regular figures, there is nothing unnatural in allowing regular or 
equilateral to be understood. Further Plato speaks first of δυνάμεις and ὄγκοι and then of 
“planes” (ἐπίπεδα) and ‘‘solids” (στερεά) in such a way as to suggest that δυνάμεις cor- 
respond to ἐπέπεδα and ὄγκοι to στερεά. Now the regular meaning of δύναμις is square (or 
Sometimes sguarve root), and 1 think it is here used in the sense of sgzarve, notwithstanding 
that Plato seems to speak of ‘hree squares in continued proportion, whereas, in general, the 
mean between two squares as extremes would not be square but oblong. And, if δυνάμεις are 
squares, it 15 reasonable to suppose that the ὄγκοι are also egzzlateral, i.e. the ‘‘ solids” are 
cubes. Σ am aware that Th. Habler (Bibliotheca Mathematica, Ν1115, 1908, pp- 173—4) 
thinks that the passage is to be explained by reference to the problem of the duplication of 
the cube, and does not refer to numbers at all. Against this we have to put the evidence of 
Nicomachus (11. 24, 6) who, in speaking of “a certain Platonic theorem,” quotes the very 
same results of Eucl. vil. 11, 12. Secondly, it is worth noting that Habler’s explanation is 
distinctly ruled out by Democritus the Platonist (3rd cent. A.D.) who, according to Proclus 
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It is no less clear that, in his method and line of argument, Euclid was 
following earlier models, though no doubt making improvements in the 
exposition. His tract on the Seco Canonis, κατατομὴ κανόνος (for which see 
Musut Sceriptores Graeci, ed. Jan, pp. 148—166) is in style and in the form of 
the propositions closely akin to the A/ements. In one proposition (2) he says 
“we learned (ἐμάθομεν) that, if as many numbers as we please be in {con- 
tinued) proportion, and the first measures the last, the first will also measure 
the intermediate numbers”; here he practically quotes Elem. vu. 7. In the 
3rd proposition he proves that no number can be a mean between two 
numbers in the ratio known as ἐπιμόριος, the ratio, that is, of z+1 to 7, where 
w 15 any integer greater than unity. Now, fortunately, Boethius, De institwtione 
musica, Ul. 11 (pp. 285—6, ed. Friedlein), has preserved a proof by Archytas 
of this same proposition; and the proof is substantially identical with that 
of Euclid. The two proofs are placed side by side in an article by Tannery 
(Bibliotheca Mathematica, Vly, 1905/6, p. 227). Archytas writes the smaller 
term of the proportion first (instead of the greater, as Euclid does). Let, he 
says, 4, 2 be the “‘superparticularis proportio ” (ἐπιμόριον διάστημα in Euclid). 
Take C, DZ the smallest numbers which are in the ratio of 4 to B. (Here 
DE means D+ 2: and in this respect the notation is different from that of 
Euclid who, as usual, takes a line DF divided into two parts at G, GF 
corresponding to Z, and DG to Y, in Archytas’ notation. The step of taking 
C, DE, the smallest numbers in the ratio -of 4 to 4, presupposes Eucl. vir. 
33-] Then DZ exceeds C by an aliquot part of itself and of C [cf. the 
definition of ἐπιμόριος ἀριθμός in Nicomachus, 1. 10, 1. Let D be the excess 
lie. & is supposed equal to C]. “1 say that D is not a number but an unit.” 

For, if DY is a number and a part of D&, it measures DE: hence it 
measures 45, that is, C. Thus 0 measures both C and DZ, which is 
impossible ; for the smallest numbers which are in the same ratio as any 
numbers are prime to one another. [This presupposes Eucl. vit. 22.]| There- 
fore D is an unit; that is, DZ exceeds C by an unit. Hence no number can 
be found which is a mean between two numbers ὦ, DZ. Therefore neither 
can any number be a mean between the original numbers 4, @ which are in 
the same ratio [this implies Eucl. vir. 20]. 

We have then here a clear indication of the existence at least as early as 
the date of Archytas (about 430—365 B.C.) of an E&dments of Arithmetic in 
the form which we call Euclidean; and no doubt text-books of the sort 
existed even before Archytas, which probably Archytas himself and Eudoxus 
improved and developed in their turn. 


(In Platonis Timacum commentaria, 149 ΟἹ, said that the difficulties of the passage of the 
Timaeus had misled some people into connecting it with the duplication of the cube, 
whereas it really referred to sty/ar planes and solids with sides in rational muméers. 
Thirdly, I do not think that, under the supposition that the Delan problem is referred to, 
we get the required sense. The problem in that case is not that of finding two mean 
proportionals detween ἔτ cubes but that of finding a second cube the content of which 
shall be equal to twice, or & times (where 4 is any number not a complete cube}, the content 
of a given cube (a*). Two mean proportionals are found, not between cubes, but between 
two straight iines in the ratio of 1 to 4, or between a and 4a. Unless ἃ is a cube, there 
would be no point in saying that two means are necessary to connect 1 and 4, and not one 
mean; for 3/2 is no more natural than ,’#, and would be less natural in the case where καὶ 
happened to be square. On the other hand, if # is a cube, so that it is a question of finding 
means between cube numders, the dictum of Plato is perfectly intelligible ; nor is any real 
difficulty caused by the generality of the statement that two means are a/ways necessary to 
connect them, because any property enunciated generally of two cube numbers should 
obviously be true of cubes as such, that is, it must hold in the extreme case of twa cubes 
which are grime te one another. 


BOOK VII. PROPOSITIONS. 


PROPOSITION I. 


Two unequal numbers being set out, and the less being 
continually subtracted in turn from the greater, uf the number 
which is left never measures the one before τί until an unit ts 
left, the original numbers will be prime to one another. 


For, the less of two unequal numbers 4.8, CD being 
continually subtracted from the greater, let the 
number which is left never measure the one 
before it until an unit is left ; 


I say that 48, CD are prime to one another, ἢ 
that is, that an unit alone measures AB, CD. 


For, if dB, CD are not prime to one another, 
some number will measure them. 
Let a number measure them, and let it be 


£; let CD, measuring BF, leave FA less than 
itself, 


let AF, measuring DG, leave GC less than itself, 
and let GC, measuring ΖΦ, leave an unit HA. 
Since, then, £ measures CD, and CD measures BF; 
therefore & also measures BF. 
But it also measures the whole BA ; 
therefore it will also measure the remainder 4/. 
But 4/ measures DG: 
therefore E also measures DG. 


A 
ἃ C 
G 


E 


0 
Oo 
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But it also measures the whole DC; 
therefore it will also measure the remainder CG. 
But CG measures ΣΦ ; 
therefore & also measures #7. 
But it also measures the whole 74 : 


therefore it will also measure the remainder, the unit 4Z, 
though it is a number: which is impossible. 


Therefore no number will measure the numbers 4A, CD: 
therefore A4, CY are prime to one another. ἵντι. Def. 12] 
Q. E. Ὁ. 


It is proper to remark here that the representation in Books vii. to 1x. of 
numbers by straight lines is adopted by Heiberg from the uss) The method 
of those editors who substitute ozzzs for lines is open to objection because it 
practically necessitates, in many cases, the use of specific numbers, which is 
contrary to Euclid’s manner. 

‘Let CD, measuring B/, leave “A less than itself.” This is a neat 
abbreviation for saying, measure along &A4 successive lengths equal to CD 
until a point “1s reached such that the length 4 remaining is less than 
CD; in other words, let B/ be the largest exact multiple of CD contained 
in BA. 

Euclid’s method in this proposition is an application to the particular 
case of prime numbers of the method of finding the greatest common measure 
of two numbers not prime to one another, which we shall find in the next 
proposition. With our notation, the method may be shown thus. Supposing 
the two numbers to be a, 4, we have, say, 


If now a, ὁ are not prime to one another, they must have a common 
measure 6, where ¢ is some integer, not unity. 
And since e measures a, 8, it measures ὦ ~ 26, 1.6, ὦ 


Again, since ¢ measures ὦ, ὦ, it measures 4 ~ ge, Le. d, 
and lastly, since 6 measures ὦ, d, it measures ¢-~ 7d, Le. τὶ 
which is impossible. 


Therefore there is no integer, except unity, that measures a, 4, which are 
accordingly prime to one another. “Ὁ 

Observe that Euclid assumes as an axiom that, if a, 6 are both divisible by 
ς, 80 is a—pb. In the next proposition he assumes as an axiom that ¢ will in 
the case supposed divide a+ 20, 
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PROPOSITION 2. 


Given two numbers not prime to one another, to find their 
greatest common Measure. 
Let 4B, CD be the two given numbers not prime to one 


another. 
Thus it is required to find the greatest 4 


common measure of AF, CD. C 

If now CD measures 4Af—and it also © Ε 
measures [{ς6{-ἷοὟ͵σ is a common measure of 
CD, AB. G 


And it is manifest that it is also the greatest ; 
for no greater number than CY will measure 
CD. 

But, if CD does not measure 4S, then, the less of the 
numbers AB, CD being continually subtracted from the 
greater, some number will be left which will measure the one 
before it. 

For an unit will not be left; otherwise 44, CD will be 
prime to one another [vu. 1], which is contrary to the 
hypothesis. 

Therefore some number will be left which will measure 
the one before it. 

Now let CD, measuring BEL, leave ZA less than itself, 
let LA, measuring DF, leave FC less than itself, 
and let C/ measure AZ. 

Since then, C/ measures 4, and 4 measures DF. 
therefore CF will also measure DF. 

But it also measures itself; 
therefore it will also measure the whole CD. 

But CD measures BF ; 
therefore CF also measures 52. 

But it also measures ZA ; 
therefore it will also measure the whole BA. 

But it also measures CD; 
therefore CF measures AB, CD. 


Therefore CF is a common measure of AB, CD. 
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I say next that it is also the greatest. 

For, if CFis not the greatest common measure of 4B, 
CD, some number which is greater than CF will measure the 
numbers 4A, CD. 

Let such a number measure them, and let it be ὦ, 

Now, since G measures CD, while CD measures BZ, 
G also measures AE. 

But it also measures the whole BA : 


therefore it will also measure the remainder AE. 
But AZ measures DF: 

therefore G will also measure DF. 
But it also measures the whole DC : 


therefore it will also measure the remainder CF, that is, the 
greater will measure the less: which is impossible. 


Therefore no number which is greater than C7 will measure 
the numbers 4B, CD; 


therefore CF is the greatest common measure of 42, CD. 


Porism. From this it is manifest that, if a number 
measure two numbers, it will also measure their greatest 
common measure. Q. E. Ὁ. 


Here we have the exact method of finding the greatest common measure 
given in the text-books of algebra, including the reductio ad absurdum proof 
that the number arrived at is not only a common measure but the greatest 
common measure. The process of finding the greatest common measure 
is simply shown thus : 


We shall arrive, says Euclid, at some number, say δ΄, which measures the one 
before it, ie. such that ¢=7d. Otherwise the process would go on until we 
arrived at unity. This is impossible because in that case a, would be prime 
to one another, which is contrary to the hypothesis. 

Next, like the text-books of algebra, he goes on to show that d will be sume 
common measure of a, 6. For αἱ measures ¢; 
therefore it measures ge + d, that is, 4, 
and hence it measures 24 Ἐῶ, that is, a. 

Lastly, he proves that d is the greazest common measure of a, 6 as follows. 

Suppose that ὁ is a common measure greater than d. 

Then ¢, measuring a, 4, must measure a ~ δῦ, or ὦ 


200 BOOK VII [ vit. 2,3 


Similarly e must measure ὅ -- φῶ that is, αἰ: which is impossible, since ὁ is 
by hypothesis greater than a. 

Therefore etc. 

Euclid’s proposition is thus zdemtical with the algebraical proposition as 
generally given, e.g. in Todhunter’s algebra, except that of course Euclid’s 
numbers are integers. 

Nicomachus gives the same rule (though without proving it) when he 
shows how to determine whether two given odd numbers are prime or not 
prime to one another, and, if they are not prime to one another, what is their 
common measure. We are, he says, to compare the numbers in turn by 
continually taking the less from the greater as many times as possible, 
then taking the remainder as many times as possible from the less of the 
original numbers, and so on; this process “will finish either at an unit or at 
some one and the same number,” by which it is implied that the division of a 
greater number by a less is done by separate subtractions of the less. Thus, 
with regard to 21 and 49, Nicomachus says, “I subtract the less from the 
greater; 28 is left; then again I subtract from this the same 21 (for this is 
possible); 7 is left; I subtract this from 21, 14 is left; from which I again 
subtract 7 (for this is possible); 7 will be left, but 7 cannot be subtracted from 
7.” The last phrase is curious, but the meaning of it is obvious enough, as 
also the meaning of the phrase about ending “at one and the same number.” 

The proof of the Porism is of course contained in that part of the propo- 
sition which proves that G, a common measure different from CF, must 
measure C/. The supposition, thereby proved to be false, that G 15 greater 
than CF does not affect the validity of the proof that G measures ΟΣ τῇ any 
case. 


PROPOSITION 3. 


Gwen three numbers not prime to one another, to find their 
greatest common measure. 


Let A, B, C be the three given numbers not prime to 
one another ; 


thus it is required to find the greatest 
common measure of 4, B, C. 
Forletthegreatest common measure, 
D, of the two numbers 4, & be taken: 
[vir 2] 
then D either measures, or does not 
measure, C, 

First, let it measure it. 

But it measures 4, B also; 
therefore D measures 4, B, C: 
therefore D is a common measure of 4 Ba see ὧν 

I say that it is also the greatest. 


C 


o| ΕἸ F| 


vit. 3] PROPOSITIONS 2, 3 yor 


For, if D is not the greatest common measure of 4, &, Οἱ. 
some number which is greater than J will measure the numbers 
A, B,C. | 

Let such a number measure them, and let it be £. 

Since then £ measures 4, BZ, C, 
it will also measure 4, A; 


therefore it will also measure the greatest common measure 


of A, Ρ. νη, 2, Por.] 


But the greatest common measure of 4, B is D; 
therefore & measures 2, the greater the less: which is 
impossible. 

Therefore no number which is greater than D will measure 
the numbers 4, 4, C; 


therefore J is the greatest common measure of 4, B, C. 


Next, let J not measure C; 
I say first that C, 2) are not prime to one another. 


For, since 4, &, C are not prime to one another, some 
number will measure them. 

Now that which measures 4, &, C will also measure A, 
8, and will measure 2), the greatest common measure of 4, &. 

(vil. 2, Por.] 

But it measures C also; 
therefore some number will measure the numbers JD, C; 
therefore D, C are not prime to one another. 


Let then their greatest common measure £& be taken. 
[vit 2] 
Then, since £ measures 2), 
and 2929 measures 4, Δ, 
therefore & also measures 4, Δ. 
But it measures C also; 
therefore & measures 4, B, C; 
therefore 4 is a common measure of A, 66, C. 


I say next that it is also the greatest. 


For, if £ is not the greatest common measure of A, B, C, 
some number which is greater than £& will measure the 


numbers 4, 8, C. . 
Let such a number measure them, and let it be δ᾽ 
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Now, since / measures 4, B, €, 
it also measures 4, δ; 


therefore it will also measure the greatest common measure 
of A, B. [vi1. 2, Por.] 


But the greatest common measure of A, & is D; 
therefore / measures D. 

And it measures C also; 
therefore / measures J), C; 


therefore it will also measure the greatest common measure 
oF... C: [viz 2, Por.] 


But the greatest common measure of 2), Cis £; 
therefore / measures £, the greater the less: which is 
impossible. 

Therefore no number which is greater than £ will measure 
the numbers 4, 5, C; 


therefore Z is the greatest common measure of A, 2, C. 
Q. E. Ὁ. 


Euclid’s proof is here longer than we should make it because he 
distinguishes two cases, the simpler of which is really included in the other. 

Having taken the greatest common measure, say 4, of a, ὦ, two of the 
three given numbers a, 4, c, he distinguishes the cases 


(1) in which d measures ὦ, 
(2) in which d@ does not measure ὦ 


In the first case the greatest common measure of d, ¢ is δ itself; in the 
second case it has to be found by a repetition of the process of vil. 2. In 
either case the greatest common measure of a, 4, ¢ 1s the greatest common 
measure of d, ἃ 

But, after disposing of the simpler case, Euclid thinks it necessary to 
prove that, if @ does not measure ¢, d and ¢ must necessarily Aave a greatest 
common measure. This he does by means of the original hypothesis that 
a, ὁ, ¢ are not prime to one another. Since they are not prime to one another, 
they must have a common measure; any common measure of a, 4 1s a measure 
of δ, and therefore any common measure of a, ὦ, ¢ is a common measure of 
d,¢; hence ὦ, ¢ must have a common measure, and are therefore not prime to 
one another. 

The proofs of cases (1) and (2) repeat exactly the same argument as we 
saw in Vil. 2, and it 1s proved separately for d in case (1) and ¢ in case (2), 
where ¢ is the greatest common measure of d, ὦ, 


(a) that it isa common measure of a, 4, ¢, 
(8) that it is the greatest common measure. 


Heron remarks (an-Nairizi, ed. Curtze, p. 1gr) that the method does 
not only enable us to find the greatest common measure of ¢47ee numbers ; 
it can be used to find the greatest common measure of as many numbers 
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as we please. This is because any number measuring two numbers also 
measures their greatest common measure; and hence we can find the c.c.M. 
of pairs, then the G.c.M. of pairs of these, and so on, until only two numbers 
are left and we find the c.c.m. of these. Euclid tacitly assumes this extension 
in VII. 33, Where he takes the greatest common measure of as many numbers 
as we please. 


PROPOSITION 4. 


Any number is either a part or parts of any number, the 
less of the greater. : 

Let 4A, BC be two numbers, and let AC be the less ; 
I say that GC is either a part, or parts, of 4.. 

For 4, SC are either prime to one another 
or not. 

First, let 4, &C be prime to one another. 

Then, if BC be divided into the units in it, 
each unit of those in SC will be some part of 4; 
so that BC is parts of A. F 

Next let 4, BC not be prime to one another; : 
then AC either measures, or does not measure, 4. 

If now SC measures 4, BC is a part of A. 

But, if not, let the greatest common measure 22) of 4, BC 
be taken ; [vir 2] 
and let BC be divided into the numbers equal to J, namely 
BE, EF, FC. 

Now, since ) measures 4, D is a part of A. 

But D is equal to each of the numbers BL, EF, FC; 


therefore each of the numbers BZ, HF, FC is also a part of 4; 
so that BC is parts of 4. 
Therefore etc. 


lo 
οἱ 


Q. E. Ὁ. 


The meaning of the enunciation is of course that, if a, ὁ be two numbers 
of which ὁ is the less, then 4 is either a suémultiple or some proper fraction of a. 


(x) If a, ὁ are prime to one another, divide each into its units; then ὁ 
contains ὁ of the same parts of which @ contains a. Therefore 4 is “ parts” or 
a proper fraction of a. 

(2) If a, 4 be not prime to one another, either ὁ measures ὦ, in which 
case ὦ is a submultiple or “part” of a, or, if g be the greatest common 
measure of a, 4, we may put a=mg and 4=~xg, and ὁ will contain 2 of the 
same parts (g) of which @ contains 21, so that ὁ 1s again “parts,” or a proper 
fraction, of a. 
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PROPOSITION 5. 


Tf a number be a part of a nuniber, and another be the 
same part of another, the sum will also be the same part of the 
sunt that the one ἐς of the one. 


For let the number 4 be a part of BC, 
and another, D, the same part of another &F that 4 is of BC; 


I say that the sum of A, D is also the same 
part of the sum of BC, AF that A is of BC. Β 


For since, whatever part 4 is of BC, D 
is also the same part of 2.2, 


m 


therefore, as many numbers as there are in 
BC equal to A, so many numbers are there Ὁ Ε 
also in AF equal to D. | 


Let BC be divided into the numbers equal to 4, namely 
BG, GC, 
and #F into the numbers equal to J, namely AH, HF; 


then the multitude of BG, GC will be equal to the multitude 
of AH, HF. 
And, since 4G is equal to 4, and AA to DP, 
therefore BG, ἘΠ are also equal to 4, D. 
For the same reason 
GC, HF are also equal to 4, D. 
Therefore, as many numbers as there are in BC equal to 
A, so many are there also in BC, EF equal to 4, D. 
Therefore, whatever multiple BC is of A, the same multiple 
also is the sum of BC, AF of the sum of 4, 2. 


Therefore, whatever part 4 is of BC, the same part also 
is the sum of 4, D of the sum of BC, EF. 


0. E. D. 
I I 
If a=—6, and ¢=-—d, then 
21 21 


E 
ἃ τ ἐπ (b+ ὦ. 


_ The proposition is of course true for any quantity of pairs of numbers 
similarly related, as is the next proposition also; and both propositions are 
used in the extended form in vit 9, ro. 
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PROPOSITION 6. 


Lf a number be parts of a nunutber, and another be the sante 
parts of another, the sum wll also be the same parts of the sum 
that the one zs of the one. 


For let the number AZ be parts of the number C, 


and another, DZ, the same parts of another, 
f, that AF is of C; 


I say that the sum of 4B, DZ is also the | | 
same parts of the sum of C, # that AZ 15 | ic D | 
of C. τα | 

Εἰ if 


For since, whatever parts AZ is of C, 
DE is also the same parts of /, 


therefore, as many parts of C as there are 
in 44, so many parts of / are there also in DE&. 
Let AZ be divided into the parts of C. namely 4G, GB, 
and DZ into the parts of /, namely DA, HE; 
thus the multitude of 4G, G& will be equal to the multitude 
οἵ DUT, ΠΕ. 
And since, whatever part 4G is οἵ C, the same part is 
226 of F also, 
therefore, whatever part AG is of C, the same part also is the 
sum of AG, DA of the sum of C, ἢ. (vin. 5] 
For the same reason, 
whatever part GB is of C, the same part also is the sum of 
GB, HF of the sum of ὦ, δὶ 


Therefore, whatever parts 4 is of C, the same parts also 
is the sum of AZ, DE of the sum of ὦ F. 


QO. E, D 
2} 27] 
1 Ω͂ - -- ᾧ, ἀρᾷ c=— d, 
H 2 
271 
then απ στ (b+ a). 
More generally, if 
m 7) m 
a=— 4c=—d, e=— 
ὦ a’ 71 js 
. me 
then ( ἐεεέερ τ.) τ btdefrh+...). 


a. LE. ἢ. 20 
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In Euclid’s proposition # <x, but the generality of the result is of course 
not affected. This proposition and the last are complementary to v. 1, which 
proves the corresponding result with mudétiple substituted for “part” or 
“parts.” 


PROPOSITION 7. 


Tf a number be that part of a number, which a nunber 
subtracted ἐς of a nuneber subtracted, the renainder will also 
be the same part of the remainder that the whole ts of the 
whole. 


For let the number 4Z be that part of the number CD 
which AF subtracted is of CF subtracted ; 


I say that the remainder 4A is also the same part of the 
remainder /-D that the whole AZ is of the whole CD. 


E B 


Cc Ε Ό 


For, whatever part 4£ is οἵ C/, the same part also let 
ERB be of CG. 

Now since, whatever part AF is of CF, the same part 
also is EB of CG, 


therefore, whatever part 4 is of C/, the same part also is 
AB of 6 ἢ. [vir 5] 


But, whatever part dF is of C/, the same part also, by 
hypothesis, is 44 of CD; 


therefore, whatever part AZ is of G/F, the same part is it of 
CD also; 


therefore GF is equal to CL. 
Let CF be subtracted from each; 
therefore the remainder GC is equal to the remainder /D. 


Now since, whatever part 4 is of C/, the same part 
also is 58 of GC, 


while GC is equal to FD, 


therefore, whatever part AZ is of C/, the same part also is 
EB of FD. 


But, whatever part 4 Z is of CF, the same part also is 4B 
of CD: 
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therefore also the remainder ZB is the same part of the 
remainder /'P that the whole 42 is of the whole CD. 


9. Ε- Ὁ. 
I I 
If @ re and ἘΞ τ, we are to prove that 
a—c=~(6-d 
Hn ) 
a result differing from that of vit. 5 in that minus is substituted for péus. 


Euclid’s method is as follows. 
Suppose that ¢ 15 taken such that 


I 
GCP OE: feet adea hates tadeccheerutte 
τὸ () 
I 
Now cud, 
2 
" 
Therefore a=-(d+e Hr 5 
ma " vil. 8 
whence, from the hypothesis, dte=b, 
and, substituting this value of ὁ in (1), we have 
I 
a-~c=—(b—-d). 
= (6-4) 


PROPOSITION 8. 


Tf a number be the same parts of a number that a number 
subtracted 1s of a nuniber subtracted, the remainder will also 
be the same parts of the remainder that the whole zs of the 
whole. 


For let the number 4.8 be the same parts of the number 
CD that AF subtracted is of CF 


subtracted ; Cc F D 
I say that the remainder 22 is g mk nu 


also the same parts of the re- 
mainder “ZY that the whole dG = y,——7; 73 
is of the whole CD. 

For let GAZ be made equal to 4Z. 

Therefore, whatever parts G/ is of CD, the same parts 
also is AF of CF. 

Let G/Z be divided into the parts of CD, namely GA, KH 
and AF into the parts of (δὲ namely 4L, LE ; | 
thus the multitude of GA, A 77 will be equal to the multitude 
of AL, LEZ. 
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Now since, whatever part GK is of CD, the same part 
also is AL of CA, 
while CD is greater than CF, 
therefore GX is also greater than AL. 

Let Gi be made equal to AZ. 


Therefore, whatever part GA 15 of CD, the same part also 
is Gl of CF; 
therefore also the remainder (7K is the same part of the 
remainder “YD that the whole GA is of the whole CD. [vu. 7] 
Again, since, whatever part 4/7 is of CL, the same part 
also is EL of CF, 
while Ο is greater than C/, 
therefore AA is also greater than 52. 


Let AN be made equal to ZZ. 
Therefore, whatever part A/7/ is of CY, the same part 
also is KN of CF; 


therefore also the remainder WH is the same part of the 
remainder 8.22 that the whole Af is of the whole CD. 
[vir 7] 
But the remainder AZ was also proved to be the same 
part of the remainder “YD that the whole GX is of the whole 
Cl: 
therefore also the sum of (7K, ΔΙΑ, is the same parts of DF 
that the whole A/G is of the whole CD. 
But the sum of J7K, NZ is equal to ZZ, 
and A/G is equal to BA ; 


therefore the remainder 2 is the same parts of the remainder 
FD that the whole AB is of the whole CD. 
Q. Ε. Ὁ. 
If - and c= a, (m <n) 


722 


then -¢=— a aay a). 
Euclid’s proof amounts to the ΠΑΝ 
Take e equal to ~ 6, and 7 equal to ~ ἃ 


Then since, by hypothesis, ὁ: d, 
e>f, 


and, by vit. 7,” e—f= = (b-d). 
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_ Repeat this for all the parts equal to τ and / that there are in ὦ, 4 respec- 
tively, and we have, by addition (a, 4 containing m of such parts respectively), 
m(e—f) =" (b~d). 
But ml(e—fy)=a—s. 
Wi 


Therefore α -- τε --- (ὁ -- σ᾽). 
a 


The propositions vil. 7, 8 are complementary to v. 5 which gives the 
corresponding result with mz/fip/e in the place of “ part” or ‘ parts.” 


PROPOSITION 9Q. 


Tf a nuniber be a part of a nunber, and another be the 
same part of another, allernately also, whatever part or parts 
the first τὸ of the therd, the sane part, or the same parts, will 
the second atso be of the fourth. 


For let the number 4 be a part of the number AC, 
and another, 2), the same part of another, £/, 


that 4 is of AC; € 
I say that, alternately also, whatever part or Bi ! 

parts 4 is of 2), the same part or parts is BC 1 αἱ ἰῷ i. 
of ZF also. “| gt τ 


For since, whatever part 4 is of BC, the 
same part also is J of AF, 


therefore, as many numbers as there are in BC equal to «4, 
so many also are there in &/ equal to D. 

Let BC be divided into the numbers equal to 4, namely 
BG, GC, 
and £¥F into those equal to 2, namely ZA, Af: 
thus the multitude of BG, GC will be equal to the multitude 
of EH, AF. 

Now, since the numbers &G, GC are equal to one another, 
and the numbers ZH, AF are also equal to one another, 
while the multitude of BG, GC is equal to the multitude of 
ΕΑ, od 
therefore, whatever part or parts BG is of AA, the same 
part or the same parts is GC of AF also; 


so that, in addition, whatever part or parts BG is of AA, 
the same part also, or the same parts, is the sum SC of the 
sum £2. [vu 5, 6] 
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But BG is equal to 4, and ZA to 2); 


therefore, whatever part or parts 4 is of J, the same part or 
the same parts is BC of ZF also. 
ῶ. Es, 


Ifa=- 6 and c= = ὦ, then, whatever fraction (“ part” or “ parts”) ἃ is of 
32 


c, the same fraction will ὁ be of @. 

Dividing ὁ into each of its parts equal to a, and d into each of its parts 
equal to ¢, it is clear that, whatever fraction one of the parts ὦ is of one of the 
parts ¢, the same fraction is any other of the parts ὦ of any other of the parts ὦ 

And the number of the parts @ is equal to the number of the parts ¢, viz. x. 

Therefore, by vil. 8, 6, za is the same fraction of ze that @ is of ¢, Le. ὁ is 
the same fraction of d that a is of «. 


PROPOSITION IO. 


Tf a number be parts of a number, and another be the 
same parts of another, alternately also, whatever parts or part 
the first ts of the third, the same parts or the same part wrll 
the second atso be of the fourth. 


For let the number AB be parts of the number C, 
and another, DZ, the same parts of another, 


f; 

I say that, alternately also, whatever parts or 

part 4B is of 26, the same parts or the 4 ad 

same part is C of / also. ς ἽΝ 
For since, whatever parts 4.9 is of C, © 

the same parts also is DE of δ, B E 


therefore, as many parts of C as there are 
in 44,so many parts also of F are there in DE. 


Let AZ be divided into the parts of C, namely 4G, GB, 
and DF into the parts of 2 namely DH, HE; 


thus the multitude of 4G, GB will be equal to the multitude 
of DH, HE. 


Now since, whatever part AG is of C, the same part also 
is DAT of ἢ, 


alternately also, whatever part or parts AG is of DH, 
the same part or the same parts is C of F also. [vit. 9] 
For the same reason also, 


whatever part or parts GB is of HZ, the same part or the 
same parts is C of F also; 
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so that, in addition, whatever parts or part “8 is of DE, 
the same parts also, or the same part, is C of F. [vil. 5, 6] 
OBS Ὁ. 


Wt Ht . ; 
If a ao 6and ¢= - ὁ then, whatever fraction @ is of c, the same fraction 


is ὁ of Ζ. 

To prove this, @ is divided into its # parts equal to é 2, and ¢ into its 
m parts equal to dx. 

Then, by vil. 9, whatever fraction one of the m parts of a is of one of the 
m parts οὗ the same fraction is 4 of δ, 

And, by νι. 5, 6, whatever fraction one of the # parts of ἃ is of one of 
the # parts of ¢, the same fraction 15 the sum of the parts of a (that is, a) of 
the sum of the parts of ¢ (that is, c). 

Whence the result follows. 

In the Greek text, after the words “so that, in addition” in the last line 
but one, 1s an additional explanation making the reference to vit. 5, 6 clearer, 
as follows: “whatever part or parts 4G 15 of DA, the same part or the 
same parts is GB of AE also; 
therefore also, whatever part or parts 4G is of DA, the same part or the same 
parts is dB of DE also. vit. 5, 6] 

But it was proved that, whatever part or parts 4G is of DA, the same 
part or the same parts is C of / also; 
therefore also” etc. as in the last two lines of the text. 


Heiberg concludes, on the authority of P, which only has the words in 
the margin in a later hand, that they may be attributed to Theon. 


PROPOSITION 11. 


If, as whole is to whole, so τὲ a number subtracted to a 
μευ τόσ subtracted, the remainder will also be to the remainder 
as whole to whole. 

As the whole 4B is to the whole CY, so let FF subtracted 
be to CF subtracted; 

I say that the remainder £Aisalsotothe remainder 4 


FD’as the whole 4B to the whole CD. " 
Since, as AB is to CY), 30 15 AF to CF, εἰ i 

whatever part or parts AB is of CD, the same part a 

or the same parts is JZ of Cfalso; = [vu. Defi 290] Β' ρ' 
Therefore also the remainder ZZ is the same 

part or parts of δὼ that AL is of CD. fv. 7, 8] 
Therefore, as £4 is to FD, so is AB to CP. [vn. Def. 20] 

Q. E. Ὁ. 


It will be observed that, in dealing with the proportions in Props. 11—13, 
Euclid only contemplates the case where the first number is “a part” or 
‘“narts” of the second, while in Prop. 13 he assumes the first to be “ἃ part” 
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or “parts” of the third also; that is, the first number is in all three propositions 
assumed to be less than the second, and in Prop. 13 less than the third also. 
Yet the figures in Props. 11 and 13 are inconsistent with these assumptions. 
If the facts are taken to correspond to the figures in these propositions, it is 
necessary to take account of the other possibilities involved in the definition 
of proportion (vi. Def. 20), that the first number may also be a multiple, or 
a multiple A/s “a part” or “parts” (including oxce as a multiple in this case), 
of each number with which it is compared. Thus a number of different cases 
would have to be considered. The remedy is to make the ratio which is in 
the lower terms the first ratio, and to invert the ratios, 1 necessary, in order 
to make “ἃ part” or “ parts” literally apply. 

If ΞΕ ΣΟΥ (a>6,b> da) 
then (a—c):(6-—d)=a: ὦ. 

This proposition for numbers corresponds to v. 19 for magnitudes. The 
enunciation is the same except that the masculine (agreeing with ἀριθμός) 
takes the place of the neuter (agreeing with μέγεθος). 

The proof is no more than a combination of the arithmetical definition of 
proportion (vil. Def. 20) with the results of vi. 7,8. The language of propor- 
tions 15 turned into the language of fractions by Def. 20; the results of vir. 7, ὃ 


are then used and the language retransformed by Def. 20 into the language of 
proportions. 


PROPOSITION 12. 


Lf there be as many numbers as we please in proportion, 
then, as one of the antecedents 2s to one of the conseguents, so 
are all the antecedents to all the conseguents. 


Let 4, B, C, DY be as many numbers as we please in 
proportion, so that, 


as 4 isto &,so is Cto 2); 
I say that, as_4 is to B, so are 4, Cto B, D. 
For since, as 4 is to &, so is C to D, A Β οἱ D 
whatever part or parts 4 is of 8, the same part 
or parts 15 C of D also. [vin Def. 20] 
Therefore also the sum of A, C is the same 
part or the same parts of the sum of B, D that 4 is of 2. 


[vit 5, 6] 
Therefore, as 4 is to B,so are A, Cto B, D. [vu. Def. 201 


If @:@=6:08 =e:¢=.,.., 
then each ratio is equal to (ὦ Ὁ ὁ ἘΦ...) - (α' 4b +04...) 


The proposition corresponds to v. 12, and the enunciation is word for word 
the same with that of v. 12 except that ἀριθμός takes the place of μέγεθος. 

Again the proof merely connects the arithmetical definition of proportion 
(vu. Def. 20) with the results of vi. 5, 6, which are quoted as true for any 


τ of numbers, and not merely for two numbers as in the enunciations of 
VIL. 5, 6. 
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PROPOSITION 13. 
Lf four nunibers be proportional, they will also be propor- 
tional alternately. 
Let the four numbers 4, 2, C, D be proportional, so that, 
as A isto 4,sois Cto 2: 
I say that they will also be proportional alternately, so that, 
as <1 is to C, so will B be to D. 
For since, as 4 is to &, so is C to DJ, Al 1! 
therefore, whatever part or parts 4 is of B, | | 


Bete neo καὶ 
“-ο 


the same part or the same parts is ( οἵ. Dalso , | Ὶ τ 
(via. Def. 30] 5 " ; 

Therefore, alternately, whatever part or | | 

parts 4 is of C, the same part or the same 

parts is B of D also. ναι, το] 
Therefore, as 4 is to C, sois Θ᾽ to 29. (vit. Def. 20] 

QE. Ὁ. 

If come ἡ a, 

then, alternately, Sa) ἀν, 


The proposition τ to v. 16 for magnitudes, and the proof 
consists in connecting vu. Def. 20 with the result of vil. ro. 


PROPOSITION I4. 


Lf there be as many numbers as we please, and others equal 
to them 2n multitude, which taken two and two ave tn the same 
ratio, they wll also be in the same vatto ex aequali. 

Let there be as many numbers as we please A, 8, C, 
and others equal to them in multitude 2), &, /, which taken 
two and two are in the same ratio, so that, 

as 4 is to &, sois J to &, 
and, as Bis to C,sois 5 to F; 
I say that, ev aegualz, 
as “1 is to C, so also is J to F. 


--.ο.--ὕ....-.. 


Ξ Ξ 
aa ~ ian Ε 
Cc 


For, since, as 4 is to 4, so is 29) to £, 
therefore, alternately, 
as “ is to 29, so is 5 to ΕΚ. [VIL 13} 
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Again, since, as & is to C, so is & to F, 
therefore, alternately, 
as B is to £, so is C to δ᾽ [vit 13] 
But, as B is to &, so is A to D; 
therefore also, as 4 is to 29, so is C to δὶ 
Therefore, alternately, 


as A isto C, so is D to δ. [1] 
if GPa Se. 
and ae ae J 
then, ex aegualt, a:c=nd:f; 


and the same is true however many successive numbers are so related. 
The proof is simplicity itself. 


By vu. 13, alternately, G2 2S076 
and δ᾽ Ee ey 2 
Therefore ἃ ἄξειν, 
and, again alternately, gree aa) bee Ὁ 


Observe that this simple method cannot be used to prove the corresponding 
proposition for magnitudes, v. 22, although v. 22 has been preceded by the 
two propositions in that Book corresponding to the propositions used here, 
viz. ἡ. r6and vy. τι. The reason of this is that this method would only prove 
Vv. 22 for six magnitudes σύ of the same kind, whereas the magnitudes in v. 22 
are not subject to this limitation. 

Heiberg remarks in a note on vu. 19 that, while Euclid has proved 
several propositions of Book v. over again, by a separate proof, for numbers, 
he has neglected to do so in certain cases; e.g., he often uses Vv. rz in these pro- 
positions of Book vii., v. 9 in VII. 19, γ΄. 7 in the same proposition, and so on. 
Thus Heiberg would apparently suppose Euclid to use v. 11 in the last step 
of the present proof (Ratios which are the same with the same ratio are also the 
same with one another). {think it preferable to suppose that Euclid regarded 
the last step as axiomatic; since, by the definition of proportion, the first 
ntimber is the same multiple or the same part or the same parts of the second 
that the third is of the fourth: the assumption is no more than an assumption 
that the numbers or proper fractions which are respectively equal to the same 
number or proper fraction are equal to one another. 

Though the proposition is only proved of six numbers, the extension to as 
many as we please (as expressed in the enunciation) is obvious. 


PROPOSITION I5. 


Lf an unit measure any number, and another number measure 
any other number the same nuniber of times, alternately also, 
the unit will measure the third number the same number of 
times that the second measures the fourth. 
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For let the unit _4 measure any number AC, 
and let another number D 


measure anyother number FF ἃ & ὁ " ὁ 
the same number of times ; bet as 
I say that, alternately also, the & K 3 ᾿ 


unit .4 measures the number 
2) the same number of times that BC measures FF 


For, since the unit 4 measures the number ΘΟ the same 
number of times that 2 measures 56 


therefore, as many units as there are in ΘΟ, so many numbers 
equal to D are there in EF also. 


Let &C be divided into the units in it, BG, GH, AC, 
and £/ into the numbers EX, KL, LF equal to Ὁ. 


Thus the multitude of 2G, GH, HC will be equal to the 
multitude of AK, AL, LF. 
And, since the units BG, GH, YC are equal to one another, 


and the numbers ΖΑ, AL, LF are also equal to one another, 


while the multitude of the units 2G, GH’, HC is equal to the 
multitude of the numbers AA, AL, LF, 


therefore, as the unit AG is to the number FX, so will the 
unit GA’ be to the number AZ, and the unit AC to the 
number 2... 


Therefore also, as one of the antecedents is to one of 
the consequents, so will all the antecedents be to all the 
consequents ; [vu. 12] 


therefore, as the unit AG is to the number ΖΦ Α΄, so is AC to 
EF. 


But the unit BG is equal to the unit 4, 
and the number ££ to the number JD. 


Therefore, as the unit 4 is to the number 2, so is AC to 
EF. 

Therefore the unit 4 measures the number J the same 
number of times that AC measures AF. Q. E. Ὁ. 


If there be four numbers 1, m, a, ma (such that 1 measures m the same 
number of times that @ measures 214}, I measures a the same number of 
times that # measures md. 

Except that the first number is unity and the numbers are said to measure 
instead of being a fart of others, this proposition and its proof do not differ 
from Vi. 9; in fact this proposition is a particular case of the other. 
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PROPOSITION 16. 


Lf two numbers by multiplying one another make certain 
numbers, the numbers so produced will be equal to one another. 


Let 4, B be two numbers, and let 4 by multiplying δ 
make C, and & by multiplying 


A make D; Α 
I say that C is equal to 2). dort τ 5.8 

For, since 4 by multiply- ο---------------- 
ing B has made C, ρ------------- -.----- 
therefore & measures C ac- ---Ὲ 


cording to the units in A. 


But the unit 25 also measures the number 4 according to 
the units in it; 


therefore the unit 4 measures 4 the same number of times 
that B measures ὦ 


Therefore, alternately, the unit & measures the number B 
the same number of times that 4 measures C. [vi. 15] 
Again, since & by multiplying 4 has made J, 
therefore 4 measures J) according to the units in 2. 


But the unit ~ also measures 9 according to the units 
in it; 

therefore the unit & measures the number & the same 
number of times that 4 measures 2), 


But the unit & measured the number A the same number 
of times that 4A measures ὦ; 


therefore -.4 measures each of the numbers C, J the same 
number of times. 


Therefore C is equal to D. Q. E. Ὁ. 


2. The numbers so produced. The Greek has of γενόμενοι ἐξ αὐτῶν, ‘ the (numbers) 
produced from them.” By “from them” Euclid means ‘‘from the original numbers,” though 
ae is oe very clear even in the Greek. I think ambiguity is best avoided by leaving ont 
the words. 


This proposition proves that, if any numbers be multiplied together, the order 
of multiplication ts indifferent, or ab = ba, 

It is Important to get a clear understanding of what Euclid means when 
he speaks of one number multiplying another. vit. Def. 15 states that the 
effect of “a multiplying 4” is taking @ times 4. We shall always represent 
“a times 4” by ad and “é times a” by 4a. This being premised, the proof 
that ab = 4a may be represented as follows in the language of proportions. 
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By vi. Def. 20, 1:a@=6: ab. 
Therefore, alternately, 1:5=a@: ad. [vu. 13] 
Again, by vu. Def. 20, 1: :τπεα: ba: 

Therefore a:ab=a: ba, 

or ab = ῥα. 


Euclid does not use the language of proportions but that of fractions or 
their equivalent measures, quoting vii. 15, a particular case of vil. 13 
differently expressed, instead of vil. 13 itself. 


PROPOSITION 17. 


Tf a number by multiplying two numbers make certain 
numbers, the numbers so produced will have the same ratto 
as the numbers multiplied. 

For let the number 4 by multiplying the two numbers &, 
C make Ὁ, £; 

I say that, as Bis to C, so is D to 2. 

For, since A by multiplying & has made 29, 

therefore 4 measures J according to the units in A. 


A 
B—_______ Cc 
D Ε 
---Ε 

But the unit 25 also measures the number 4 according to 
the units in it; 
therefore the unit */ measures the number 4 the same number 
of times that 4 measures 29). 

Therefore, as the unit F is to the number 4, so is B to D. 

(vir. Def. 20] 

For the same reason, 
as the unit “is to the number JA, so also is C to £; 
therefore also, as & is to 2), so is C to &. 

Therefore, alternately, as B is to C, sois ) to &. [vu. 13] 

Q. E. Ὁ. 
b:c=ab: ae. 


In this case Euclid translates the language of measures into that of 
proportions, and the proof is exactly like that set out im the last note. 


By vu. Def. 20, 1:a=06: ab, 
and I i@=e δὲ 
Therefore b:ab=e: ae, 


and, alternately, b:¢=ab: ac. [viz 13] 
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PROPOSITION 18. 


Lf two numbers by multiplying any number make certain 
nunbers, the numbers so produced witl have the same ratw as 
the multypliers. 


For let two numbers A, 4 by multiplying any number C 
make JD, A; 


I say that,as 4 isto 8, 530 15. D Cc 7 
to £. D 
For, since 4 by multiplying Ε 
C has made J, 
therefore also C by multiplying 4 has made 2). (vil. 16] 


For the same reason also 
C by multiplying & has made £4. 


Therefore the number C by multiplying the two numbers 
A, & has made J, £. 


Therefore, as _4 isto .5, sois D to 45. (viz. 17] 
It is here proved that a:b=ac: be. 
The argument is as follows. 
ae = Ca. [vir. 16] 
Similarly bt = εὖ. 
And a:b=ca: cb; [vi. 7] 
therefore a@:b=ac: be. 


PROPOSITION 10. 


Lf four numbers be proportional, the number produced from 
the first and fourth will be egual to the number produced from 
the second and third, and, tf the number produced from the 
first and fourth be equal to that produced from the second and 
third, the four numbers will be proportional. 


Let A, &, C, D be four numbers in proportion, so that, 
as A isto δ, soisCto 2; 
and let 4 by multiplying D make 25, and let 2 by multiply- 
ing C make F; 
I say that & is equal to & 
For let _4 by multiplying C make G. 
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Since, then, 4 by multiplying C has made G, and by 
multiplying D has made Z&, 
the number 4 by multiplying the two 
numbers C, 2 has made G, &. 
Therefore, as C isto ),sois G to &. | 
vi.) ae et 
But, as C is to JY, sois A to δ᾽: | 


therefore also, as 4 is to 4, so is G | 


m 
“ἢ 
2 


102. ! 
Again, since A by multiplying C | 

has made G, 

but, further, & has also by multiplying 

C made 2, 


the two numbers A, & by multiplying a certain number C 
have made G, -. 


Therefore, as 4 is to 4, so is G to 2) [vir 13] 
But further, as 4 is to δ, sois G to £& also; 


therefore also, as G is to &, so is G to Κ᾽ 
Therefore G has to each of the numbers £, / the same 
ratio ; 
therefore £ is equal to F. [ef v. 9] 
Again, let & be equal to /’; 
I say that, as 4 is to &, so is C to 29. 
For, with the same construction, 
since & is equal to F; 


therefore, as G is to &, so is G to δὶ [cf. v. 7] 
But, as G is to &, so is C to J, [vu 17] 
and, as G is to /, so is A to .δ. Fvir 18] 
Therefore also, as 4 is to &, so is C to J). 

Q. Ἐς Ὁ 
If a@:o=e:d, 
then ad=éc; and conversely. 
The proof is equivalent to the following. 
(1) ac:ad=e:d {vil 17] 
= 20, 
But a:b=ac: be. ivi. 18] 
Therefore ac: ad=ac: bt, 


Or ad = tt. 
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(2) Since ad = be, 
Ae Pad = ae : ὦε. 
But rad =t id, [vir. 17] 
and at: be=a: ὦ. [vu 18] 
Therefore CG τ 


As indicated in the note on vil. 14 above, Heiberg regards Euclid as 
basing the inferences contained in the last step of part (1) of this proof and 
in the first step of part (2) on the propositions v. 9 and v. 7 respectively, 
since he has not proved those propositions separately for numbers in this 
Book. I prefer to suppose that he regarded the inferences as obvious and 
not needing proof, in view of the definition of numbers which are in pro- 
portion. E.g., if ἂς is the same fraction (“ part” or “‘parts”) of ad that ac is 
of dc, it is obvious that av’ must be equal to Ae. 

Heiberg omits from his text here, and relegates to an Appendix, a 
proposition appearing in the manuscripts V, Ὁ, ¢@ to the effect that, if zhrce 
numbers be proportional, the product of the extremes is equal to the square 
of the mean, and conversely. It does not appear in P in the first hand, B has 
it in the margin only, and Campanus omits it, remarking that Euclid does 
not give the proposition about ‘#ree proportionals as he does in VI. 17, since 
it is easily proved by the proposition just given. Moreover an-Nairizi quotes 
the proposition about three proportionals as an observation on ν τι. 19 probably 
due to Heron (who is mentioned by name in the preceding paragraph). 


PROPOSITION 20. 


Lhe least numbers of those whith have the same ratio with 
then measure those which have the same ratio the same number 
of tines, the greater the greater and the less the less. 


For let CD, &F be the least numbers of those which have 
the same ratio with 4, 8: 


1 say that CD measures 4 the same number 
of times that A/ measures 8, | 


Now CY is not parts of A. 


For, if possible, let it be so; A 6, [ε 
therefore ZF is also the same parts of B at iH 
that CD is of A. [vm. 13 and Def. 20] Fs 

Therefore, as many parts of 4 as there D 
are in CZ), so many parts of A are there also 
in EF, 


Let CD be divided into the parts of 4, namely CG, GLP, 
and £/ into the parts of 2, namely EA, HF; 


thus the multitude of CG, GD will be equal to the multitude 
of AH, AF. 
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Now, since the numbers CCG, GD are equal to one another, 
and the numbers £4, A/F are also equal to one another, 


while the multitude of CG, GD is equal to the multitude of 
ΦΥ͂. Υἶ:, 
therefore, as CG is to EA, so is GD to AF. 


Therefore also, as one of the antecedents is to one of 
the consequents, so will all the antecedents be to all the 
consequents. νη. 12] 

Therefore, as CG is to EH, sois CD to EF. 

Therefore CG, £# are in the same ratio with CD, AF. 
being less than they: 


which is impossible, for by hypothesis CD, A/ are the least 
numbers of those which have the same ratio with ther. 


Therefore CY is not parts of 4 ; 
therefore it is a part of it. Fein. 4] 


And AF is the same part of B that CD is of 4 ; 
[vir. 13 and Def. 20; 
therefore CD measures 4 the same number of times that EF 


measures 2, 
ae Ε΄. Ὁ. 


If a, ὦ are the least numbers among those which have the same ratio 
(1.6. if αἰ ὁ is a fraction in its lowest terms), and ὦ, α΄ are any others in the same 
ratio, i.e. if 

a:b=c¢:;d, 


I I 
then @=-¢ and = : εἶ, where #7 1s some integer. 
7ὲ 7 


The proof is by reductio ad αὐςεγάμ ει, thus. 

(Since @ «ὦ @ is some proper fraction (“ part” or “ parts”) of ὦ, by vir. 4.] 

Now @ cannot be equal to μ᾿ where # is an integer less than x but 
greater than 1. 

Font a= δ b= = d also. νη, τ and Def. 20] 


Take each of the # parts of @ with each of the # parts of 4, two and two; 


ar ae | I 
the ratio of the members of all pairs is the same ratio ae ae ὦ. 
Therefore 


I 
παν, baad. [Vin 12} 


I I : 
But παι and :: ὦ are respectively less than a, ὦ and they are in the same 
ratio: which contradicts the hypothesis. 


H. E. Ii. 24 
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Hence ἃ can only be “a part” of ὦ, or 


: 1 
ais of the form 58 


and therefore ὦ is of the form = d. 


Here also Heiberg omits a proposition which was no doubt interpolated 
by Theon (B, ¥, p, Φ have it as vii. 22, but P only has it in the margin 
and in a later hand; Campanus also omits it) proving for numbers the ex 
aeguali proposition when ‘‘the proportion is perturbed,” 1.6. (cf enunciation 


of v. 22) if 
WEDS CLTe Noctaves doar nica enor (1) 
and CADE Oy ΨΥ (2) 
then aoe a ae 2 
The proof (see Heiberg’s Appendix) depends on VII. 10. 
From (1) we have af = be, 
and from (2) be = εἴ, [vit το] 
Therefore af = ca, 
and accordingly a ee Sey A ἵντι. 19] 


PROPOSITION 21. 


Numbers prime to one another are the least of those which 
have the same ratio with thent. 


Let 4, 2 be numbers prime to one another ; 


I say that A, Δ are the least of 
those which have the same ratio 
with them. 


For, if not, there will be some | 
numbers less than 4, 4 which are | 
in the same ratio with 4, #. | 

Let them be C, ὦ. 

Since, then, the least numbers of those which have the 
same ratio measure those which have the same ratio the 
same number of times, the greater the greater and the less 
the less, that is, the antecedent the antecedent and the 
consequent the consequent, [vir 20] 


therefore C measures <4 the same number of times that 2 
measures A. 


Now, aS many times as C measures 4, so many units let 
there be in &. 


Therefore J also measures & according to the units in £. 
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tra 
te 
LoS) 


ay 
And, since C measures -d according to the units in £, 


therefore 55 also measures Al according to the units in C. 
[VIL 16} 
For the same reason 
£ also measures & according to the units in D. [vi 16] 


Therefore £ measures A, 4 which are prime to one 
another: which is impossible. (vi. Def. 12] 
Therefore there will be no numbers less than 4, #7 which 
are in the same ratio with 4, &. 
Therefore A, & are the least of those which have the same 
ratio with them. 
Q. E. D. 


In other words, if a, ὁ are prime to one another, the ratio @ : 4 Is “in its 
lowest terms.” 

The proof is equivalent to the following. 

If not, suppose that ὦ, @ are the /easf numbers for which 

Ci bats a. 

[Euclid only supposes some numbers ὦ @ in the ratio of a to ὦ such that 
¢<a, and (consequently) ὦ «ὁ. It is however necessary to suppose that 
Ως @ are the /eas¢ numbers in that ratio in order to enable vil. 20 to be 
used in the proof.] 

Then [vul. 20] a = me, and 6= md, where # is some integer. 


Therefore a=en, b=dm, [VIL 16} 
and m is a common measure of a, 4, though these are prime to one another: 
which is impossible. ivu. Def. 12) 


Thus the least numbers in the ratio of @ to 4 cannot be less than a, ὁ 
themselves. 

Where I have quoted vir. 16 Heiberg regards the reference as being to 
vu. 15. I think the phraseology of the text combined with that of Def 15 5 
suggests the former rather than the latter. 


PROPOSITION 22. 


The least numbers of those which have the sawe ratio with 
them are prime to one another. 


Let A, & be the least numbers of those which have the 
same ratio with them; 
I say that 4, & are prime to one 
another. 
: SS 
For, if they are not prime to one = y)—-___ 
another, some number will measure κα 
them. ᾿ 
Let some number measure them, and let it be C. 


A 
B 
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And, as many times as C measures 4, so many units 
let there be in D, 


and, as many times as C measures 4, so many units let there 


δε τὴ 5. 
Since C measures 4 according to the units in 2), 
therefore C by multiplying D has made A. [vir Def. 15] 
For the same reason also 
C by multiplying & has made &. 


Thus the number C by multiplying the two numbers J, 
f has made 4, δ; 


therefore, as 2 is to 45, 80 15 A to δ; (vit. 17] 


therefore D, & are in the same ratio with A, .5, being less 
than they : which is impossible. 


Therefore no number will measure the numbers 4, &. 
Therefore 4, & are prime to one another. 
OED; 


Ifa: 41s Sin its lowest terms,” a, ὦ are prime to one another. 
Again the proof is indirect. 
If a, 6 are not prime to one another, they have some common measure ὦ 
and 
Geng b= 22. 
Therefore ae ae Gee ὦ. [vir 17 or 18] 


But m, # are less than a, ὁ respectively, so that ὦ : ὁ is not in its lowest 
terms: which 15 contrary to the hypothesis. 
Therefore etc. 


PROPOSITION 23. 


Lf two nunibers be prime to one another, the number which 
measures the one of them will be prime to the remaining 
nu mOEr. 


Let 4, & be two numbers prime to one another, and let 
any number C measure A ; : 
I say that C, & are also prime to one another. 
For, if C, & are not prime to one another, 
some number will measure ὦ 2. 
Let a number measure them, and let it be D. 


Since ) measures C, and C measures A, | | 
therefore 22 also measures A. A 


But it also measures 5: 
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therefore D measures -4, 2 which are prime to one another: 
which is impossible. (vin, Def. 12] 


Therefore no number will measure the numbers C, 2. 
Therefore C, & are prime to one another. 
Qe Be Ὁ. 


If a, mé are prime to one another, ὦ is prime to a. For, if not, some 
number @ will measure both a and 4, and therefore both a and mé: which is 
contrary to the hypothesis. 

Therefore etc. 


PROPOSITION 24. 


77 two nunibers be prime to any nunber, their product also 
well be prinie to the sanze. 


For let the two numbers 4, & be prime to any number C, 
and let d by multiplying & make 2); 
I say that C, D are prime to one another. a ae 

For, if C, D are not prime to one another, a 
some number will measure C, D. 


4 | 
Let a number measure them, and let it i 8B  . g F 
be £. ᾿ 1 | 
Now, since C, A are prime to one " | 
another, D 
and a certain number /& measures C, 
therefore 4, & are prime to one another. [vin. 23] 


As many times, then, as & measures 1, so many units let 
there be in 7; 


therefore 25 also measures D according to the units in &. 
[vin 16] 
Therefore & by multiplying # has made JY. ἴἰνῃ. Def. 15] 
But, further, 4 by multiplying 4 has also made 2); 
therefore the product of &, F is equal to the product of A, 6. 


But, if the product of the extremes be equal to that of the 
means, the four numbers are proportional ; [vil. το] 


therefore, as £ is to 4, sois Ato 5. 

But , & are prime to one another, 
numbers which are prime to one another are also the least of 
those which have the same ratio, (vi. 21] 
and the least numbers of those which have the same ratio 
with them measure those which have the same ratio the same 
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number of times, the greater the greater and the less the less, 
that is, the antecedent the antecedent and the consequent the 
consequent ; [Vil 20] 


therefore & measures A. 
But it also measures C ; 
therefore & measures 4, C which are prime to one another: 
which is impossible. [vi. Def. 12] 
Therefore no number will measure the numbers C, D. 
Therefore C, D are prime to one another. 
ὃ. ἢ; Τῇ 


1. their product. ὁ ἐξ αὐτῶν γενόμενος, literally ‘“‘the (number) produced from them,” 
will henceforth be translated as “their product.” 


If a, ὁ are both prime to ¢, then αὖ, ¢ are prime to one another. 

The proof is again by veductio ad absurdum. 

If αὖ, ¢ are not prime to one another, let them be measured by ὦ and be 
equal to md, πεῖ, say, respectively. 

Now, since ὦ, ¢ are prime to one another and d measures ὦ 


a, ὦ are prime to one another. [vin 23] 
But, since * ab = md, 
22a=0 2m. γι]. 19] 
Therefore | vir. 20] a@ measures ὦ, 
or ὦ = pa, say. 
But c= nd, 


Therefore @ measures both ὅ and ¢ which are therefore not prime to one 
another: which is impossible. 
Therefore etc. 


PROPOSITION 25. 


Lf two numbers be prime to one another, the product of one 
of thent into ttself will be prime to the venraining one. 
Let 4, & be two numbers prime to one another, 
and let 4 by multiplying itself make C; 
I say that 2, C are prime to one another. 
For let D be made equal to 4. Ἀ 
Since 4, & are prime to one another, B 
and 4 1s equal to DJ, 
therefore 29, & are also prime to one another. 
Therefore each of the two numbers D, 4 is 
prime to B; 


therefore the product of D, 41 will also be prime to 2. [vu. 24] 
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But the number which is the product of D, «/ ts C. 
Therefore C, 4 are prime to one another. ἢ. BoD, 


1. the product of one of them into itself. The Greek, ὁ ἐκ τοῦ ἐνὸς αὐτῶ» γενόμενος. 
literally ‘‘ the number produced from the ene of them.” leaves ‘Smultiplied imto itself’ to be 
understood. 

If a, ὁ are prime to one another, 

a is prime to ὦ, 

Euclid takes @ equal to a, so that @, @ are both prime to 4. 

Hence, by vil. 24, da, 1.6. α΄, is prime to ὦ, 

The proposition is a particular case of the preceding proposition: and the 

. * . . Θ » 
method of proof is by substitution of different numbers m the result of that 
proposition. 


PROPOSITION 26. 


Lf two nunebers be prime to two nunibers, both to cach, their 
products also wall be prime to one another. 
For let the two numbers ./, & be prime to the two 


numbers C, 2, both to each, 
and let A by multiplying B 


A Ὁ 
make 45, and let C by multi. 5, Ἧ 
plying D make /; : 
I say that 25, # are primeto ¢ 


one another. 
For, since each of the numbers /, & is prime to ὦ, 
therefore the product of 4, & will also be prime to C. [vi 24] 
But the product of 4, Fis £; 
therefore #, C are prime to one another. 
For the same reason 
Ε, D are also prime to one another. 


Therefore each of the numbers C, / is prime to &. 
Therefore the product of ὦ, J will also be prime to &. 


ells 24] 
But the product of C, Dis αὶ 
Therefore &, / are prime to one another. Q. E. Ὁ. 
If both @ and ὁ are prime to each of two numbers ¢, οἷ, then αὖ, cd will be 


prime to one another. 
Since a, are both prime to ¢, 


ab, ¢ are prime to one another. [vir 24] 
Similarly ab, d are prime to one another. 
Therefore ¢, 4 are both pnme to αὖ, 


and so therefore is εἰ. [vit. 24] 
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PROPOSITION 27. 


If two numbers be prime to one another, and each by 
multiplying itself make a certazn number, the products will be 
prime to one another; and, of the original nunibers by niutts- 
plying the products make certain numbers, the latter wrlt also 
be prime to one another{and this rs always the case with the 
extrentes |, 


Let 4, & be two numbers prime to one another, 
let A by multiplying itself make C, and by 
multiplying C make 2), 
and let B by multiplying itself make Z,and ἃ 
by multiplying & make 7’; 

I say that both ὦ, & and J, / are prime ᾿ 
to one another. | F 

For, since 4, 4 are prime to one another, 
and A by multiplying itself has made C, 
therefore C, & are prime to one another. [vit. 25] 

Since then C, B are prime to one another, 
and & by multiplying itself has made £, 
therefore C, & are prime to one another. [14] 

Again, since A, .δ' are prime to one another, 
and & by multiplying itself has made £, 
therefore 4, & are prime to one another. [2] 


Since then the two numbers 4, C are prime to the two 
numbers &, 5, both to each, 


therefore also the product of 4, C is prime to the product of 
BLE [viI. 26] 


And the product of 4, C is D, and the product of 8, & 
is δ᾽ 
Therefore D, F are prime to one another. 


Q. E. D. 


If a, ὁ are prime to one another, so are a*, # and so are αὐ, &; and, 
generally, a”, 4" are prime to one another. 

The words in the enunciation which assert the truth of the proposition for 
any powers are suspected and bracketed by Heiberg because (1) in περὶ τοὺς 
ἄκρους the use of ἄκροι is peculiar, for it can only mean “the last products,” 
and (2) the words have nothing corresponding to them in the proof, much 
less is the generalisation proved. Campanus omits the words in the enuncia- 
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tion, though he adds to the proof a remark that the proposition is true of any, 
the same or different, powers of ἃ, ὁ, Heiberg concludes that the words are 
an interpolation of date earlier than Theon. 

Euclid’s proof amounts to this. 

Since a, 6 are prime to one another, so are a, ὦ [vu. 25], and therefore 
also α΄, &. vin 25] 

Similarly [viz 25] α, @ are prime to one another. 

py τλρα a, αὐ and ὁ, & satisfy the description in the enunciation of 
WIT, 226; 


Hence a’, & are prime to one another. 


Proposition 28. 


Lf two nunibers be prime to one another, the sum will also 
be prime to each of then, and, if the sunt of two numbers be 
prime to any one of them, the original numbers well atso be 
prin to one another. 


For let two numbers 44, BC prime to one another be 
added ; 


I say that thesum AC is also prime κστ΄ τ ὁ 


to each of the numbers 4A, AC. 


For, if CA, AB are not prime to 
one another, 


some number will measure CA, AZ. 


Let a number measure them, and let it be D. 
Since then Y measures C4, ABZ, 


therefore it will also measure the remainder AC. 
But it also measures BA ; 


therefore D measures .4.4, BC which are prime to one another: 
which is impossible. [vir Def. 12] 


Therefore no number will measure the numbers CH, AA; 
therefore CA, AF are prime to one another. 
For the same reason 


AC, CB are also prime to one another. 
Therefore CA is prime to each of the numbers AS, BC. 
Again, let CA, AB be prime to one another ; 

I say that 44, BC are also prime to one another. 
For, if 44, SC are not prime to one another, 

some number will measure 44, BC. 


230 BOOK VII [ vit. 28, 29 
Let a number measure them, and let it be D. 
Now, since 2 measures each of the numbers 4.5, BC, it 
will also measure the whole CA. 
But it also measures AB; 
therefore D measures CA, 48 which are prime to one another: 
which is impossible. [ντι. Def. 12] 
Therefore no number will measure the numbers AA, BC. 
Therefore 48, SC are prime to one another. 
Q. E. Ὁ. 


If α, ὁ are prime to one another, a+ ὁ will be prime to both a and 4; and 
conversely. ‘ 

For suppose (a+), ἃ are not prime to one another. They must then 
have some common measure d. 

Therefore d also divides the difference (a4 + 4) — ὦ, or 4, as wellas a; and 
therefore a, ὦ are not prime to one another: which 1s contrary to the 


hypothesis. 
Therefore a+ is prime to a. 
Similarly a+6is prime to ὦ. 


The converse is proved in the same way. 

Heiberg remarks on Euclid’s assumption that, if ¢ measures both a and ὁ, 
it also measures a+6. But it has already (vii. 1, 2) been assumed, more 
generally, as an axiom that, in the case supposed, ¢ measures a+ 26. 


PROPOSITION 20. 


Any prime number ts prime to any number which τέ does 
not nLeasure. 


Let 4 be a prime number, and let it not measure δ᾽; 
I say that B, A are prime to one another. 

For, if Δ, 4 are not prime to one ————_—A 
another, ee ee rae 
some number will measure them. 


Let C measure them. 
Since C measures 95, 


and A does not measure δ, 
therefore C is not the same with 4. 
Now, since C measures &, A, 


therefore it also measures 4 which is prime, though it is not 
the same with it: 


which is impossible. 
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Therefore no number will measure 2, +. 
Therefore 4, 8 are prime to one another. 
Q. E. Ὁ. 


If ἃ is prime and does not measure ὦ, then a, ὁ are prime to one another. 
The proof is self-evident. 


PROPOSITION 30. 


Lf two nunibers by multiplytug one another wake soite 
number, and any prime muniber measure the product, τέ will 
also measure one of the original numbers. 


For let the two numbers 4, 8 by multiplying one another 
make C, and let any prime number 
72) measure ὦ: 


A 
I say that D measures one of the ,—~—__- . 


numbers A, 8. δ ae ane 
For let it not measure 4. 0.------- 
Now 2 is prime ; ε-----------..-- 
therefore 4, DY are prime to one 
another. [vir. 29] 


And, as many times as measures C, so many units let 
there be in δ. 
Since then 29) measures C according to the units in £, 


therefore D by multiplying & has made C. fy. Def. 15] 
Further, 4 by multiplying & has also made C; 


therefore the product of 22, & is equal to the product of 
A, 2. 


Therefore, as 2 15 to 4, so 15 δ to 5. [vin το] 
But Ὁ, A are prime to one another, 
primes are also least, (vin. 217 


and the least measure the numbers which have the same 
ratio the same number of times, the greater the greater and 
the less the less, that is, the antecedent the antecedent and 
the consequent the consequent ; [vi. 20] 
therefore 22 measures ὃ. 

Similarly we can also show that, if D do not measure δ. 
it will measure 4. 

Therefore measures one of the numbers 4, &. 

Oo. E. D. 
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If ¢, a prime number, measure αὖ, ¢ will measure either a or ὦ. 
Suppose ¢ does not measure a. 


Therefore ὦ 2 are prime to one another. [vu 29] 
Suppose αὖ = ie. 

Therefore σι - Ὁ [vu 10] 
Hence [vi 20, 21] ¢ measures 0. 


Similarly, if ς does not measure ὦ, it measures a. 
Therefore it measures one or other of the two numbers a, 0. 


PROPOSITION 31. 


Any composite number ts necasured by some prime number. 


Let 4 be a composite number ; 
I say that A is measured by some prime number. 
For, since 4 is composite, 


ς some number will measure it. A 
Let a number measure it, and let it .B 
be &. C——— 


Now, if & is prime, what was en- 
joined will have been done. 
10 But if it is composite, some number will measure it. 
Let a number measure it, and let it be C. 
Then, since C measures 2, 


and & measures 4, 
therefore C also measures A. 
15 And, if C is prime, what was enjoined will have been 
done. 
But if it is composite, some number will measure it. 
Thus, if the investigation be continued in this way, some 


prime number will be found which will measure the number 
20 before it, which will also measure 4. 


For, if it is not found, an infinite series of numbers will 
measure the number 4, each of which is less than the other: 


which is impossible in numbers. 
Therefore some prime number will be found which will 


25 measure the one before it, which will also measure A. 


Therefore any composite number is measured by some 
prime number. 


Q. E, D. 
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8. if B is prime, what was enjoined will have been done, ic. the implied 
problem of finding a prime number which measures 4. 

18. some prime number will be found which will measure. In the Greek the 
sentence stops here, but it Is necessary to add the words *‘the number before it, which will 
also measure 4,” which are found a few lines further down. [t is pussibie that the words 
may have fallen out of P here by a simple mistake due to ὁμοιοτέλευτον {Heiberg}. 


Heiberg relegates to the Appendix an alternative proof of this proposition, 
to the following effect. Since 4 is composite. some number will measure it. 
Let & be the ast such number. I say that δ᾽ is prime. For, if not, 2 is 
composite, and some number will measure it, say C; so that Cis less than A. 
But, since Οὐ measures B, and 2 measures .f, C must measure -f. And Cis 
less than 4: which is contrary to the hypothesis. 


PROPOSITION 32. 


Any number either ts prime or ts measured by some prinie 
numer, 


Let 4 be a number; 


I say that 4 either is prime or is measured by some prime 
number. 

If now 4 is prime, that which was) a 
enjoined will have been done. 

But if it is composite, some prime number will measure it. 

[vir 31] 

Therefore any number either is prime or is measured by 

some prime number. 


O. E. Ὁ. 


PROPOSITION 33. 


Gwen as many numbers as we please, to find the least of 
those which have the same ratio with theni. 


Let 4, B, C be the given numbers, as many as we please ; 
thus it is required to find the least of 
«those which have the same ratio with 
A, B,C. 
A, 8, C are either prime to one 
another or not. 
Now, if 4, 4, C are prime to one 
1oanother, they are the least of those 
which have the same ratio with them. 
[vin 21] 
But, if not, let D the greatest common measure of <1, B, C 
be taken, νη. 3] 


} 


> 


ΓΝ ae Mon 


B 


ι 
i 
i 


i j 
i t 
oe oe 
ἊΣ Ο 
ἰ 

G 

i 


an ene eo 
> 
πως. 


i ; 
{ ᾿ i 
: F | 
M G 


334 BOOK VII [VIl. 33 


and, as many times as J measures the numbers 4, 4, C 
15 respectively, so many units let there be in the numbers 
E, F, G respectively. 


Therefore the numbers 4, #4, G measure the numbers 4, 
B, C respectively according to the units in D. [vi1. 16] 
Therefore 45, 7, G measure A, &, C the same number of 
20 times ; ; 
therefore 5, 7, G are in the same ratio with 4, B,C. 
(vit. Def. 20] 
I say next that they are the least that are in that ratio. 
For, if #, 7; G are not the least of those which have the 
same ratio with A, B,C, 
25 there will be numbers less than A, 4, G which are in the 
same ratio with 4, B, C. 


Let them be A, K, Z; 
therefore AZ measures 4 the same number of times that the 
numbers A, £ measure the numbers 4, C respectively. 
30 Now, as many times as measures 4, so many units let 
there be in J7; 
therefore the numbers AK, Z also measure the numbers 5, C 
respectively according to the units in AZ. 
And, since 47 measures 4 according to the units in JZ, 
35 therefore AZ also measures 4 according to the units in /. 


[vir. 16] 
For the same reason 


M also measures the numbers B, C according to the units in 
the numbers A, Z respectively ; 
Therefore J7 measures A, 5, C. 
40 Now, since 7 measures 4 according to the units in JZ, 
therefore 7 by multiplying 47 has made A. [vir. Def. 15] 
For the same reason also 
£& by multiplying D has made A. 
Therefore the product of £, D is suai to the product of 
45 A, 77. 
Therefore, as & is to H, so is Jf to D. [vi 19] 
But & is greater than 7/7; 
therefore 77 is also greater than D. 
And it measures 4, δι. C: 


σι 
fr 
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which is impossible, for by hypothesis D is the greatest 
common measure of 1, 5, C, 

Therefore there cannot be any numbers less than £, F, G 
which are in the same ratio with 4, B, C. 

Therefore &, 55, G are the least of those which have the 
same ratio with 4, BC. 

Q. E. Ὁ. 


og. the numbers E, F, G measure the numbers A, B, C respectively, 
literally (as usual) ‘teach of the numbers £, A, G measures each of the mumbers οἷς 
Ci" 


Given any numbers ὦ, ὁ, ¢, ..., to find the least numbers that are in the 

same ratio. 

Euclid’s method is the obvious one, and the result is verified by reductio 

ad absurdum. 

We will, like Euclid, take three numbers only, @, ὦ, ¢. 

Let g, their greatest common measure, be found [vil. 3), and suppose that 
a= my, i.e. gm, {VIL 16] 
ᾧτε, 1.8. LH, 
c= pe, Le. op. 

It follows, by vit. Def. 20, that 

Mite ΞΕ 1 δος, 
m, n, 2. shall be the numbers required. 
For, f not, let x, 7, 5 be the least numbers in the same ratio as a, ὦ, ¢, 
being less than mm, 2, 2. 

Therefore α- ἀκ (or x&, vu. 16), 
b= ky (or ye), 

c= (or sh), 


where & is some integer. [VIL 20] 
Thus mg= a= αὖ, 
Therefore Wi BSR we [vir 19] 


And m > x; therefore £> ὃ. 

Since then ὦ measures a, ὦ, ¢, it follows that g is not the greatest common 
measure: which contradicts the hypothesis. 

Therefore ete. 


It is to be observed that Euclid merely supposes that .x, y, 5 are smaller 
numbers than w, 21, # in the ratio of a, ὦ, c; but, in order to justify the next 
inference, which apparently can only depend on vil. 20, x, 7, 5 must also be 
assumed to be the /eas¢# numbers in the ratio of a, 4, ¢. 

The inference from the last proportion that, since m > x, & > g 15 supposed 
by Heiberg to depend upon vil. 13 and vy. τα together. I prefer to regard 
Euclid as making the inference quite independently of Book v. E.g., the 
proportion could just as well be written 

Not A= Ft k, 
when the definition of proportion in Book vn. (Def. 20) gives all that we want, 
since, whatever proper fraction x is of #2, the same proper fraction is x of &. 
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PROPOSITION 34. 


Given two numbers, to find the least number which they 
MLEASUTE. 
Let A, & be the two given numbers ; 


thus it is required to find the least number which they 
measure, 


Now A, & are either prime to one k B 
another or not. C 

First, let 4, & be prime to one 5 
another, and let 4 by multiplying B 
make Ὁ: E as 
therefore also B by multiplying 4 has 
made C. [νπἰ. 16] 


Therefore 4, & measure ὦ 


I say next that it is also the least number they measure. 

For, if not, 4, & will measure some number which is less 
than ὦ. 

Let them measure D. 

Then, as many times as 4 measures 2), so many units let 
there be in &, 


and, as many times as B measures D, so many units let there 
be in F; 
therefore 4 by multiplying & has made 29, 


and & by multiplying / has made D; [vi. Def. x5] 

therefore the product of 4, £ is equal to the product of 25, F. 
Therefore, as 4 is to B, sois ΖΦ to &. [ντι. 19] 
But 4, & are prime, | 

primes are also least, ἔνα, 41) 


and the least measure the numbers which have the same ratio 
the same number of times, the greater the greater and the less 
the less ; (vi. 20] 


therefore & measures £, as consequent consequent. 
And, since 4 by multiplying 4, & has made C, D, 
therefore, as & is to Z, so is C to 2. [vir. 17] 
But 4 measures £ ; 
therefore C also measures J, the greater the less : 
which is impossible. 
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oe 
Therefore 4, & do not measure any number less than C: 
therefore C is the least that is measured by 4, 6, 
Next, let 4, & not be prime to one another, 
and let /, /, the least numbers of those which have the same 


Cra 


ratio with 4, 8, be taken ; [vin 33] 
therefore the product of A, & is equal to the product of A, F. 
4. 10) 
And let A by multiplying 5 =" 
make C; ΒΟ A B 
therefore also 4 by multiplying 27 -F ———~E 
has made C; 
therefore 4, & measure C. ae 
I say next that it is also the least 2 sey 


number that they measure. 

For, if not, 4, & will measure some number which is less 
than C. 

Let them measure J, 

And, as many times as -4 measures 2, so many units let 
there be in G, 


and, as many times as & measures 2), so many units let there 
be in #7, 
Therefore A by multiplying G has made J, 
and & by multiplying (7 has made 2). 
‘Therefore the product of 4, G is equal to the product of 
BLT * 
therefore, as 4 is to L, so is ἢ to G. [vit 19] 
But, as 4 is to 4, sois (to £. 
Therefore also, as Fis to £, so is A to G. 
But /, & are least, 


and the least measure the numbers which have the same ratio 
the same number of times, the greater the greater and the 
less the less ; [vi. 20] 
therefore & measures G. 
And, since 4 by multiplying 2, G has made C, 2), 
therefore, as & is to G, sois C to LD. ἵντι. 17} 
But 45 measures G; 
therefore C also measures J), the greater the less : 
which is impossible. 


is 
th 


H. E. I. 
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Therefore A, B& will not measure any number which is less 
than C. 
Therefore C is the least that is measured by 4, &. 
Q. E. Ὁ. 


This is the problem of finding the /east common multiple of two numbers, 
as a, ὦ, 


I. Ifa, ὁ be prime to one another, the L.c.M. is ad. 


For, if not, let it be οὐ, some number less than a@é. 


Then d= ma= nb, where 1, 2 are integers. 
Therefore @:b=nim, [ VII. 19] 
and hence, a, ὦ being prime to one another, 
ὦ measures 71. [vit. 20, 21] 
But L:m=ab:am (vu. 17] 
= ab: a. 


Therefore a’ measures ¢7: which is impossible. 


IJ. If a, ὁ be not prime to one another, find the numbers which are the 


least of those having the ratio of a to ὦ, say m, 2; [vir. 33] 
then Ω: ὦ τ 2ὲ iN, 
and an=bm (=¢, say); [vir 19] 


¢ is then the L.c.M. 
For, if not, let it be 2 (< ὁ), so that 
ap = bg = d, where 2, g are integers. 


Then ath =o. Κ, [vur. το] 
whence "ἘΞ Ὁ, 
so that #2 measures 2. [VIL 20, 21] 
And zi:p=an:ap=e: da, 
so that ¢ measures d: 


which is impossible. 
Therefore ete. 
By Vil. 33, mM = 
, where g is the G.c.M. of a, ὁ. 


lo Og bs 


8 
il 


. ΔΩ 
Hence the L.c.M. is 


1S. Oe 
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PROPOSITION 55. 


Lf two numbers measure any number, the least number 
measured by them will also measure the sanie. 


For let the two numbers .4, 8 measure any number CJD, 
and let & be the least that they 
measure ; 


I say that & also measures CD. 7 - : 


For, if & does not measure 5 
CD, let &, measuring DF, leave CF less than itself. 
Now, since 4, & measure £, 


and / measures DF, 
therefore 4, & will also measure DF. 
But they also measure the whole CD : 
therefore they will also measure the remainder CF which is 


less than £: 
which is impossible. 

Therefore / cannot fail to measure CD: 
therefore it measures it. 


B 


Q. E. D. 


The /eas¢ common multiple of any two numbers must measure any other 
common multiple. 

The proof is obvious, depending on the fact that, if any number divides @ 
and ὦ, it also divides a — 20. 


PROPOSITION 36. 


Given three numbers, to find the least number whith they 
2229 4. 5147. 


Let A, &, C be the three given numbers ; 


thus it is required to find the least 
number which they measure. 


Let J, the least number mea- 
sured by the two numbers 4, δ, 
be taken. [vir. 34] 

Then C either measures, or 
does not measure, J). 

First, let it measure it. 


πο ῶ ὦ » 
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But 4, & also measure 2); 
therefore 4, 8, C measure L. 


I say next that it is also the least that they measure. 

For, if not, 4, 2, C will measure some number which is 
less than D. 

Let them measure £. 

Since 4, &, C measure £, 


therefore also 4, & measure &. 


Therefore the least number measured by 4, 4 will also 
measure £. [vir. 35] 
But D is the least number measured by 4, 8; 


therefore Y will measure 45, the greater the less: 
which is impossible. 


Therefore A, 4, C will not measure any number which 15 
less than D; 


therefore J is the least that 4, 5, C measure. 
Again, let C not measure 2), 
and let #, the least number measured by 


C, D, be taken. (vit. 34] ᾿ ΜΡ. 
Since 4, .5 measure J, ‘ 

and 2 measures £, D 

therefore also A, & measure F&. Se 
But C also measures £ ; ree era ν 


therefore also 4, &, C measure 2. 


I say next that it is also the least that they measure. 


For, if not, <4, δ C will measure some number which 
is less than &. 


Let them measure δὶ 
Since 4, B, C measure ἢ 


therefore also 4, 4 measure 2; 


therefore the least number measured by A, B&B will also 
measure F, [VII 35 


But J is the least number measured by 4, &; 
therefore D measures F. 
But C also measures Κ᾽; 
therefore D, C measure F, 
so that the least number measured by 2), C will also measure 2] 
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But & is the least number measured by ὦ 2); 
therefore & measures /, the vreater the less: 
which is impossible. 

Therefore d, 4, C will not measure any number which is 
less than &. 


Therefore Z is the least that is measured by 4, 2, C. 
(Bs, Ὁ. 


Euclid’s rule for finding the L.c.M. of ##vee numbers a, 4, ¢ is the rule with 
which we are familiar. The Lo. of a, 4 is first found, sav d, and then the 
L.C.M. of @ and ¢ is found. 

Euclid distinguishes the cases (1) In which ¢ measures % (2) in which ¢ 
does not measure 4. We need only reproduce the proof of the general case 
(2). The method is that of reductio ad absurdum. 

Let e be the Lum. of d, c. 

Since a, ὦ both measure οὐ, and @ measures ¢, 

a, ὦ both measure e. 

So does ὦ 

Therefore ¢ is 59 18 common multiple of a, 4, ὦ 

If it is not the./eas/, let_f be the L.c.M. 

Now a, ὁ both measure /; 


therefore @, their L.c.M., also measures αὶ vin: 35] 
Thus d, ¢ both measure /; 
therefore ¢, their L.c.M., measures //: [vin 35] 


which is impossible, since / < ὁ. 
Therefore etc. 


The process can be continued ad “éitum, so that we can find the L.c.., 
not only of three, but of as many numbers as we please. 


PROPOSITION 37. 


Tf a number be measured by any nuniber, the nuniber which 
7s measured wll have a part called by the same nante as the 
MEASUFING NUNLOET. 

For let the number «1 be measured by any number 4; 

I say that 4 has a part called by the same 
name as B. A 

For, as many times as & measures 4, 8 
so many units let there be in C. ἃ 

Since & measures 1 according to the ρ... 
units in C, 
and the unit 22 also measures the number C according to the 
units in it, 
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3 


therefore the unit 22 measures the number C the same number 
of times as & measures A. 

Therefore, alternately, the unit D measures the number 4° 
the same number of times as C measures 4 ; [vit. 15] 
therefore, whatever part the unit D is of the number J, the 
same part is C of 4 also. 

But the unit D is a part of the number JZ called by the 
same name as it; 
therefore C is also a part of 4 called by the same name as 6), 
so that .4 has a part C which is called by the same name as ZB. 

Q. E. D. 


Τ . 
if ὁ measures a, then 3 th of 2 is a whole number. 


Let a=. ὦ, 
Now Hl= 72. Ye 
Thus 1, #, ὦ, a satisfy the enunciation of vil. 15; 
therefore #2 measures @ the same number of times that 1 measures ὦ, 


But I 1s τῷ part of ὅ; 


I 


therefore “1 15 7 


th part of a. 


PROPOSITION 38. 


Lf a number have any part whatever, tt will be measured 
by a number called by the same name as the part. 


For let the number 4 have any part whatever, B, 


and let C be a number called by the same 
name as the part #; 


[ say that C measures 4. ἐ 


For, since 2 is a part of A called by a ὦ 
the same name as C, 


and the unit D is also a part of C called 
by the same name as it, 


therefore, whatever part the unit D is of the number C, 
the same part is B of A also: 


therefore the unit D measures the number C the same number 
of times that B measures 4. 


—D 
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2:15 
Therefore, alternately, the unit D measures the number 9 
the same number of times that C measures A. [vir 15] 
Therefore C measures 4. 
Q. E. Ὁ. 
This proposition is practically a restatement of the preceding proposition. 
Saoiia αἴ 
It asserts that, if ὁ is os th part of a, 


.- Β I 
1.0. if ὦ -- -- 


a 
wm 
then nz Measures a. 
6 I 
We have b=— a, 
Wa 
I 
and Ι -- -- ». 
Hl 


Therefore 1, , 4, @, satisfy the enunciation of vi 15, and therefore δὲ 
measures @ the same number of times as 1 measures 4, or 


I 
2 ΞΞ.-- a. 


ὦ 


PROPOSITION 30. 


Lo find the number which ts the least that will have given 
paris. 


Let A, 5, C be the given parts ; 


thus it is required to find the number which is the least that 
will have the parts 4, δ, C. 
cc ee oe ο 
D 


Ε 


Η 


Let JD, &, Ε be numbers called by the same name as the 
parts 4, B, Ὁ, 


and let G, the least number measured by D, &, F, be taken. 


. ἔνια. 36] 

Therefore G has parts called by the same name as 7), £. F. 

(vi. 37] 

But A, &, ( are parts called by the same name as D, £, F; 
therefore G has the parts 4, 29, C. 


I say next that it is also the least number that has. 
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For, if not, there will be some number less than G which 
will have the parts 4, A, C. 

Let it be 7. 

Since HY has the parts “7, δ, C, 
therefore /Y will be measured by numbers called by the same 
name as the parts 4, J, C. [vi 38] 

But J, 55, F are numbers called by the same name as the 
parts A, 5, C; 
therefore 7 is measured by D, F, Ff. 


And it is less than G: which is impossible. 
Therefore there will be no number less than G that will 
have the parts 4, 4, C. 
Q. E. Ὁ, 
This again is practically a restatement in another form of the problem of 
finding the L.c.M. 
I 


To find a number which has = th, Σ 


Let ὦ be the 1τ.6.Μ. of a, ὅ, ὦ 
Thus @ has - th 


th and τ parts. 


: zth and th parts. Vile 37] 


If it is not the least number which has, let the least such number be δ 
Then, since e has those parts, 

é is measured by a, 4,¢; ande<d: 

which is impossible. 


BOOK VIII. 


PROPOSITION I. 


If there be as many numbers as we please ta continued 
proportion, and the extrentes of thent be prime to one another 
the numobers ave the least of those which have the same ratto 
weth thent. 


Let there be as many numbers as we please, 4, 8, C, D, 
in continued proportion, 


and let the extremes of them A Ε---- 
A, be prime to one another; 8————— ee 
I say that 4, B,C, D are the OS α------ 
least of those which have the 9——~————__si#k 


same ratio with them. 

For, if not, let &, 55, G, H be less than H, & C, D, and 
in the same ratio with them. 

Now, since A, 2, C, D are in the same ratio with £, F, 
G, FI, 
and the multitude of the numbers 4, 2, C, D is eqtfal to the 
multitude of the numbers 4, 7, G, ΠΥ, 


therefore, ex aegualz, 


as 4 isto Ὁ, so is & to #7. [vi 14] 
But A, D are prime, 
primes are also least, [vit. 21} 


and the least numbers measure those which have the same 
ratio the same number of times, the greater the greater and 
the less the less, that is, the antecedent the antecedent and 
the consequent the consequent. yin. 20] 
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Therefore 4 measures /, the greater the less : 
which is impossible. 
Therefore £, 7, G, 4 which are less than 4, 4, C, D 
are not in the same ratio with them. 
Therefore 4, 8, C, D are the least of those which have 
the same ratio with them. 
Q. E. D. 

What we call a geometrical progression 1s with Euclid a series of terms “‘in 
continued proportion” (ἑξῆς ἀνάλογον). 

This proposition proves that, if a, 6, ¢,... αὶ are a series of numbers in 
geometrical progression, and if a, & are prime to one another, the series is in 
the lowest terms possible with the same common ratio. 

The proof is in form by reductio ad absurdum. We should no doubt 
desert this fur while retaining the substance. Ifa’, δ΄, ¢’,... 4° be any other 
series of numbers in G.P. with the same common ratio as before, we have, 
ex aegual, 

BERS ash, [vir. 14] 
whence, since a, £ are prime to one another, a, measure a’, # respectively, so 
that a’, # are greater than a, & respectively. 


PROPOSITION 2. 
To fiud nuncbers in continued proportion, as many as may 
be prescribed, and the least that are in a given ratio. 


Let the ratio of A to B be the given ratio in least 
numbers ; 


thus it is required to find numbers in continued proportion, 
as many as may be prescribed, and the least that are in the 
ratio of A to δ. 


=A ----- τό 
B ------.-Ὁ 


Let four be prescribed ; 
let 4 by multiplying itself make C, and by multiplying & let 
it make 2); 
let & by multiplying itself make £; 
further, let 4 by multiplying C, D, & make F, G, Z, 
and let 4 by multiplying & make A. 
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Now, since 4 by multiplying itself has made C, 
and by multiplying B has made JD, 
therefore, as 4 is to B, so is C to 7). (VIE 17] 
Again, since J by multiplying 2 has made JD, 
and & by multiplying itself has made £, 
therefore the numbers 4, & by multiplying B have made the 
numbers 2), £ respectively. 
Therefore, as 44 is to B, so is 2 to E. vin. τ] 
But, as 4 isto 9, sois (τὸ D: 
therefore also, as Cis to 2, sois D to 5. 
And, since 4 by multiplying C, D has made F, G. 
therefore, as C is to J, so is F to G. ἵν. τ] 
But, as C is to 2, so was 4 to δ: 
therefore also, as 4 is to B, so is to ὦ. 
Again, since 4 by multiplying D, Z has made G. H. 
therefore, as D is to &, so is G to H. [vit 17] 
But, as 2 is to 4, so is 4 to 6. 
Therefore also, as 4 isto 4, sois G to H. 
And, since 4, & by multiplying & have made A, A, 
therefore, as 4 is to 4, so is A to A. [vi 18] 


But, as 4 is to &, so is & to G, and G to A. 

Therefore also, as / is to Οὐ, sois ὦ to H, and Hto kK; 
therefore C, D, 45, and 4; G, 7, A are proportional in the 
ratio of 4 to 2. 


I say next that they are the least numbers that are so. 
For, since 4A, & are the least of those which have the 
same ratio with them, 


and the least of those which have the same ratio are prime 
to one another, (vir. 22] 


therefore A, 4 are prime to one another. 


And the numbers 4, & by multiplying themselves re- 
spectively have made the numbers C, £, and by multiplying 
the numbers C, & respectively have made the numbers 25 A; 
therefore C, & and /, Α΄ are prime to one another respectively. 


[1.87] 
But, if there be as many numbers as we please in continued 


proportion, and the extremes of them be prime to one another, 
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Φ 


they are the least of those which have the same ratio with 


them. [vit 17 
Therefore C, D, Ε and /, G, H, & are the least of those 
which have the same ratio with 4, }. Q. E. D. 


Portis. From this it is manifest that, if three numbers 
in continued proportion be the least of those which have the 
same ratio with them, the extremes of them are squares, and, 
if four numbers, cubes. 


To find a series of numbers in geometrical progression and in the least 
terms which have a given common ratio (understanding by that term the ratio 
of one term to the next). 

Reduce the given ratio to its lowest terms, say, @: 6. (This can be done 
by vit. 33.) 

Then OOD Ps i EO δ" 
is the required series of numbers if (ἡ + 1) terms are required. 

That this is a series of terms with the given common ratio is clear from 
Vil 17... 1a. 

That the G.p. is in the smallest terms possible is proved thus. 

a, 6 are prime to one another, since the ratio @ : ὅ is in its lowest terms. 


[vu. 22] 
Therefore αὖ, & are prime to one another; so are a’, δ᾽ and, generally, 
a. [vit. 27] 


Whence the G.p. is in the smallest possible terms, by vill. 1. 
The Porism observes that, if there are x terms in the series, the 
extremes are (2 —1)th powers. 


PROPOSITION 3. 


Lf as many numbers as we please in continued proportion 
be the least of those which have the same ratio with them, the 
extrenwes of thent are prime to one another. 


Let δὼ many numbers as we please, 4, B, C, D, in con- 
tinued proportion be the least of those which have the same 
ratio with them ; 
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| say that the extremes of them .4, D are prime to one 
another. 


For let two numbers 4, *. the least that are in the ratio 
of A, B, C, D, be taken, [vir 33] 


then three others G, 4, A with the same property : 
and others, more by one continually, [vir 2] 


until the multitude taken becomes equal! to the multitude of 


the numbers 4, B, C, D. 


Let them be taken, and let them be Z, .12. AV, O. 
Now, since 2, / are the least of those which have the 
same ratio with them, they are prime to one another. [vir 22) 
And, since the numbers £, / by multiplying themselves 
respectively have made the numbers G, A, and by multiplying 
the numbers G, A respectively have made the numbers ὦ, Q, 
(vu. 2, Por.] 
therefore both G, A and Z, O are primeto oneanother. [vit 27) 


And, since 4, 4, C, 2 are the least of those which have 
the same ratio with them, 


while Z, 17, V, O are the least that are in the same ratio with 
A, B,C, LD, 


and the multitude of the numbers 4, B, C, D is equal to the 
multitude of the numbers Z, 27, δὲ, Ο, 


therefore the numbers A, &, C, D are equal to the numbers 
L, M, N, O respectively ; 


therefore 4 is equal to Z, and D to O. 


And Z, O are prime to one another. 
Therefore 4, D are also prime to one another. 
Q. E. D. 


The proof consists in merely equating the given numbers to the terms of 
a series found in the manner of VIII. 2. 
If a, 4, c, ... ἃ (2 terms) be a geometrical progression in the lowest terms 
having a given common ratio, the terms must respectively be of the form 
a=. αὐ, “τ a B*-*, ra 3 gua ae 
found by vitt. 2, where a : 8 is the ratio ὦ : ὦ expressed in its iowest terms, so 
that a, 8 are prime to one another [ VIL. 22}, and hence a, 6“~* are prime 


to one another [vi1. 27]. 
But the two series must be the same, so that 


—~i jos - Δ 
asa", b= β' 
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PROPOSITION 4. 


Given as many ratios as we please in least numbers, to find 
nunibers in continued proportion whith are the least in the 
given ratios. 

Let the given ratios in least numbers be that of 4 to 6, 

; that of C to Y, and that of & to δ; 
thus it is required to find numbers tn continued proportion 
which are the least that are in the ratio of A to 66, in the 
ratio of C to J, and in the ratio of & to #. 


A— B—— 
ο-- a 
Ε----- Ε 
— G 
ο Η 

ἡ Ξε K 


P 


Let G, the least number measured by 4, C, be taken. 
ἔστε. 34] 
io And, as many times as & measures G, so many times also 
let 4A measure 277, 
and, as many times as C measures G, so many times also let 
2) measure A. 
Now & either measures or does not measure A. 
15 First, let it measure it. 
And, as many times as & measures A, so many times let 
fF measure Z also. 
Now, since 4 measures “7 the same number of times that 
# measures G, 
zo therefore, as 4 is to &, so is #7 to G. [vir. Def. 20, vir. 13] 
For the same reason also, 
as Cis to J, so is G to A, 
and further, as & is to #, sois A to Z; 


therefore #7, G, &K, £ are continuously proportional in the 


25ratio of 4A to 4, in the ratio of C to J, and in the ratio of 5 
to &. 


Ϊ say next that they are also the least that have this 
property. 
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For, if A, G, K, Z are not the least numbers continuoushe 


30 proportional in the ratios of A to &, of C to D, and of ἢ 
to /; let them be WV, Ὁ, JZ, P. 


Then since, as 4 is to &, so is WN to O, 
while 4, & are least, 
and the least numbers measure those which have the same 
35 ratio the same number of times, the greater the greater and 


the less the less, that is, the antecedent the antecedent and the 
consequent the consequent ; 


therefore B measures Ὁ. [ViI. 20] 
For the same reason 
40 C also measures O; 
therefore 4, C measure O; 


therefore the least number measured by £, C will also 
measure Ὁ, [VEL 35 | 


But G is the least number measured by 4, C; 
45 therefore G measures O, the greater the less: 
which is impossible. 
Therefore there will be no numbers less than A, G, A, 2, 


which are continuously in the ratio of 4 to B, of C to ὦ), and 
of 5 to £. 


50 Next, let & not measure A. 


A—— C— E 
B 5 Ε 
ᾳ H 

K Q 


ὍὌΖΟ ΚΞ 


Let JZ, the least number measured by &, A, be taken. 
And, as many times as K measures .17, so many times let 
Hf, G measure NV, O respectively, 


and, as many times as & measures .}7, so many times let F 
ss measure / also. 


Since AY measures AV the same number of times that G 
measures O, 


therefore, as A is to G, so is A’ to O. [vit. 13 and Def. 20] 
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But, as is to G, sois A to δ; 
60 therefore also, as 4 is to 25, so is WV to O. 
For the same reason also, 
as C isto 23, sois Oto JW. 
Again, since £ measures 7 the same number of times that 
F measures £, 
6s therefore, as Z is to .2) sois M to P; [vir. 13 and Def. 20] 
therefore VV, O, AZ, P are continuously proportional in the 
ratios of A to B, of C to J, and of & to #. 
I say next that they are also the least that are in the ratios 
ΡΝ ας De. 
vo For, if not, there will be some numbers less than JV, O, 
AZ, P continuously proportional in the ratios 4:4, C:D, 
ΞΕ: aes 
Let them be ὦ, &, ὁ, 7. 
Now since, as Ο is to &, so is 4 to 2, 
ys while A, FZ are least, 
and the least numbers measure those which have the same 
ratio with them the same number of times, the antecedent the 
antecedent and the consequent the consequent, [vit. 20] 
therefore B measures A. 
80 For the same reason C also measures 7A; 
therefore 2, C measure £. 
Therefore the least number measured by &, C will also 
measure A. (vir. 35] 
But G is the least number measured by &, C; 
85 therefore G measures A. 
And, as Gis to &, sois K to S: [viz 13] 
therefore A’ also measures 5. 
But & also measures S; 
therefore ΕΞ, A measure S. 
90 ‘Therefore the least number measured by 4, K will also 
measure 5S. [vin 35] 
But AZ is the least number measured by 4, Κα; 
therefore 17 measures 5S, the greater the less: 
which is impossible. 
95 _ Lherefore there will not be any numbers less than J, O, 


77, P continuously proportional in the ratios of 4 to B, of 
C to ὦ, and of 5 to F: 
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therefore VV, O, AZ, P are the least numbers continuously 
proportional in the ratios 4:4, C:D, E:F. Q. E. D. 


69, 71, 99- the ratios A:B, C:D, E:F. This abbreviated expression is in the 
Greek οἱ AB, TA, EZ λόγοι. 


_ The term “in continued proportion” is here not used in its proper sense, 
since a geometrical progression 1s not meant, but a series of terms each of 
which bears to the succeeding term a give, but not the same, ratio. 

The proposition furnishes a good example of the cumbrousness of the 
Greek method of dealing with non-determinate numbers. The proof in fact 
is not easy to follow without the help of modern symbolical notation. If 
this be used, the reasoning can be made clear enough. 

Euclid takes zAvee given ratios and therefore requires to find four numbers. 
We will leave out the simpler particular case which he puts first, that namely 
in which & accidentally measures A, the multiple of DY found in the first few 
lines ; and we will reproduce the general case with ¢Aree ratios. 

Let the ratios in their lowest terms be 

τς; Cio, C27. 

Take 2,, the L.c.M. of 4, ὦ, and suppose that 

d= mb = ne. 
Form the numbers ma, mb), nd. 

= 70 | 

These are in the ratios of @ to ὁ and of ¢ to d respectively. 
Next, let 7, be the L.c.m. of ma, ¢, and let 

ly = pnd = Ge. 
Now form the numbers 


pma, pmb | pnd), af, 
= Dnt = ge } 
and these are the four numbers required. 
If they are ποῦ the least in the given ratios, let 
Be ie ae. Δ 
be less numbers in the given ratios. 
Since a : ὦ is in its lowest terms, and 
ad ag, 
ὦ measures y. 
Similarly, since era ayS, 
¢ measures y. 
Therefore ἢ, the L.c.M. of ὦ, ¢, measures 4. 


But Leena (=O 2d Sy Se: 
Therefore χα measures 3. 
And, since Ci fe su, 


e measures 2. 

Therefore 4, the L.cm. of zd, e, measures 5: which is impossible, since 
s</, or pad. 

The step (line 86) inferring that G: R=: Sis of course alternando 
from G:K(=C: δὴΞ Κ: ἃ 

It will be observed that vitl..4 corresponds to the portion of vi. 23 which 
shows how to compound two ratios between straight lines. 


ty 


ῳ) 


H. RE, 11. 
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PROPOSITION 5. 


Plane nunibers have to one another the vatzo contpounded 
of the ratzos of thetr stdes. 


Let A, B be plane numbers, and let the numbers C, D 
be the sides of 4, and £, Fof B; . 
5] say that 4 has to & the ratio com- 
pounded of the ratios of the sides. 
For, the ratios being given which = +. = 
has to 5 and D to 4, let the least a 
numbers G, , K that are continuously ε 
ioin the ratios C: 4, 22) :.Ε be taken, so αὶ 
that, 


as C is to &, so is G to &, 
and, as D) is to 22 sois Hf to Δ΄. [vit 4] 
And let 2 by multiplying & make Z. 


5 Now, since Y by multiplying C has made A, and by 
multiplying & has made Z, 


therefore, as C is to £, 80 is 4 to ἢ. (vin. 17] 
But, as C is to &, sois G to H; 
therefore also, as G is to H, so is A to L. 


20 Again, since & by multiplying D has made Z, and further 
by multiplying / has made B, 


therefore, as ) is to /, so is Z to &. [vir. 17] 
But, as 2 is to #, sois Hto K; 
therefore also, as is to K, so is Z to .δ. 
25 But it was also proved that, 
85 Gisto H,sois A to L; 
therefore, ex aegualz, 
as G is to K, so is A to B. (vit. 14] 
But G has to X the ratio compounded of the ratios of the 
30 sides ; : 
therefore 4 also has to & the ratio compounded of the ratios 
of the sides. Q. E. Ὁ. 


. 29, 31. compounded of the ratios of their sides. As in VI. 23, the Greek 
has the ‘less exact phrase, ‘‘ compounded of their sides.” 
If =a, b=ef, 
then ἃ has to ὦ the ratio See of c:eandd:f. 
Take three numbers the least which are continuously in the given ratios. 
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355 
If Zis the .c.M. of ὁ, @ and 7= me = nd, the three numbers are 
Mi, me \, af. [vint. 4] 
= nd } 
Now ὦ Ὶ (ae ἐ (vil. 17] 
= WME We = nie: Hed. 
Also ed ep a sf [vil. 17] 
=nd : nf. 
Therefore, ex aegual, ca. ef= me inf 


= (ratio compounded of c:e and d:/). 


It will be seen that this proof follows exactly the method of v1. 23 for 
parallelograms. 


PROPOSITION 6. 


77} there be as many numbers as we please in continued 
proportion, and the first do not measure the second, netther 
will any other measure any other. 


Let there be as many numbers as we please, 4, 8, C, D, Ε, 
in continued proportion, and let 4 not measure 2; 
J say that neither will any other measure any other. 


------α 


--- 


G 
H 


Now it is manifest that 4, 5, C, D, & do not measure 
one another in order; for _A does not even measure JS. 

I say, then, that neither will any other measure any other. 

For, if possible, let 4 measure τ 

And, however many 4, 8, C are, let as many numbers 
F, G, H. the least of those which have the same ratio with 
A, B,C, be taken. fyi. 33] 

Now, since & G, # are in the same ratio with 4, £, C, 
and the multitude of the numbers 4, ZB, C is equal to the 
multitude of the numbers 4, G, #7, 


therefore, ex aegualt, as A is to C, so is / to ἢ. [vil. 14] 


o7a—2 


το 
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And since, as A is to B, so is F to G, 
while 4 does not measure BL, 


therefore neither does / measure G ; [vir. Def. 20] 
therefore F is not an unit, for the unit measures any number. 
Now /, #/ are prime to one another. [vint. 3] 


And, as Fis to H, so is A to C; 
therefore neither does 4 measure (ἃ 


Similarly we can prove that neither will any other measure 
any other. 


9. E. Ὁ. 


Let a, 4, ¢... # be a geometrical progression in which a does not measure J. 
Suppose, if possible, that 2 measures some term of the series, as ἢ 
Take x, 7, 2, τ, τ', τὸ the /east numbers in the ratio a, ὦ, ὦ, de, f 
Since cee δ, 

and a does not measure ὁ, 

x does not measure 7; therefore x cannot be unity. 
And, ex aegualt, GS 7. 

Now +, 2 are prime to one another. [Vil 3] 
Therefore a does not measure αὶ 


We can of course prove that an intermediate term, as ὦ, does not measure 


a later term 7 by using the series 4, ὦ d, e, f and remembering that, since 
&:c=a:h, & does not measure ὦ 


PROPOSITION 7. 


Lf there be as many numbers as we please in continued 


proportion, and the first measure the last, τί will measure the 
second also. 


Let there be as many numbers as we please, 4, B, C, D, 
in continued proportion ; and 
let A measure D; oe 


I say that A also measures 5, ὅπ τ΄ 
For, if.d does not measure 
,neither willany other of the Ὁ 
numbers measure any other. 
But A measures ἢ). 
Therefore 4 also measures 2. 


[vii 6] 


An obvious proof by reductio ad absurdum from Vill. 6. 
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Proposition 8. 


Lf between two nunibers there fall numbers tu continued 
proportion with them, then, however many numbers fall between 
them in continued proportion, so many will also fall in con- 
tinued proportion between the numbers which have the same 
γαΐτο with the original numbers. 


Let the numbers C, 2 fall between the two numbers --d, 
#8 in continued proportion with them, and let A be made in 
the same ratio to fas A isto δ: 


Ι say that, as many numbers as have fallen between A, PB in 


continued proportion, so many will also fall between £, / in 
continued proportion. 


A E 
Cc M 
D N 
B F 
Ca 

Η---..---- 

κ 

L 


For, as many as A, 8. C, PD are in multitude, let so many 
numbers G, A/, K, 2, the least of those which have the same 


ratio with A, C, D, Z, be taken ; {vir 33] 
therefore the extremes of them G, Z are prime to one another. 
[var 3] 


Now, since 4, C, 2, 8 are in the same ratio with G, #7, 
Α, 2, 
and the multitude of the numbers 4, C, D, B is equal to the 
multitude of the numbers G, A, K, Z, 
therefore, ex aeguali, as A is to B, so is G to ὦ. ἵν. τα} 
But, as 4 is to &, sois & to 6; 
therefore also, as G is to Z, so is & to F. 
But G, Z are prime, 
primes are also least, [vin 24] 


and the least numbers measure those which have the same 
ratio the same number of times, the greater the greater and 
the less the less, that is, the antecedent the antecedent and the 
consequent the consequent. [vin 20] 
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Therefore G measures / the same number of times as ZL 
measures δὶ 

Next, as many times as G measures £, so many times let 
H, K also measure AZ, N respectively ; 
therefore G, H, K, Z measure 25, 27, NV, / the same number 
of times. 

Therefore G, H, K, Δ are in the same ratio with £, J/, 
NEF. [vi. Def. 20] 

But G, ΕΥ̓͂, Α΄, 7. are in the same ratio with 4, C, D, 8; 
therefore 4, C, D, & are also in the same ratio with £, JZ, 
N, F- 

But 4, C, D, 8 are in continued proportion ; 
therefore Z, 77, VV, F are also in continued proportion. 

Therefore, as many numbers as have fallen between 4, B 
in continued proportion with them, so many numbers have also 
fallen between “, /' in continued proportion. 

6 as De SY 


1. fall. The Greek word is ἐμπίπτειν, “fall i’? =‘*can be interpolated.” 


If a:d=e:f, and between a, ὁ there are any number of geometric 
means ὦ, ὦ, there will be as many such means between 6, αὶ 

Let a, B, y,-.-, ὃ be the least possible terms in the same ratio as a, 
OC Oy auedl 


Then a, 6 are prime to one another, [vi 3] 
and, ex aegualt, θεοῦ εὖ 
Ξε 7 
Therefore ¢ = wa, f= md, where wm is some integer. [vI1. 20] 
Take the numbers wa, mp, my, ... mo. 


This is a series in the given ratio, and we have the same number of 
geometric means between wa, 75, or e, 7, that there are between a, J. 


PROPOSITION 9. 


Lf two numbers be prime to one another, and numbers fall 
between then tn continued proportion, then, however ANY 
nunebers fall between them tn continued proportion, so many 
well also fall between each of them and an unit in continued 
proportion. 

Let 4, & be two numbers prime to one another, and let 
C, D fall between them in continued proportion, 


and let the unit & be set out; 
I say that, as many numbers as fall between 4, 2 in con- 
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2 


tinued proportion, so many will also fall between either of 
the numbers 4, & and the unit in continued proportion. 


For let two numbers 7; G, the least that are in the ratio 
of 4, C, 2, δ, be taken, 


three numbers 47, A, Z with the same property, 
and others more by one continually, until their multitude is 


equal to the multitude of 4, C, D, 6. [vir 2] 
A H—— 
ο Κ 
D L 
B 
Ε- Μ 
F— N 
G— Oo 
Pp 


Let them be taken, and let them be J/, V, O, P. 

It is now manifest that / by multiplying itself has made 
ff and by multiplying 7 has made JZ, while G by multiplying 
itself has made Z and by multiplying Z has made P. 

And, since AZ, ΔΝ, O, Ὁ are the least of those ρος 
the same ratio with δὶ G, 
and A, C, DY, & are also the least of those which have the 
same ratio with /, G, [vir 1] 
while the multitude of the numbers 27, Δ’, O, P is equal to the 
multitude of the numbers 4, C, 20, }, 
therefore (7, NV, O, P are equal to 4, C, D, & respectively ; 
therefore JZ is equal to 4, and ? to ZL. 

Now, since # by multiplying itself has made 7, 
therefore / measures AY according to the units in δὶ 

But the unit & also measures / according to the units in it; 


therefore the unit & measures the number / the same number 
of times as / measures A. 
Therefore, as the unit Z is to the number F; so is δ to A. 
[vit Def. 20] 
Again, since / by multiplying “7 has made .I/, 
therefore H measures 27 according to the units in /. 
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But the unit & also measures the number /’ according to 
the units in it; 
therefore the unit measures the number / the same number 
of times as 7 measures 77. 

Therefore, as the unit & is to the number /; so 15 7 to 77. 

But it was also proved that, as the unit £ is to the number 
F.sois F to A; 
therefore also, as the unit £ is to the number /; so is / to #7, 
and A7 to M. 

But JZ is equal to A ; 


therefore, as the unit & is to the number /; so is / to A, 
and 7 to A. 


For the same reason also, 
as the unit 48 is to the number G, so is G to Z and ἢ to &. 


Therefore, as many numbers as have fallen between 4, 
# in continued proportion, so many numbers also have fallen 
between each of the numbers 4, 4 and the unit & in continued 
proportion, 
9. aa Ὁ. 


Suppose there are 2: geometric means between a, 2, two numbers prime to 
one another; there are the same number (mz) of geometric means between τ 
and ὦ and between 1 and ὁ. 

If ὦ, d... are the z means between a, ὦ, 

G ς 4... 
are the least numbers in that ratio, since a, ὁ are prime to one another. [νππ|- 1] 
The terms are therefore respectively identical with 


oe. a", αὐ 8 a 08", ΕΣ, 


where a, 8 is the common ratio in its lowest terms. [vu11. 2, Por.] 
Thus Zz 7 i= iS Sade 
Now I ἄτα : ἀ5’-Ξ αὐ : a’... =a™: αὟ 
and 1:8=6: f=: B... =f": 


whence there are z geometric means between 1, ὦ, and between 1, ὦ. 


PROPOSITION I0. 


Lf numbers fall between each of two numbers and an unit 
25: continued proportion, however many numbers fall between 
each of them and an unit in continued proportion, so many 


also will fall between the numbers themselves in continued 
proportion, 
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For let the numbers D, # and F G respectively fall 
between the two numbers 4, 4 and the unit C in continued 
proportion ; 

I say that, as many numbers as have fallen between each of 
the numbers 4, Δ and the unit C in continued proportion, so 


many numbers will also fall between 4, 2 in continued pro- 
portion. 


For let D by multiplying / make Z, and let the numbers 
D, / by multiplying AH make X, Z respectively. 


Cc — A 

B 
Ὡ-.-. 
ES H 
Pai 
G 


Now, since, as the unit C is to the number J), so is D to 2, 


therefore the unit C measures the number JD the same number 
of times as 229 measures £&. [vit. Def. 20] 


But the unit C measures the number 2 according to the 
units in 2): 
therefore the number J also measures £ according to the units 
in 2); 
therefore D by multiplying itself has made £. 

Again, since, as C is to the number 2), so is & to A, 


therefore the unit C measures the number J) the same number 
of times as & measures 4. 


But the unit C measures the number D according to the 
units in J); ᾿ 
therefore & also measures 4 according to the units in 2); 
therefore D by multiplying & has made A. 

For the same reason also 
F by multiplying itself has made G, and by multiplying G has 
made ZB. 

And, since D by multiplying itself has made & and by 
multiplying / has made /, 


therefore, as J is to F, so is to H. ἔστι. 17] 
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For the same reason also, 
as D is to F, so is A to 6. [νπ. 18] 
Therefore also, 85. is to AH, sois ἃ to G. 
Again, since D by multiplying the numbers £4, (7 has 
made 4, Καὶ respectively, 
therefore, as E isto H, so is A to ΚΑ. (vi. 17] 
But, as & is to ΖΦ, so is 2 to F; 
therefore also, as D is to /, so is A to A. 
Again, since the numbers 2, / by multiplying (7 have 
made XK, Z respectively, 
therefore, as J is to /, so is & to L. [vir. 18] 
But, as D is to /, sois A to A; 
therefore also, as 4 is to K, so is K to L. 
Further, since / by multiplying the numbers 477, G has 
made Z, & respectively, 
therefore, as 47 is to G, so is Z to 66. νι. 17] 
But, as # is to G, sois 1 to F; 
therefore also, as 2215 to .5) sois ὦ to δ. 
‘But it was also proved that, 
as D is to fF, sois A to A and KX to L; 
therefore also, as 4 isto K, sois K to Z and L to 2. 


Therefore 4, K, 2, & are in continued proportion. 
Therefore, as many numbers as fall between each of the 
numbers A, 4 and the unit C in continued proportion, so 
many also will fall between 4, & in continued proportion. 
9. Ε. Ὁ. 


If there be ἡ geometric means between 1 and a, and also between 1 and 
6, there will be # geometric means between a and 4, 

The proposition is the converse of the preceding. 

The 2 means with the extremes form two geometric series of the form 


I, a, αϑ... αἱ, attl 
T; β, β' δ πο δ᾿ Bre, 
where tae, p=. 


By multiplying the last term in the first line by the first in the second, 
the last but one in the first line by the second in the second, and so on, we 


get the series 
a a. git} ig ae an BE, a Bt Bet 
and we have the z means between a and ὦ. 


it will be observed that, when Euclid says “ Aur the same reason also, as 
D is to F, so is Ato G,” the reference is really to vit. 18 instead of vir. 17. 
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He infers namely that Dx δ: Fx F=2D:F But since, by vi. 16, the 
order of multiplication is indifferent, he is practically justified in saying ‘for 
the same reason.” The same thing occurs in later propositions. 


PROPOSITION 11. 


Between two square nunibers there ἧς one mean proportional 
number, and the square has to the square the vatio duplicate 
of that which the side has to the side. 

Let 4, & be square numbers, 
and let C be the side of A, and D of 8; 


I say that between 4, B there is one mean proportional 
number, and A has to & the ratio 


duplicate of that which C has to D. A 
For let C by multiplying D make &. 8 
Now, since 4 is a square and Cis c—— D 
its side, 
therefore C by multiplying itself has 
made A. 


For the same reason also 
2) by multiplying itself has made 25, 


Since then C by multiplying the numbers C, J has made 
A, & respectively, 


therefore, as C is to 29, so is 4 to £. (vir. 17] 
For the same reason also, 
as ( is to 2), sois & to 5. [vit 18] 


Therefore also, as 4 is to &, so is & to &. 
Therefore between 4, & there is one mean proportional 
number. 


I say next that 4 also has to & the ratio duplicate of 
that which C has to D. 


For, since 4, &, & are three numbers in proportion, 


therefore 4 has to & the ratio duplicate of that which .4 has 
to £. {v. Def. 9] 
But, as 4 is to &, so is C to D. 
Therefore 4 has to B the ratio duplicate of that which 
the side C has to J. Ω. Ε, Ὁ. 
According to Nicomachus the theorems in this proposition and the next, 
that two squares have ove geometric mean, and two cubes “we geometric 


means, between them are Platonic. Cf. Timaeus, 32 A sqq. and the note 
thereon, p. 294 above. 
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a*, & being two squares, it is only necessary to form the product αὖ and 
to prove that 
αὐ, ab, δ 
are in geometrical progression. Euclid proves that 
@2ab=0b δ 
by means of vir. 17, 18, as usual. 

In assuming that, since αὐ is to in the duplicate ratio of αὐ to αὖ, a? is 
to δὲ in the duplicate ratio of a to 4, Euclid assumes that ratios which are 
the duplicates of equal ratios are equal. This, an obvious inference from 
v. 22, can be inferred just as easily for numbers from vit. 14. 


PROPOSITION 12. 


Between two cube numbers there ave two niuean proportional 
nunibers, and the cube has to the cube the ratio triplicate of that 
which the side has to the side. 

Let 4, & be cube numbers, 
and let C be the side of 4, and D of δ: 

I say that between 4, 4 there are two mean proportional 


numbers, and ./ has to & the ratio triplicate of that which C 
has to ὦ. 


A— Ε--- 
8--ς-..-..----- - ---- Ε 
..- Η------- α-------- 


For let C by multiplying itself make 25, and by multiplying 
D \et it make F; 


let D by multiplying itself make G, 
and let the numbers C, J by multiplying ” make A, KH 


respectively. 
Now, since -1 is a cube, and C its side, 
and C by multiplying itself has made 4, 


therefore C by multiplying itself has made & and by multiply- 
ing £ has made A. 


For the same reason also 
D by multiplying itself has made G and by multiplying G has 
made δ. 


And, since C by multiplying the numbers C, D has made 
EL, F respectively, 


therefore, as C is-to 29), so is 5 to F. (vir. 17} 
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For the same reason also, 
as Cis to D, sois F to G. [vit. 18] 


Again, since C by multiplying the numbers £, F has 
made 4, // respectively, 


therefore, as Z is to /; so is A to #H. [vin 17] 


But, as £ is to J, so is C to D. 

Therefore also, as C is to D, so is 4 to H. 

Again, since the numbers C, D by multiplying / have 
made //, K respectively, 
therefore, as C is to D, so is H to K. [vir. 18] 


Again, since DY by multiplying each of the numbers 2) G 
has made Α΄, & respectively, 


therefore, as “ is to G, so is K to 6. | [viz. 17] 
But, as Fis to G, so is C to 2); 

therefore also,as C is to D,sois A to H, H to K,and K to 6. 
Therefore 27, K are two mean proportionals between 4, ZB. 


I say next that 4 also has to & the ratio triplicate of that 
which C has to D. 

For, since 4, AH, K, & are four numbers in proportion, 
therefore 4 has to S the ratio triplicate of that which 4 has 
to #7. [v. Def. το] 

But, as 4 is to H, sois C to ὦ: 
therefore A also has to 4 the ratio triplicate of that which C 
has to 2). 

Q. E. Ὁ. 


The cube numbers 45, 6° being given, Euclid forms the products αὖ, aé 
and then proves, as usual, by means of vil. 17, 18 that 


a, ab, ab, PK 
are in continued proportion. 


; 3 ‘ inhi ὅτ τὸν 

_He assumes that, since αὐ has to & the ratio triplicate of aa 6, the 

ratio a°: & is triplicate of the ratio ἃ: ὁ which 15 equal to a’: a4 This 
is again an obvious inference from VII. Τά. 


PROPOSITION 13. 


Lf there be as many numbers as we please im continued 
proportion, and each by multiplying itself make some number, 
the products will be proportional; and, if the original numbers 
by multeplying the products make certain numbers, the latter 
will also be proportiona. 
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Let there be as many numbers as we please, 4, B, C, in 
continued proportion, so that, as 4 is to 4, so is B to C; 


let A, B, C by multiplying themselves make 2), 4, 7, and by 
multiplying D, £, F let them make G, 4, 1; 


I say that D, &, F and G, #, X are in continued proportion. 


A G 
B ee 
C K 
D 
M 
E 
Ε Ν 
L Ρ 
[9] Q 


For let A by multiplying B make Z, 


and let the numbers 4, & by multiplying Z make 47, Δ 
respectively. 


And again let B by multiplying C make O, 


and let the numbers 4, C by multiplying O make P, Ὁ 
respectively. 


Then, in manner similar to the foregoing, we can prove 
that 


D, L, & and 6, M, N, A are continuously proportional in the 
ratio of A to ZB, 


and further £, O, f and H, P, Q, K are continuously propor- 
tional in the ratio of B to αὶ 


Now, as 4 is to 4, so is B to C: 
therefore 2), Z, £ are also in the same ratio with Z, O, F 
and further G, 17, ΔΝ, H in the same ratio with WH, P, O, X. 


And the multitude of D, Z, £ is equal to the multitude of 
Ε, O, F, and that of G, M, N, A to that of H, P, Ο, K; 


therefore, ex aeguadz, | 
as Dis to &, so is 2 to F, 
and, as Gis to H, sois H to Κ΄. {vir. 14] 
9. Ε. Ὁ. 
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If a, 6, ¢ ... be a series in geometrical progression, then 
By Oe SE aks : . ; 
ee Gh: Wis, Pose: } are also in geometrical progression. 
Heiberg brackets the words added to the enunciation which extend the 
theorem to any powers. The words are ‘‘and this always occurs with the 
extremes” (καὶ ἀεὶ περὶ τοὺς ἄκρους τοῦτο συμβαΐψνε). They seem to be rightly 
suspected on the same grounds as the same words added to the enunciation 


of vil. 27. There is no allusion to them in the proof, much less any proof 
of the extension. 


Euclid forms, besides the squares and cubes of the given numbers, the 
products αὖ, α'ὖ, ab’, be, bc, ῥεῖ, When he says that “we prove in manner 
similar to the foregoing,” he indicates successive uses of vil. 17, 18 as 
in VIII. 12. 


With our notation the proof is as easy to see for axy powers as for squares 
and cubes. 


To prove that a”, 4", c”... are in geometrical progression. 
Form all the means between a”, 6", and set out the series 


a”, hala Ὁ, V7 ia jd Coe αὐϊπὶ ΩΣ 
The common ratio of one term to the next is a: 4. 
Next take the geometrical progression 
Bt. aus Br-te aie be}, c*, 
the common ratio of which is 6: ἃ 
Proceed thus for all pairs of consecutive terms. 


Now α :- ὦ τ τ emu. 


Therefore any pair of succeeding terms in one series are in the same ratio as 
any pair of succeeding terms in any other of the series. 

And the number of terms in each is the same, namely (7 + 1). 

Therefore, ex aeguatlr, 


a”: ὀπτὰ. ἐς εν d=... 


PROPOSITION 14. 


Tf a square measure a square, the stde will also measure 
the side ; and, if the side measure the sede, the square will also 
measure the square. 

Let A, & be square numbers, let C, D be their sides, and 
let 4A measure &; 


I say that C also measures 2). A—— 

For let C by multiplying D make £; 8 
therefore 4, 2, & are continuously pro- τὸ ==) 
portional in the ratio of Cto D. ἵνπι. 11] E 


And, since A, #, .8 are continuously 
proportional, and 4 measures δ, 


therefore A also measures &. vir. 7] 
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And, as 4 is to &, sois C to 2); 
therefore also C measures 7), [vit Def. 20] 


Again, let C measure 2); 
I say that 4 also measures 2, 


For, with the same construction, we can in a similar 
manner prove that 4, 25, & are continuously proportional in 
the ratio of C to D. 

And since, as C is to 29), so is 4 to &, 


and C measures 2), 

therefore 4 also measures 2. [vi. Def. 20] 
And A, &, & are continuously proportional ; 

therefore 4 also measures A. 


Therefore etc. 
δι. Ὁ. 


If a* measures 8, a measures ὦ; and, if @ measures 4, a? measures δ", 


(1) a*, αὖ, & are in continued proportion in the ratio of a to 4. 


Therefore, since a” measures &, 

a? measures αὖ. [vin 7] 
But @:ab=a: ὦ, 
Therefore a measures 8, 


(2) Since a measures 4, a? measures ad. 
And a’, αὖ, 6° are continuously proportional. 


‘Thus ab measures 67. 
And a* measures a@é. 
Therefore a” measures δ, 


It will be seen that Euclid puts the last step shortly, saying that, since 
a* measures αὖ, and a*, αὖ, δ are in continued proportion, a measures 6°. 


The same thing happens in vill. 15, where the series of terms is one more 
than here. 


PROPOSITION I5. 


Lf a cube number measure a cube number, the side will also 
measure the side; and, tf the side measure the side, the cube 
will also measure the cube. 

For let the cube number 4 measure the cube B, 
and let C be the side of A and D of B: 

I say that C measures D. 
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For let C by multiplying itself make Z, 
and let D by multiplying itself make G; 
further, let C by multiplying D make F; 
and let C, Y by multiplying # make H, X respectively. 
A—— 
B 
Ce H 


¢———. 


Now it is manifest that A, # Gand 4, H. K. & are 
continuously proportional in the ratio of Cto D. ἴνπι. 11, 12] 
And, since A, 27, K, & are continuously proportional, 


and A measures 4, 


therefore it also measures 27. [vitt. 7] 
And, as 4 is to #, sois Cto D; 
therefore C also measures D. [vii. Def. 20] 


Next, let C measure D; 

I say that 4 will also measure 5. 

For, with the same construction, we can prove in a similar 
manner that 4, 7, K, & are continuously proportional in the 
ratio of C to ὦ). 

And, since C measures 2), 
and, as C is to J, so is A to FA, 
therefore 4 also measures /, (vi. Def. 20] 


so that A measures & also. 
Q. E. D. 


If αὐ measures 4°, a measures 4; and vice versa. The proof is, muzfatrs 
mutandis, the same as for squares. 

(1) a@°, a°b, ab, 2 are continuously proportional in the ratio of @ to 4; 
and a? measures ὅδ, 

Therefore 2 measures a6 ; [vir 7] 
and hence @ measures ὦ. 

(2) Since a measures 4, a* measures αὐ. 

And, a®, 2°d, aé*, & being continuously proportional, each term measures the 
succeeding term ; 
therefore a? measures 2. 


H. E, II. 24 
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PROPOSITION 16, 


Tf a square number do not measure a square number, nerther 
will the side neeasure the side; and, tf the stde do not measure 
the side, neither will the square measure the square. 


Let 4, B be square numbers, and let C, D be their sides; 
and let 4 not measure δ᾽; 


I say that neither does C measure 20), Ἀ 
For, if C measures 29), A will also 8 
measure &. (vi. 11] 0---- 
But A does not measure δ ; D 


therefore neither will C measure 2), 


Again, let C not measure D ; 
I say that neither will 4 measure ὅδ. 


For, if 4 measures &, C will also measure 29, [vinr. 14] 
But C does not measure 2) ; 


therefore neither will A measure Z. 
Q. E. D. 


If αὐ does not measure 4°, a will not measure 4; and, if a does not 
measure ὦ, αὐ will not measure &. 
The proof is a mere reductio ad absurdum using VII. 14. 


PROPOSITION 17. 


Lf a cube nuniber do not measure a cube number, neither 
wll the side measure the side; and, tf the side do not measure 
the side, netther will the cube measure the cube. 


For let the cube number A not measure the cube 
number .8, 
and let C be the side of 4,and ἢ Α------- 
of B; B 
I say that C will not measure D. = 


For, if C measures JD, A will 
also measure ZL. [νπ|. 15] 
But A does not measure A; 


therefore neither does C measure ἢ), 


Again, let C not measure 2); 
I say that neither will 4 measure 6, 
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For, if 4 measures 5, C will also measure 2). [vin 15] 
But C does not measure J: 
therefore neither will 4 measure 25, 
OQ. E. Ὁ. 


If a’ does not measure /*, a will not measure 4; and τῶν terse. 
Proved by reductio ad absurdum employing vit. 15. 


PROPOSITION 18. 


Between two stuilar plane numbers there ts one mean 
proportional nuniber; and the plane number has to the plane 
nuniber the ratio duplicate of that which the corresponding 
sede has to the corresponding side. 


Let 4, & be two similar plane numbers, and let the numbers 
C, D be the sides of A, and 2, 6 of . 


Α--------- c— 

Tn --ςς--οο-ςς-ς----- Do 
E 

° F 


Now, since similar plane numbers are those which have 
their sides proportional, νι, Def 24] 
therefore, as C is to LD, so is £ to δὶ 

I say then that between 1, & there 1s one mean propor- 
tional number, and A has to 4 the ratio duplicate of that 
which C has to £, or 2 to /, that is, of that which the corre- 
sponding side has to the corresponding side. 

Now since, as C is to 2), so is & to 62 
therefore, alternately, as C is to £, sois D to ὦ (Vi. 13) 

And, since 4 is plane, and C, D are its sides, 
therefore D by multiplying C has made J. 

For the same reason also 
E by multiplying # has made 25. 

Now let D by multiplying & make G. 

Then, since D by multiplying C has made A, and by 
multiplying £ has made G, 
therefore, as C is to #, so is 4 to G. (VEL. τ] 


Ca) 
wet 
to 
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But, as C is to &, so is D to FF; 
therefore also, as J) is to /; so is 4 to G. 


Again, since & by multiplying 2) has made G, and by 
multiplying / has made Ὁ, 


therefore, as D is to /, so is G to B. [vin. 17] 


But it was also proved that, 
as D is to #, ew aetee 
therefore also, as 4 is to G, so is G to 8. 
Therefore 4, G, & are in continued proportion. 


Therefore between 4, & there is one mean proportional 
number. 


I say next that 4 also has to & the ratio duplicate of 
that which the corresponding side has to the corresponding 
side, that is, of that which C has to & or LY) to &. 

For, since 4, G, & are in continued proportion, 

A has to & the ratio duplicate of that which it has to G. 
[v. Def. 9] 

And, as 4 is to G, sois C to A, and so is D to F. 

Therefore A also has to & the ratio duplicate of that which 
C has to £ or D to ἢ. 


©. E. D. 
If αὖ, αἱ be “simular plane numbers,” i.e. products of factors such that 
ZO St od, 


there is one mean proportional between αὖ and «dz; and aé is to cd in the 
duplicate ratio of a to ¢ or of 4 to δ 


Form the product ὧς (or ad, which is equal to it, by vi. 19). 


Then ab, be), cad 
= ad t 
is a series of terms in geometrical progression. 
For fi ξεν τὰ, 
Therefore ἃ τ ξι ἢ 4 a. [vir. 13] 
Therefore ab: be = be: ed. 


(vir. 17 and 16] 
Thus é¢ (or ad) is a geometric mean between αὖ, cd. 


And δό is to ed in the duplicate ratio of αὖ to be or of b¢ to cd, that is, of 
atocorof ὅ ἴο a. 


VHI. το] PROPOSITIONS 18, 19 


Loy) 
baat 
ω} 


PROPOSITION 10. 


Between two similar solid numbers there fall two mean 
proportional numbers, and the solid number has to the similar 
sola number the ratio triplicate of that which the correspordtug 
side has to the corresponding side. 


Let A, B be two similar solid numbers, and let C, D, 5 
be the sides of 4, and 7, G, # of 2. 

Now, since similar solid numbers are those which have 
their sides proportional, γα. Def. 21] 
therefore, as C is to 29, so is /' to G, 

and, as 29 is to £, so is G to #H. 

I say that between <1, & there fall two mean proportional 
numbers, and 4 has to & the ratio triplicate of that which C 
has to #£, J to G, and also £ to 27. 


A-—_—— 
B 
C- Ε-- Ν 
Όῦ -- 6α-“---- Ο 
Ε ---- H 

Κ--- 

L 

M—— 


For let C by multiplying 0 make A, and let # by 
multiplying G make Z. 
Now, since C, 2 are in the same ratio with δὲ G, 
and & is the product of C, 2, and £ the product of δὲ G, 
kK, £ are similar plane numbers : (vi. Def. 21] 
therefore between X, Z there is one mean proportional rape 
VI. 18] 
Let it be AZ. 
Therefore 1/7 is the product of YD, F, as was proved in the 
theorem preceding this. [vit 18] 
Now, since ) by multiplying C has made A, and by 
multiplying “ has made .77, 
therefore, as Cis to /, so is αἃ to iW, [vi 17] 


But, as A is to 27, so is JAZ to 2. 
Therefore K, 4Z, £ are continuously proportional in the 
ratio of C to /. 
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And since, as C is to D, so is δ to G, 
alternately therefore, as C is to /, so is D to G. (vir. 13] 

For the same reason also, 

as D isto G, sois 5 to #. 

Therefore K, 12, Z are continuously proportional in the 
ratio of C to F, in the ratio of D to G, and also in the ratio 
of 5 to A. 

Next, let &, W by multiplying .7 make JV, O respectively. 

Now, since 4 is a solid number, and C, 2, & are its sides, 
therefore & by multiplying the product of C, D has made A. 

But the product of C, Dis K; 
therefore & by multiplying K has made 4. 

For the same reason also 

H by multiplying Z has made 6, 

Now, since & by multiplying A has made 4, and further 
also by multiplying 47 has made J, 
therefore, as X is to AZ, so is A to XN. [vir 17] 

But, as X is to AZ, so is C to F, D to G, and also 5 to H;: 
therefore also,as C is to 25 ) to G,and & to H, sois A to NV. 

Again, since &, by multiplying 47 have made WV, O 
respectively, 
therefore, as & is to H, so is N to O. (vir. 18] 

But, as # is to H, so is Cto Hand D to G: 
therefore also, as C is to #, D to G, and & to A, so is A to 
N and N to Ὁ, 

Again, since /7 by multiplying 47 has made O, and further 
also by multiplying Z has made &, 
therefore, as .J7 is to Z, so is Ὁ to 2. (vin. 17] 

But, as 7 is to Z, 50 15 C to F&, D to G, and 2 to &. 

Therefore also, as Cis to #, Dto G, and 5 to H, so not 
only is O to &, but also 44 to “V and WN to O. 


Therefore 4, V, O, & are continuously proportional in the 
aforesaid ratios of the sides, 


I say that A also has to & the ratio triplicate of that which 
the corresponding side has to the corresponding side, that is, 
of the ratio which the number C has to F, or DJ to G, and 
also & to 1. 
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For, since A, iV, Ὁ, & are four numbers in continued 
proportion, 
therefore “πὶ has to & the ratio triplicate of that which 4 has 
to Δ 7. Iv. Def. 10] 


But, as -/ is to 4, so it was proved that C is to 2) D to G, 
and also & to A. 

Therefore 4 also has to & the ratio triplicate of that which 
the corresponding side has to the corresponding side, that is. 
of the ratio which the number C has to Ζ D to G, and also 
Ε ἴο #. ῷ. ED. 


In other words, τ @:4:¢c=d:e¢:f, then there are two geometric means 
between adc, def; and adc is to def in the triplicate ratio of a to d, or ὁ tog, 
or ¢ tof. 

Euclid first takes the plane numbers af, de (leaving out ¢, 7) and forms 
the product δώ Thus, as in vu. 18, 

ab, oad), de 
=ea\ 
are three terms in geometrical progression in the ratio of a to d, or of ὁ toe. 
He next forms the products of ᾧ frespectively into the mean Ad. 


Then abe, chad, fod, def 
are in geometrical progression in the ratio of @ to d etc. 
For ae ene eee 
thd : fid=e:f πο ἵνα. 17] 
7294: def=bd:de=b:e | 
And A200 sees 7. 


The ratio of adc to def is the ratio triplicate of that of adc to cd, Le. of 
that of a to d etc. 


PROPOSITION 20. 
Lf one mean proportional number fall between two niunedber's, 
the nunibers wrll be simular plane nunibers. 
For let one mean proportional number C fall between the 
two numbers 4, 3; 
5.1 say that 4, & are similar plane numbers. 
Let J), 4, the least numbers of those which have the same 


ratio with A, C, be taken; [vin 33] 
therefore 7 measures 4 the same number of times that 5 
measures C. [ντι. 20] 


1 ΝΟΥ͂, as many times as 29 measures 4,so0 many units let 
there be in 7; 
therefore / by multiplying D has made 4, 
so that 4 is plane, and D, Fare its sides. 
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Again, since D, E are the least of the numbers which have 
τ the same ratio with C, Z, . 
therefore 29 measures C the same number of times that & 


measures ὦ, [vit. 20] 
A o—— 
B E 
Cc 
ct 
G 


As many times, then, as & measures 4, so many units let 
there be in G; 
2 therefore & measures B according to the units in G; 
therefore G by multiplying & has made ZL. 


Therefore & is plane, and £, G are its sides. 
Therefore 4, 8 are plane numbers. 


I say next that they are also similar. 
2; For, tsince / by multiplying D has made 4, and by 
multiplying & has made C, 
therefore, as J is to Z, so is 4 to C, thatis, C to .5. [vu. 17] 
Again,t since & by multiplying δ G has made ὦ, B 
respectively, 
30 therefore, as Fis to G, so is C to &. [vir. 17] 
But, as C isto 4, so is D to #; 
therefore also, as J is to £, so is / to G. 


And alternately, as D is to 7, so is & to 6. [vit. 13] 
Therefore 4, are similar plane numbers; for their sides 
35 are proportional. 9. Ε. Ὁ. 


2c, For, since F...... 27. CtoB. The text has clearly suffered corruption here. It 
is not necessary to zzyer from other facts that, as D is to &, so is d to C; for this is part of 
the hyputheses (1. 6, 7). Again, there is nu explanation of the statement (1. 25) that # by 
multi) dying £ has made C. It is the statement and explanation of this latter fact which are 
alone wanted ; after which the proof proceeds asin 1. 28. We might therefore substitute for 
1}, 2s—28 the following. 

ε ‘For, since £ measures C the same number of times that D measures 4 []. 8], that is, 
according to the units in 5 ἢ. ro], therefore / by multiplying Z has made C. 

And, since Z by multiplying 7, G,” etc. etc. 


This proposition is the converse of vil. τὸ, If a, ὦ ὦ are in geometrical 
progression, a, & are “similar plane numbers.” 


Let a: B be the ratio a : ¢ (and therefore also the ratio ¢ : δ) in its lowest 
terms. 


Then [v11. 20] 
a=me, c=mp, where m is some integer, 
c=na, 6=HP, where # is some integer, 
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Thus ὦ, 6 are both products of two factors, i.e. plane. 


Again, espoagieaes¢ 
= 221 * 72. [VIL 18] 
Therefore, alternately, a:wm=B:R, (Vit 3 | 


and hence wa, #8 are similar plane numbers. 
[Our notation makes the second part still more obvious, for ¢= #B = Να.] 


PROPOSITION 21. 


Lf two mean proportional nuiibers fall between two nuiibers, 
the nuntbers ave stnitlar solid nunibers. 


For let two mean proportional numbers C, D fall between 
the two numbers 4, 8; 


I say that 4, & are similar solid numbers. 


A—— Ε-- 
8----- $s F — 
ο-----..-.-... G 
Dp —__—____—__________- Hi - 
N— K — 
o—— ι--- 
ivi ----- 


For let three numbers £, 7, G, the least of those which 
have the same ratio with 4, C, 2, be taken; [vu. 33 or vit. 2] 


therefore the extremes of them 4, G are prime to one another. 

ἔνιαι. 3] 

Now, since one mean proportional number / has fallen 
between 23, G, 

therefore £, G are similar plane numbers. [vit 20] 


Let, then, A’, K be the sides of A, and Z, 27 of G. 

Therefore it is manifest from the theorem before this that 
Ε, F, Οἱ are continuously proportional in the ratio of YW to L 
and that of X to JV. 

Now, since 4, /, G are the least of the numbers which 
have the same ratio with 4, C, J, 


and the multitude of the numbers 4, /, G is equal to the 
multitude of the numbers 4, C, 2, 


therefore, ex aeguali, as & is to G, so is d to D. (vir. 14] 
But 4, G are prime, 
primes are also least, (vir. 21] 


and the least measure those which have the same ratio with 
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them the same number of times, the greater the greater and 
the less the less, that is, the antecedent the antecedent and the 
consequent the consequent ; [ντι. 20] 
therefore E measures 4 the same number of times that G 
measures D. 

Now, as many times as & measures 4, so many units let 
there be in 1. 

Therefore V by multiplying 4 has made 47. 

But & is the product of AH, A; 
therefore VV by multiplying the product of 7, A has made A. 

Therefore A is solid, and A, K, Δ are its sides. 


Again, since £, /, G are the least of the numbers which 
have the same ratio as C, D, 4; 
therefore A measures C the same number of times that G 
measures δ, 
Now, as many times as & measures C, so many units let 
there be in O. | 
Therefore G measures δ᾽ according to the units in O; 
therefore O by multiplying G has made Z. 
But G is the product of Z, J7; 
therefore O by multiplying the product of ὦ, 47 has made 2. 
Therefore J is solid, and Z, J/, O are its sides ; 
therefore J, & are solid. 


I say that they are also similar. 
For since δ΄, O by multiplying & have made A, C, 
therefore, as δ΄ is to O, so is A to C, that is, FE to / [vn 18] 
But, as & is to ΖΦ so is H to Z and K to 2727; 
therefore also, as H is to Z, sois K to Wand WN to O. 


And #7, K, “ are the sides of A, and O, 2, 27 the sides 
of 6. 

Therefore 4, B are similar solid numbers. Ο. E. Ὁ. 

The converse of viii. 19. If a, ὦ, d, 6 are in geometrical progression, a, ὁ 
are “‘similar solid numbers.” 

Let a, 8, y be the least numbers in the ratio of a, ¢ d (and therefore also 


of α d, ὁ). ; [ VII. 33 Or VILL. 2 
Therefore a, y aré prime to one another. [ VII. 3 
They are also “similar plane numbers.” [VinI. 20] 
Let a=nn, y=pg, 


where 72: ἈΞ 2: Φ. 
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Then, by the proof of vit. 20, 
a:P=mip=nig. 
Now, ev cegualt, G30 Gs 4; ναι. 14] 
and, since a, y are prime to one another, 
ἄτ γα, @=ry, Where 7 is an integer. 


But G == Mi: 
therefore ὦ = rmx, and therefore a is “solid.” 
Again, ex aeguali, c:b=a:y, 
and therefore c=sa, b=sy, where s is an inteyer. 
Thus ὁ = sy, and ὦ is therefore “ solid.” 
Now ar: hsaic=ratse 
=PrtS. vir. 18] 
and, from above, a: Bum: p=n:g. 
Therefore FESS MES PSO τοῦ 


and hence a, ὦ are simt/ar solid numbers. 


PROPOSITION 22. 
Lf three numbers be in continued proportion, and the first 
be square, the third will also be square. 
Let 4, B, C be three numbers in continued proportion, 
and let 4 the first be square ; 
I say that C the third is also square. 


For, since between 4, C there is one 
mean proportional number, JZ, 
therefore 4, C are similar plane numbers. [vitt. 20] 


But 4 is square; 
therefore C is also square. . E Ds 


frees 
B 


A mere application of vilr. 20 to the particular case where one of the 
“similar plane numbers” is square. 


PROPOSITION 23. 
Lf four nunibers be in continued proportion, and the first be 
cube, the fourth will also be cube. 
. Let A, &, C, YD be four numbers in continued proportion, 
and let A be cube; 
I say that D is also cube. 


A 
B 
For, since between 4, there 6 
are two mean proportional numbers Ὁ 


δ, (, 
therefore 4, 2) are similar solid numbers. [vin 51} 
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But A is cube; 
therefore D is also cube. 
Q. E. D. 


A mere application of vil. 21 to the case where one of the “similar solid 
numbers ” is a cube. 


PROPOSITION 24. 


Tf two numbers have to one another the ratio which a square 
number has to a square number, and the first be square, the 
second will also be square. 

For Jet the two numbers 4, B have to one another the 
ratio which the square number C has 
to the square number 2), and let 4d be A 
square ; B 

G 
I say that 4 is also square. Ὁ 
For, since C, J are square, 
C, D are similar plane numbers. 
Therefore one mean proportional number falls between 


b,.: [vitr. 18] 
And, as C is to D, so is 4 to δ᾽; 


therefore one mean proportional number falls between 4, δ 


also. [vint. 8] 
And 4 is square; 

therefore δ᾽ is also square. [virr. 22] 

Q. E. D. 
Ifa@:é=c*: α", and a is a square, then ὦ is also a square. 
For ε΄, 43 have one mean proportional ed. [viir. 18} 
Therefore a, 6, which are in the same ratio, have one mean proportional. 
. [vitr. 8 

And, since @ is square, ὦ must also be a square. [Vill 22 


PROPOSITION 25. 


Lf two numbers have to one another the ratio which a cube 
nineber has to a cube number, and the first be cube, the second 
will also be cube. 


For let the two numbers 4, & have to one another the 
ratio which the cube number C has to the cube number J, 
and let 4 be cube; 


I say that & is also cube. 
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For, since C, D are cube, 
C, D are similar solid numbers. 


Therefore two mean proportional numbers fall between 


Gia: [vil. 19] 
A Ε 
Β--------...-..-.--.- Ε 
C 
D 


And, as many numbers as fall between C, 2 in continued 
proportion, so many will also fall between those which have 
the same ratio with them ; [vin 8] 
so that two mean proportional numbers fall between A, 5 
also. 

Let 4, F'so fall. 

Since, then, the four numbers 4, £, /, & are in continued 
proportion, 
and A is cube, 


therefore & is also cube. [vin 23] 
Q. E. D. 
Ifa: τε ε: 45. and ais a cube, then 4 is also a cube. 
For εὖ, d? have two mean proportionals. [VILL 19 
Therefore a, ὁ also have two mean proportionals. (vu. ὃ 
And @ is a cube: 
therefore 4 is a cube. [VIIL 23] 


PROPOSITION 26. 
δε αν plane numbers have to one another the ratte which 
a sguare number has to ἃ square number. 


Let A, & be similar plane numbers ; 


I say that 4 has to #4 the ratio which a square number has 
to a square number. 


D———— E-———— F 


For, since A, & are similar plane numbers, 


therefore one mean proportional number falls between 4, A. 
[vin 18] 
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Let it so fall, and let it be C; 


and let D, &, /, the least numbers of those which have the 
same ratio with 4, ὦ, &, be taken; [vit. 33 or vitr. 2] 


therefore the extremes of them .2), / are square. νι, 2, Por.] 
And since, as J is to /, so is A to ὁ, 
and 2), Fare square, 


therefore 4 has to & the ratio which a square number has to 
a square number. 


Q. EB. Ὁ. 
If a, ὦ are similar “plane numbers,” let c be the mean proportional 
between them. [VIIr. τ 
Take a, 8, y the smallest numbers in the ratio of a, 2) ὦ. [Vl. 33 or VII. 2 
Then a, y are squares. [viti. 2, Por.| 


Therefore a, 2 are in the ratio of a square to a square. 


PROPOSITION 27. 


Szutlar solid nunebers have to one another the ratio which 
a cube number has to a cube number. 

Let A, B& be similar solid numbers ; 
I say that 4 has to & the ratio which a cube number has to 
a cube number. 


A—- Cc 


ΕΞ: r= 0--- H 
For, since 4, & are similar solid numbers, 
therefore two mean proportional numbers fall between A, 8. 


[vit 19] 
Let C, D so fall, 


and let A, 7, G, H, the least numbers of those which have 
the same ratio with 4d, C, D, &, and equal with them in 
multitude, be taken ; [vil. 33 or vin. 2] 
therefore the extremes of them 4, A are cube. [vitt. 2, Por.] 
And, as & is to , so is A to 8: 
therefore 4 also has to & the ratio which a cube number has 
to a cube number. 
OED: 
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The same thing as vill. 26 with cubes. It is proved in the same way 
except that vill. τὸ is used instead of vir. 18. 
The last note of an-Nairizi in which the name of Heron is mentioned is 
on this proposition. Heron is there stated (p. 194——5, ed. Curtze) to have 
added the two propositions that, 


1. Lf tio numbers have to one another the ratio of a square to a square, the 
numbers are Similar plane numbers ; 


2. Lf two numbers have to one another the ratio of a cube te a cube, the numbers 
are stmilar solid numbers. 

The propositions are of course the converses of vill. 26, 27 respectively. 
They are easily proved. 
(1). 1 ἃ ἐ ξειῖ ταν 
then, since there is one mean proportional (c7) between εὖ 65, 

[vini, 11 or τὸ 

there is also one mean proportional between a, é. [vin 8] 

Therefore a, 4 are similar plane numbers. [vi 20] 


(2) is similarly proved by the use of vill. 12 or 19, VTi. 8, VILL. 21. 


The insertion by Heron of the first of the two propositions, the converse 
of vill. 26, 15 perhaps an argument in favour of the correctness of the text of 
IX, 10, though (as remarked in the note on that proposition} it does not give 
the easiest proof. Cf. Heron’s extension of vil. 3 tacitly assumed by Euclid 
in VIL. 33. 
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PROPOSITION I. 


Lf two stmilar plane numbers by niultiplying one another 
make some number, the product will be square. 


Let A, & be two similar plane numbers, and let 4 by 
multiplying B make C; | 
I say that C is square. 
For let A by multiplying itself 
make 2). 
Therefore D is square. 
Since then 4 by multiplying itself has made JY, and by 
multiplying & has made C, 
therefore, as 4 is to &, so is D to C. [vir. 17] 
And, since 4, & are similar plane numbers, 


therefore one mean proportional number falls between A, 2. 
[viit. 18] 


But, if numbers fall between two numbers in continued 
proportion, as many as fall between them, so many also fall 
between those which have the same ratio ; [vit 8] 
so that one mean proportional number falls between D, C also. 

And ὦ is square ; 
therefore C is also square. [via 22] 

Q. E. D. 


oO O}D 


The product of two similar plane numbers is a square. 
Let a, ὦ be two similar plane numbers. 


Now Gee an. [ντι. 17] 
And between a, ὁ there is one mean proportional. (vin. 18 
Therefore between αὐ : αὖ there is one mean proportional. [vir 8 


And a” is square ; 
therefore aé is square. [ VIII. 22 | 
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PROPOSITION 2. 


Lf two numbers by neultiplying one another make a square 
nuniber, they are similar plane nunibers. 


Let 4, B be two numbers, and let 4 by multiplying 2 
make the square number C; 


I say that 4, Bare similar plane 4 
numbers. . 

For let 4 by multiplying itself © 
make JD; 5 


therefore D is square. 


Now, since 4 by multiplying itself has made D, and by 
multiplying B has made C, 


therefore, as 4 is to &, so is D to αὶ (vil. 17} 
And, since J is square, and C is so also, 
therefore Y, C are similar plane numbers. 


‘Therefore one mean proportional number falls between 
Di: γι. 13] 
And, as ὦ is to C, so is 4 to δ: 


therefore one mean proportional number falls between -1, £ 


also. {vir 8] 
But, if one mean proportional number fall between two 
numbers, they are similar plane numbers ; [vitr. 20] 


therefore A, # are similar plane numbers. 
Q. E. D. 


If ad is a square number, a, ὦ are similar plane numbers. (The converse 
of 1X. 1.) 


For Ai Ξε vas. vil. 17] 
And a’, αὖ being square numbers, and therefore similar plane numbers, 
they have one mean proportional. [vin τ] 
Therefore a, 4 also have one mean proportional, [vii 8] 
whence a, ὦ are similar plane numbers. VIEL. 20] 


PROPOSITION 3. 


Lf a cube number by multiplying ttself make sonte nuniber, 
the product will be cude. 

For let the cube number 4 by multiplying itself make A; 
I say that Z is cube. 


Η. E. il. 


tw 
ἐκ 
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For let C, the side of A, be taken, and let C by multiplying 
itself make LD. 
It is then manifest that C by multiplying A—— 
D has made A. B 
Now, since C by multiplying itself has ο- bD— 
made J), 
therefore C measures J according to the units in itself. 
But further the unit also measures C according to the units 
in it; 
therefore, as the unit is to C, so is C to 2. [vi1. Def. 20] 
Again, since C by multiplying Y has made A, 
therefore D measures A according to the units in C. 
But the unit also measures C according to the units in it; 
therefore, as the unit is to C, so is D to A. 
But, as the unit is to C, sois Cto D; 
therefore also, as the unit is to C, sois C to D, and D to A. 
Therefore between the unit and the number 4 two mean 
proportional numbers C, D have fallen in continued proportion. 
Again, since 4 by multiplying itself has made 2, 
therefore 4 measures 4 according to the units in itself. 
But the unit also measures 4 according to the units in it; 
therefore, as the unit is to 4, so is A to BZ. [vit. Def. 20] 
But between the unit and 4 two mean proportional numbers 
have fallen ; 
therefore two mean proportional numbers will also fall between 
A,B. [vir 8] 
But, if two mean proportional numbers fall between two 
numbers, and the first be cube, the second will also be cube. 


[νι]. 23] 
And 4 is cube; 


therefore A is also cube. Q. E. Ὁ. 


The product of δ into itself, or αὖ. αὖ, is a cube. 

For l:@=8: 028: δ 

Therefore between 1 and αὖ there are two mean proportionals. 

Also PCS a 2a ee: 

Therefore two mean proportionals fall between αὖ and a*. a’. [vin 8] 
(It is true that ὙΠ]. 8 is only enunciated of two pairs of numbers, but the 


proof is equally valid if one number of one pair is unity.). 
And αὐ is a cube number : 


therefore a”. αὐ is also cube. [vin. 23] 
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PROPOSITION 4. 


Lf a cube number by multiplying a cube number make soiie 
nunber, the product will be cube. 


For let the cube number 4 by multiplying the cube number 
/ make C; 
I say that C is cube. 


For let 4 by multiplying 
itself make 2); 


therefore D is cube. [1x. 3] 
And, since 4 by multiply- 
ing itself has made J, and by multiplying 4 has made C, 
therefore, as <1 is to δ᾽, so is ὦ to C, vine ke 
And, since A, & are cube numbers, 
“1, 3" are similar solid numbers. 
Therefore two mean propartional numbers fall between 


0O wD » 


A, B; [vir το] 
so that two mean proportional numbers will fall between J, 
C also. [vi 8] 
And 2 is cube; 
therefore C is also cube. [ν τ. 23] 
ἢ Q.E. Ὁ. 
The product of two cubes, say a°. 4°, is a cube. 
For Ci Par a Ek. ἵνα, 17] 
And two mean proportionals fall between αὐ, δὲ which are similar solid 
numbers. [VILL 10 
Therefore two mean proportionals fall between a’. a*, a’. δ, wir. ὃ 
But a’. 2 is a cube: i 3 
therefore αὖ. δὲ is a cube. ἵν πι. 23] 


PROPOSITION 5. 


Tf ἃ «πόδ number by multiplying any number make a cube 
number, the multiplred number will also be cube. 


For let the cube number 4 by multiplying any number δ 
make the cube number ὦ; 
I say that Z is cube. 

For let A by multiplying 
itself make δ; 
therefore 1 is cube. [πχκ. 3} 


oO @ » 


ty 
Ἶ 
ty 
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Now, since 4 by multiplying itself has made 2), and by 
multiplying B has made C, 
therefore, as 4 is to &, so is 22) to ΟῚ (vi. 17] 
And since 2, C are cube, 
they are similar solid numbers. 


Therefore two mean proportional numbers fall between 
ve ie OP [vu 19] 
And, as D is to C, sois A to δ; 


therefore two mean proportional numbers fall between 4, B 


also. [vinz. 8] 
And A is cube; 
therefore B is also cube. [vit1. 23] 


If the product 2° is a cube number, ὁ is cube. 
By ΙΧ. 3, the product a’. a* is a cube. 


And Soe celae τ: [vin 17] 
The first two terms are cubes, and therefore “similar solids”; therefore 
there are two mean proportionals between them. [VIll. 19 
Therefore there are two mean proportionals between a’, ὁ. {vin 8 
And a" is a cube: 
therefore ὁ is a cube number. [vill 23] 


PROPOSITION 6, 


Tf anunuber by multeplying wtself make a cube number, it 
will itself also be cube. | 

For let the number 4 by multiplying itself make the cube 
number δ᾽; 
I say that 4 is also cube. A 

For let 4 by multiplying B make C. 8 

Since, then, 4 by multiplying itself ο 


has made £, and by multiplying 5 has 
made ὦ 


therefore C is cube. 
And, since 4 by multiplying itself has made B, 

therefore A measures @ according to the units in itself. 
But the unit also measures A according to the units in it. 
Therefore, as the unit is to 4, sois 4 to B. ἴνπ. Def. 20] 
And, since 4 by multiplying B has made ὦ 

therefore 8 measures C according to the units in J. 


But the unit also measures 4 according to the units in it. 
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Therefore, as the unit isto d,sois Bto C. [ν΄ Def. 20] 
But, as the unit is to_d,sois Ad to &; 


therefore also, as 4 is to B, sois B to C. 
And, since 5, C are cube, 
they are similar solid numbers. 


Therefore there are two mean proportional numbers 
between &, C. (vii. 19] 

And, as & is to C, so is A to &. 

Therefore there are two mean proportional numbers 


between A, B& also. [vinr. 8] 
And 5 is cube; 
therefore 4 is also cube. icf. ναι. 23] 
QO. ED. 
If a? is a cube number, a ts also a cube. 
For τι ak? ie 7 pea alee 
Now a’, 2° are both cubes, and therefore “similar solids”; therefore there 
are two mean proportionals between them. [VIL το] 
Therefore there are two mean proportionals between a, a*. (vin. 87 
And αὐ is a cube: 
therefore ἃ is also a cube number. ναι. 23] 


It will be noticed that the last step is not an exact quotation of the result 
of vill. 23, because it is there the 7rs¢ of four terms which is known to bea 
cube, and the /asf which is proved to be a cube; here the case is reversed. 
But there is no difficulty. Without inverting the proportions, we have only 
to refer to vill. 21 which proves that ὦ, αὖ, having two mean proportionals 
between them, are two similar solid numbers; whence, since a’ is a cube, 
ais also a cube. 


PROPOSITION 7. 


Tf a composite number by multiplying any number niake 
some nuntoer, the product will be sold. 


For let the composite number 4 by multiplying any number 
B make C; 

I say that C is solid. 

For, since 4 is composite, 
it will be measured by some 
number. (vi. Def. 13] 

Let it be measured by J; 
and, as many times as measures -/, so many units let there 


be in &. 


σον» 
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Since then 72 measures -f according to the units in &, 
therefore Z by multiplying D has made 4. [vi. Def. 15] 
And, since 4 by multiplying & has made C, 
and 4 is the product of 2), £, 
therefore the product of D, & by multiplying & has made C. 
Therefore C is solid, and D, #, & are its sides. 
Q. E. D. 
Since a composite number is the product of two factors, the result of 


multiplying it by another number is.to produce a number which is the 
product of three factors, 1.6. a “solid number.” 


PROPOSITION ὃ. 


Tf as many nunibers as we please beginning from an untt be 
in continued proportion, the third front the unit will be square, 
as will also those which successwwely leave out one; the fourth 
cull be cube, as will also all those which leave out two; and the 
seventh will be at once cube and square, as will also those which 
leave out five. 

Let there be as many numbers as we please, 4, 2, C, D, 
E, F, beginning from an unit and in con- 
tinued proportion ; 

I say that &, the third from the unit, is 
square, as are also all those which leave 
out one: C, the fourth, is cube, as are 
also all those which leave out two; and 
fF. the seventh, is at once cube and 
square, as are also all those which leave out five. 


For since, as the unit is to 4, so is 4 to 66, 


therefore the unit measures the number 4 the same number 
of times that -4 measures 9, [vil Def. 20] 


But the unit measures the number 4 according to the 
units In it; ---- 


therefore A also measures B according to the units Gh A. 
Therefore 4 by multiplying itself has made 2; 
therefore & is square. 


And, since δ, ὦ, D are in continued proportion, and B is 
square, 


therefore J is also square. 


nmooOws 


[ Vill. 22] 
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For the same reason 
fis also square. 


Similarly we can prove that all those which leave out one 
are square, 


I say next that C, the fourth from the unit, is cube, as are 
also all those which leave out two. 
For since, as the unit is to 4, so is B to C, 


therefore the unit measures the number 4 the same number 
of times that 4 measures C. 


But the unit measures the number 4 according to the units 
in 4; 
therefore A also measures C according to the units in “7. 


Therefore .£ by multiplying B has made C. 
Since then 4 by multiplying itself has made 4, and by 
multiplying B has made C, 


therefore C is cube. 


And, since C, ), &, / are in continued proportion, and C 
is cube, 


therefore / is also cube. [vir 23] 
But it was also proved square : 
therefore the seventh from the unit is both cube and square. 


Similarly we can prove that all the numbers which leave 
out five are also both cube and square. 


O. E. D. 
If τ, ὦ, de, a, -.. be a geometrical progression, then a, dj, @%, --- are 
squares ; 
ly, Ug, Ag, --. are cubes ; 
dg, Qj, --. are both squares and cubes. 
Since 1:a@=@: da, 
Qs = a, 


And, since ἂς, a, ας are in geometrical progression and a, (=a) is a square, 
ας 15 ἃ square. [Vint 22] 

Similarly ἄς, @,, ««- are squares. 
Next, i 22 =@y 2 Uy 
2”: iy; 

whence ὧς =a, a cube number. 
And, since @3, ὦ.» ἄς» % are in geometrical progression, and ας 15 a cube, 

ες is a Cube. [σιπ. 23} 
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Similarly (9, @2, ... are cubes. 

Clearly then ὧς, @2, @g, .-- are both squares and cubes. 

The whole result is of course obvious if the geometrical progression is 
written, with our notation, as 


Poe ya yt Ws 


PROPOSITION 9. 


Tf as many numbers as we please beginning from an untt be 
in continued proportion, and the number after the untt be square, 
all the rest will also be square. And, tf the number after the 
unit be cube, all the rest will also be cube. 


Let there be as many numbers as we please, 4, 3, C, D, 
5, F, beginning from an unit and in con- 
tinued proportion, and let 4, the number 
after the unit, be square; 


A 
B 

I say that all the rest will also be square. ᾿ 
Ε 

Ε 


Now it has been proved that .5, the 
third from the unit, is square, as are also 
all those which leave out one; [rx. 8] 
I say that all the rest are also square. 

For, since A, &, C are in continued proportion, 
and A is square, 
therefore C is also square. ἴντα. 22] 

Again, since &, C, D are in continued proportion, 
and & is square, 

2) is also square. 


[vin1. 22] 
Similarly we can prove that all the rest are also square. 


Next, let 4 be cube: 
I say that all the rest are also cube. 


Now it has been proved that C, the fourth from the unit, 
is cube, as also are all those which leave out two; ΓΙΧ. 8] 
I say that all the rest are also cube. 

For, since, as the unit is to _4, so is 4 to B, 


therefore the unit measures 4 the same number of times as 4 
measures ἢ. 


But the unit measures 4 according to the units in it; 
therefore 4 also measures B according to the units in itself; 
therefore 4 by multiplying itself has made 2. 
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And A is cube. 


But, if a cube number by multiplying itself make some 
number, the product is cube. fix. 3] 
Therefore B is also cube. 
And, since the four numbers “σ΄, 2, C, D are in continued 
proportion, 
and 4 is cube, 
D also is cube. ἔνι. 23] 
For the same reason 


£ is also cube, and similarly all the rest are cube. 
Q. E. Ὁ. 


If τ, αὐ, @,, ἄς, a, -.- are in geometrical progression, @., ας, a4, ... are all 
squares ; 
and, if τ, αὐ, a, a3, ἄς» ... are in geometrical progression, @., a3, ... are all cubes, 


(1) By 1x. 8, 45, ἄς, ἄς, ... are all squares. 
And, a’, a., a; being in geometrical progression, and αὐ being a square, 
ἄς 15 a square. [vin 22] 


For the same reason ds, ἄγ. ... are all squares. 
(2) By ΙΧ. 8, a3, dg, ἄρ, -.. are all cubes. 


Now i122 Sa ΣΝ 
Therefore ay = αὐ. αὐ, which is a cube, by Ix. 3. 
And, a, a, ας, @, being in geometrical progression, and αὐ being cube, 
a, is cube. (vin. 23] 


Similarly we prove that ὡς is cube, and so on. 

The results are of course obvious in our notation, the series being 
ἴ ty @ 8 2% ces Oo, 
{2}: Tye ea 


PROPOSITION I0. 


Tf as many numbers as we please beginning fron: an untt be 
zm continued proportion, and the number after the untt be not 
square, neither will any other be square except the third from 
the unit and all those which leave out one. And, if the number 
after the unit be not cube, neither will any other be cube except 
the fourth fron the unit and all those which leave out tio. 


Let there be as many numbers as we please, 4, 4, CG, D, 
Ε, &, beginning from an unit and in continued proportion, 


and let “3, the number after the unit, not be square ; 
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I say that neither will any other be square except the third 
from the unit <and those which 
leave out one>. 


For, if possible, let C be square. 
But Bis also square; _[Ix. 8] 


[therefore 2, C have to one another 
the ratio which a square number 
has to a square number]. 


And, as Bis to C, sois A to δ᾽; 
therefore 4, @ have to one another the ratio which a square 
number has to a square number ; 

[so that A, & are similar plane numbers |. [vitr. 26, converse] 

And # is square ; 
therefore -f is also square: 
which is contrary to the hypothesis. 

Therefore C is not square. 

Similarly we can prove that neither ts any other of the 
numbers square except the third from the unit and those which 
leave out one. 

Next, let 4 not be cube. 


Ι say that neither will any other be cube except the fourth 
from the unit and those which leave out two. 
For, if possible, let D be cube. 


Now C is also cube; for it is fourth from the unit.  [rx. 8] 
And, as C is to 2), sois B to Ὁ; 


therefore & also has to C the ratio which a cube has toa cube. 
And C is cube; 

therefore & is also cube. [vir 25] 
And since, as the unit is to 4, so is A to B, 

and the unit measures 4 according to the units in it, 

therefore A also measures δ᾽ according to the units in itself ; 

therefore 4 by multiplying itself has made the cube number 2, 


But, if a number by multiplying itself make a cube number, 
it is also itself cube. (rx. 6] 


Therefore A is also cube: 
which is contrary to the hypothesis. 
Therefore J is not cube. 


mamogod » 
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Similarly we can prove that neither is any other of the 
numbers cube except the fourth from the unit and those which 
leave out two. 


Q. E. Ὁ. 


If 1, @, do, Gs, @, ... be a geometrical progression, then (1), if @ is nota 
square, none of the terms will be square except a@a, @, as .-.3 


and (2), if @ is not a cube, none of the terms will be cube except ἄς, dg, Qa, --- 
_ With reference to the first part of the proof, viz. that which proves that, if 
a; 15 a square, @ must be a square, Heiberg remarks that the words which 

{ have bracketed are perhaps spurious; for it is easier to use vill. 24 than 
the converse of vill. 26, and a use of viu. 24 would correspond better to the 
use of VIII, 25 in the second part relating to cubes. I agree in this view and 
have bracketed the words accordingly. (See however note, p. 383, on 
converses of vil. 26, 27 given by Heron.) [If this change be made, the 
proof runs as follows. 

(1) If possible, let a; be square. 

Now Cs  ΞΊΣΣ se 

But ὧς is a square. [rx. 8] 

Therefore @ is to @, in the ratio of a square to a square. 

And az, 15 square ; 


therefore a is square [vuit. 24]: which is Impossible. 
(2) If possible, let a, be a cube. 
Now Qo = ay as: 
And a, is a cube. (ix. 8] 
Therefore a, is to ἂς in the ratio of a cube to a cube. 
And a, is a cube: 

therefore a, is a cube. [vin, 25] 
But, since Pej t ὩΣ 


And, since a" is a cube, 
a must be a cube [1x. 6]: which is impossible. 


The propositions vil. 24, 25 are here not quoted in their exact form in 
that the frsf and second squares, or cubes, change places. But there ts no 
difficulty, since the method by which the theorems are proved shows that 
either inference is equally correct. 


PROPOSITION IF. 


7 as many numbers as we please beginning from an until be 
in continued proportion, the less measures the greater according 
to sonte one of the numbers which have place among the propor- 
tional numoers. 
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3 


Let there be as many numbers as we please, δ᾽, C, J, 4, 
beginning from the unit 4 and in con- 


tinued proportion ; ΘΕ 

I say that 2, the least of the numbers 4, B 

C, D, 5, measures & according to some c 

one of the numbers C, D. D 
For since, as the unit 4 is to A, so E 

is 729 to &, 


therefore the unit.4 measures the number A the same number 
of times as 1) measures £ ; 


therefore, alternately, the unit 4 measures the same number 
of times as & measures £. [ντι. 15] 


But the unit 4 measures D according to the units in it; 
therefore & also measures / according to the units in 2); 


so that & the less measures & the greater according to some 
number of those which have place among the proportional 
numbers.— 


Porism. And it is manifest that, whatever place the 
measuring number has, reckoned from the unit, the same 
place also has the number according to which it measures, 
reckoned from the number measured, in the direction of the 
number before it.— 

Q. E. Ὁ. 


The proposition and the porism together assert that, if 1, a, 45, ... ἄρ bea 
geometrical progression, @, measures @, and gives the quotient a,_, (7 < 2). 

Euclid only proves that a, =a. a, _,, as follows. 

Therefore 1 measures a the same number of times as a,_; Measures dy. 

Hence 1 measures @,_, the same number of times as @ measures ὥρῃ; 


[vin 15] 
that 1s, Be θέ δα 
We can supply the proof of the porism as follows. 
@ 2 da = Appi > Apia, 
: Upyiriy + Eyer = Ay_y > Ay, 
whence, ex aeguait, 
ERG, ΞΕ» eae. [vir. 14] 


It follows, by the same argument as before, that 
: Ty, = Ap» Any. 
With our notation, we have the theorem of indices that 


Men 
αὐτῆς q™ , a®. 
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PROPOSITION 12. 


_ Lfas many numbers as we please beginning from an unit be 

221 continued proportion, by however many prime numbers the 
last ts measured, the next to the unit will also be measured by 
the saute. 


Let there be as many numbers as we please, 44, B, C, D, 
beginning from an unit, and in continued proportion ; 


Ϊ say that, by however many prime numbers 2 is measured, 
A will also be measured by the same. 


A—— F 
B G 
ocr H 
D 

Ε--- 


For let D be measured by any prime number £ ; 
I say that & measures 4. 
For suppose it does not ; 


now & is prime, and any prime number is prime to any which 
it does not measure ; ivi. 29] 


therefore /, A are prime to one another. 
And, since £ measures D, let it measure it according to /, 
therefore & by multiplying / has made D. 


Again, since 4 measures 2 according to the units in C, 
fix. rx and Por. } 


therefore 4 by multiplying C has made 2). 
But, further, & has also by multiplying A made 2); 
therefore the product of A, C is equal to the product of £, Ff. 


Therefore, as 4 is to £, 50 15. τὸ C. (vii. 19] 
But A, & are prime, 
primes are also least, (vi. 24] 


and the least measure those which have the same ratio the 
same number of times, the antecedent the antecedent and the 
consequent the consequent ; [van 20] 
therefore & measures C. 

Let it measure it according to G; 
therefore & by multiplying G has made C. 

But, further, by the theorem before this, 
A has also by multiplying B made C. (ix. rr and Por.] 
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Therefore the product of 4, & is equal to the product of 
Ε, G. 


Therefore, as 4 is to £, so is G to 5. (vir. 19] 
But A, & are prime, | 
primes are also least, [vin 217 


and the least numbers. measure those which have the same 
ratio with them the same number of times, the antecedent. the 
antecedent and the consequent the consequent: ὁ (vir. 20] 


therefore & measures ὁ. | 
Let it measure it according to 7; 
therefore & by multiplying /7 has made ZL. 
But further 4 has also by multiplying itself made B; 


fix. 8] 

therefore the product of Z, H is equal to the square on 4. 
Therefore, as F is to 4, sois A to A. . [vi1. το] 
But A, & are prime, | . 
primes are also least, (vii. 21] 


and the least measure those which have the same ratio the 
same number of times, the antecedent the antecedent and the 
consequent the consequent ; [vi1. 20] 


therefore & measures 4, as antecedent antecedent. 
But, again, it also does not measure it: 
which is impossible. 
Therefore 4, A are not prime to one another, 
Therefore they are composite to. one another. 
But numbers composite to one another are measured by 
some number. [νπν Def, 14] 
And, since £ is by hypothesis prime, | 
and the prime is not measured by any number other than itself, 
therefore 95 measures 4, £, 
so that & measures A. 
| But it also measures D ; 
therefore £ measures 4, D.] 
Similarly we can prove that, by however many prime 
numbers 2 is measured, 4 will also be measured by the same. 
Oe BesDe .. 


τι ἃ, ay, ... @, be a geometrical progression, and a, be measured by any 
prime. number /, @ will also be measured by 2. 
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o 


For, if possible, suppose that 4 does not measure a; then, 2. being prime, 


fp, ἃ are prime to one another. ἵν. 29| 
Suppose ας Ξε Mm. p. 
Now ἀν Ἐξ ee ἧς fix. 11] 
Therefore Qi Gy 4 =m sp, 
and BED StS Gysy [vir το] 
Hence, a, being prime to one another, 
p measures @,,_;. [VII, 20, 21] 


By a repetition of the same process, we can prove that # measures a,_» 
and therefore @,-;, and so on, and finally that measures a. 

But, by hypothesis, 4 does not measure @: which is impossible. 

Hence 2, ἃ are not prime to one another: 


therefore they have some-common factor. ἵν. Def. 14] 
But 2 is the only number which measures 2; 
therefore 2 measures ὦ. 


Heiberg remarks that, as, in the ἔκθεσις, Euclid sets himself to prove that 
£ measures 4, the words bracketed above are unnecessary and therefore 
perhaps interpolated. 


PROPOSITION 13. 


17 as many numbers as we please beginning from an untt be 
zn continued proportion, and the number after the unit be prime, 
the greatest witl not be measured by any except those which have 


a place among the proportional numbers. 


Let there be as many numbers as we please, 4, 4, C, }, 
beginning from an unit and in continued proportion, and let A, 
the number after the unit, be prime ; 

I say that J, the greatest of them, will not be measured by any 
other number except 4, JB, C. 


A—————— - ε---- 
Β F 
Ο -------------.-ςς- G 
D H 


For, if possible, let it be measured by £, and let.£ not be 
the same with any of the numbers 4, 4, C. ; 
It is then manifest that 4 is not prime. 
For, if & is prime and measures 2), 
it will also measure A [ix. 12], which is prime, though it is not 
the same with it: 
which is impossible. 
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Therefore £ is not prime. 

Therefore it is composite. 

But any composite number is measured by some prime 
number ; [vit. 31] 
therefore Z is measured by some prime number. 

I say next that it will not be measured by any other prime 
except A. 

For, if & is measured by another, 
and “ measures 2), 
that other will also measure J) ; 


so that it will also measure 4 [rx. 12], which is prime, though 
it is not the same with it: 
which is impossible. 

Therefore 4 measures 4. 

And, since & measures 2), let it measure it according to F. 

I say that / is not the same with any of the numbers 
A De 

For, if / is the same with one of the numbers A, B, C, 
and measures J) according to 4, 


therefore one of the numbers 4, 2, C also measures D according 
to £, 


But one of the numbers 4, 4, C measures D according to 
some one of the numbers 4, &, C; [rx. 11} 
therefore & is also the same with one of the numbers 4, 2,0: 
which is contrary to the hypothesis. 


Therefore / is not the same as any one of the numbers 
Alin. 

Similarly we can prove that / is measured by A, by 
proving again that is not prime. 

For, if it is, and measures 29, 


it will also measure. [rx. 12], which is prime, though it is not 
the same with it: 


which is impossible ; 
therefore / is not prime. 


Therefore it is composite. 


But any composite number is measured by some prime 
number ; [νππ. 31] 


therefore / is measured by some prime number. 
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I say next that it will not be measured by any other pringe 
except 4. 

For, if any other prime number measures F, 
and / measures J, 


that other will also measure D; 


so that it will also measure A [rx. 12], which is prime, though it 
is not the same with it: 


which is impossible. 

Therefore 4 measures Ζὶ 

And, since & measures D according to #, 
therefore £ by multiplying # has made D. 

But, further, 4 has also by multiplying C made D; [ix. 11] 
therefore the product of 4, C is equal to the product of EZ, F. 


Therefore, proportionally, as 4 is to £, so is F' to C. 
iviL. το] 
But 4A measures £ ; 


therefore F also measures ὦ 


Let it measure it according to G. 

Similarly, then, we can prove that G is not the same with 
any of the numbers 4, 4, and that it is measured by A. 

And, since / measures C according to G, 


therefore / by multiplying G has made C. 
But, further, 4 has also by multiplying & made C; [x. τι] 
therefore the product of 4, & is equal to the product of /, G. 


Therefore, proportionally, as A is to /; so is G to &. 
[Wil 1g} 

But 4 measures /; 
therefore G also measures δ. 

Let it measure it according to #7. 

Similarly then we can prove that #7 is not the same 
with A. 

And, since G measures & according to /7, 
therefore G by multiplying 7 has made &. 


But further 4 has also by multiplying itself made 4; 


fix. 8] 
therefore the product of 4, G is equal to the square on 4. 
Therefore, as 7 is to 4, so is A to G. {vit 19] 


H. E. Il. 26 
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But 4 measures G ; 


therefore 4 also measures 4, which 15 prime, though it is not 
the same with it: 


which is absurd. 


Therefore D the greatest will not be measured by any 
other number except 4, B, C. 
Q. E. Ὁ. 


If τ, a, do, ... ἄμ be a geometrical progression, and if a is prime, a, will not 
be measured by any numbers except the preceding terms of the series. 

If possible, let 2, be measured by ὁ, a number different from all the 
preceding terms. 

Now ὁ cannot be prime, for, if it were, τὸ would measure a. ΕἸΣ. 12] 

Therefore ὦ is composite, and hence will be measured by some prime 
number [v11. 31], say 2. 

Thus 2 must measure @, and therefore ὦ [1x. 12}; so that 2 cannot be 
different from a, and ὁ is not measured by any prime number except a. 


Suppose that Qn =O. 6. 
Now ¢ cannot be identical with any of the terms a, ὥς, ... @,_,; for, if it 
were, ὁ would be identical with another of them: [1Χ. 11] 


which is contrary to the hypothesis. 


We can now prove (just as for 4) that ¢ cannot be prime and cannot be 
measured by any prime number except a. 


Since ee ee Ξ i? Sr fix. 11] 
ΩΖ :ὄτεξ: As, 
whence, since a measures 4, 
¢ Measures @y_}. 


Let By} =C€. a. 


We now prove in the same way that d 15 not identical with any of the terms 


Z, Qo, ... Az_g; 15 NOt prime, and is not measured by any prime except ὦ, and 
also that 


4 Measures Ay». 


Proceeding in this way, we get a last factor, say ὦ, which measures a 
though different from it: 


which is absurd, since @ is prime. 


Thus the original supposition that 2, can be measured by a number ὦ 
different from all the terms a, a, ... @,-, must be incorrect. 
Therefore etc. 


PROPOSITION 14. 


Lf a number be the least that is measured by prime numbers, 


τέ will not be measured by any other prime number except those 
originally measuring τέ. | 


For let the number 4 be the least that is measured by the 
prime numbers 4, ὦ, D; 
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I say that A will not be measured by any other prime number 
except B, C, D. 


For, if possible, let it be measured by the prime number 
ἘΞ, and let & not be the same with any one of the numbers 


B,C, D. 


ASS —_ 
Ε --------- Gases 
D 


Hg, 


Now, since & measures 4, let it measure it according 
to F; 


therefore £ by multiplying / has made 1. 


And A is measured by the prime numbers B, C, D. 

But, if two numbers by multiplying one another make some 
number, and any prime number measure the product, it will 
also measure one of the original numbers ; [VIE 30] 


therefore 5, C, D will measure one of the numbers 4, F. 
Now they will not measure  ; 
for & is prime and not the same with any one of the numbers 


By GD. 
Therefore they will measure /, which is less than 4 : 


which is impossible, for 4 is by hypothesis the least number 
measured by B, C, ὦ. 
Therefore no prime number will measure 4 except 


BC D. 


O. E. Ὁ. 


In other words, a number can be resolved into prime factors in only 


one way. 
Let a be the least number measured by each of the prime numbers 
ὁ, ὦ, a, ... ἃ. 
If possible, suppose that @ has a prime factor / different from 4, ὦ d, ... ἄς 


Let a=p. Ml. 


Now ὦ, ¢, d, ... &, measuring ὦ, must measure one of the two factors Ὑ; i. 
j VIE. 3° 


They do not, by hypothesis, measure 2 ; 
therefore they must measure #7, a number less than ὦ : 
which is contrary to the hypothesis. 


Therefore a has no prime factors except ὁ, ῳ d, ... 4 
26—2 
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PROPOSITION 15. 


77 three numbers in continued proportion be the least of 
those which have the sante ratio with them, any two whatever 
added together will be prime to the remaining number. 


Let A, &, C, three numbers in continued proportion, be 
the least of those which have the same 


ratio with them ; A—— B 
I say that any two of the numbers C 
A, B, C whatever added together are υ-- —¢ 


prime to the remainingnumber, namely 
A, BtoC; 8, Cto A; and further 4, C to &. 
For let two numbers 222, AF, the least of those which 
have the same ratio with 4, 4, C, be taken. [νπιι. 2] 
It is then manifest that DZ by multiplying itself has made 
A, and by multiplying &/ has made 25, and, further, ΖΦ. by 


multiplying itself has made C. [vini. 2] 
Now, since 222, ZF are least, 

they are prime to one another. [vir. 22] 
But, if two numbers be prime to one another, 

their sum is also prime to each ; [vir. 28] 


therefore DF is also prime to each of the numbers DZ, AF. 
But further YF is also prime to AF; 
therefore 228, DE are prime to AF. 
But, if two numbers be prime to any number, 
their product is also prime to the other ; [ντι. 24] 
so that the product of δὴ), DZ is prime to EF; 


hence the product of δὼ), DZ is also prime to the square 
on EF. 


[vi 25] 
But the product of #D, DZ is the square on DE together 
with the product of DA, AF; fur. 3] 


therefore the square on DF together with the product of DZ, 
ΞΕ is prime to the square on AF. 


And the square on DZ is H, 
the product of DA, ZF is δ, 
and the square on Ff is C; 
therefore 4, 4 added together are prime to C. 
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Similarly we can prove that 5, C added together are 
prime to 4. 


I say next that <4, C added together are also prime to 2. 

For, since 222) is prime to each of the numbers DF, EF, 
the square on fis also prime to the product of DE, EF. 

(vir. 24, 25] 

But the squares on DZ, AF together with twice the pro- 
duct of DE, £F are equal to the square on DF; [x1 4] 
therefore the squares on DZ, EF together with twice the 
product of DZ, &F are prime to the product of DZ, EF. 

Separando, the squares on 22, ΕΖ) together with once 
the product of DZ, &F are prime to the product of DE, 52. 

Therefore, separando again, the squares on DE, £¥ are 
prime to the product of DZ&, EF. 

And the square on DE is 4, 
the product of DZ, EF 'is δ, 
and the square on £F'is C. 

Therefore 4, C added together are prime to &. 

9. Ε- Ῥ. 


If a, ὅ, ¢ be a geometrical progression in the least terms which have a 
given common ratio, (ὁ Ὁ ὃ), (¢+4@), (α - δ) are respectively prime to a, 4, ¢. 

Let a: 8 be the common ratio in its lowest terms, so that the geometrical 
progression 15 


a, 8; BB [vitr. 2] 
Now, a, 8 being prime to one another, 
a+ is prime to both α and β. ἵντι. 28] 
Therefore (a + 8), a are both prime to £. 
Hence (a+ 8) α is prime to B, [vu 24] 
and therefore to ’; [ντι. 25] 
1.8. αΞ Ὁ αβ is prime to f’, 
or α τ is prime toc 
Similarly, af + 8 is prime to a’, 
or 6+c¢is prime to a. 
Lastly, a+ being prime to both a and f, 
(a+ 8) is prime to af, [wit 24, 25] 
or a’ + $° + 208 is prime to af: 
whence a° + $8 is prime to af. 


The latter inference, made in two steps, may be proved by reductio ad 
absurdum as Commandinus proves it. 

If a? + 8? is not prime to af, let x measure them ; 
therefore + measures a? + 5 + 208 as well as af ; 
hence a? + 6° + 208 and af are not prime to one another, which is contrary 
to the hypothesis. 
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PROPOSITION 16. 


77 two nunibers be prime to one another, the second will not 
be to any other number as the first τς to the second. 


For let the two numbers 4, .8 be prime to one another ; 
I say that # is not to any other number as 


A isto J. .-.-... 
For, if possible, as 4 is to 4, so let B be ἘΞ Ξξξεε τος 
to (. ο 
Now A, & are prime, 
primes are also least, , [vir 21] 


and the least numbers measure those which have the same 
ratio the same number of times, the antecedent the antecedent 
and the consequent the consequent ; [vit. 20] 
therefore 4 measures A as antecedent antecedent. 

But it also measures itself; 
therefore A measures 4, & which are prime to one another: 
which is absurd. 

Therefore & will not be to C, as 4 is to &. 

Q. Ε. Ὁ. 


If a, 4 are prime to one another, they can have no integral third 
proportional. 
If possible, let fae ae 


Therefore [vi. 20, 21] @ measures 6; and a, ὁ have the common measure 
a, which is contrary to the hypothesis. 


PROPOSITION 17. 


If there be as many numbers as we please in continued 
proportion, and the extremes of thent be prime to one another. 
the last will not be to any other number as the first to the 
second. 

For let there be as many numbers as we please, 4, B,C, D, 
in continued proportion, 
and let the extremes of them, 4, 
D, be prime to one another ; Ν 
I say that D is not to any other 
number as -f is to B. 


For, if possible, as 4 is to B, so let D be to EZ: 
therefore, alternately, as 4 is to D, sois 9 to E. 


as B 


Ε 


[viz 13] 
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But A, PD are prime, 
primes are also least, (vin. 21] 


and the least numbers measure those which have the same 
ratio the same number of times, the antecedent the antecedent 
and the consequent the consequent. [vit. 20] 


Therefore 4 measures 2, 
And, as 4 1s to B, sois B to C. 
Therefore 4 also measures C; 


so that 4 also measures C. 
And since, as & is to C, so is C to D, 
and B measures C, 
therefore C also measures 7), 
But 4 measured C; 
so that 4 also measures J. 
But it also measures itself; 
therefore 4 measures 4, 22) which are prime to one another: 
which is impossible. 
Therefore D will not be to any other number as 4 is to 2. 
Q. E. D. 


If a, dy, @3, ... &, be a geometrical progression, and a, 2, are prime to one 
another, then @, a, a, can have no integral fourth proportional. 


For, if possible, let tee ea Pa 
Therefore ἃ δἰ 300248, 
and hence [vil. 20, 217 @ measures a. 
Therefore a measures 43, [vir. Def. 20] 


and hence ὦ measures @3, and therefore also ultimately a,. 
Thus a, a, are both measured by a: which 15 contrary to the hypothesis. 


PROPOSITION 18. 


Given two nunibers, to investigate whether iu τς possible to 
find a third proportional to them. 


Let A, 2 be the given two numbers, and let it be required 
to investigate whether it is possible to find a third proportional 
to them. 

Now A, & are either prime to one another or not. 

And, if they are prime to one another, it has been proved 


that it is impossible to find a third proportional to them. 
fix. 16] 


408 BOOK IX [1x. 18 


Next, let _4, & not be prime to one another, 
and let B by multiplying itself make C. 
Then 4 either measures C or does not measure it. 


A D 
B 


C 


First, let it measure it according to J; 
therefore 4A by multiplying D has made C. | 

But, further, B has also by multiplying itself made C; 
therefore the product of 4, D is equal to the square on 25, 

Therefore, as 4 is to δ, sois δ το ἢ [vil. 19] 
therefore a third proportional number Y has been found to 


A, B. 


Next, let _4 not measure C; 


I say that it is impossible to find a third proportional number 
to 4, B. 


For, if possible, let D, such third proportional, have been 
found. 
Therefore the product of A, D is equal to the square on BZ. 
But the square on δ is C; 
therefore the product of A, D is equal to C. 
Hence 4 by multiplying D has made C; 
therefore 4 measures C according to D. 


But, by hypothesis, it also does not measure it: 
which is absurd. 


Therefore it is not possible to find a third proportional 
number to 4, & when A does not measure C. 0. E. Ὁ. 


Given two numbers a, 4, to find the condition that they may have an 
integral third proportional. 
(1) a, 4 must not be prime to one another. [rx. 16] 
(2) @ must measure &. 
For, if a, 4, ¢ be in continued proportion, 
ac = ὦ", 
Therefore ὦ measures &. 


Condition (1) is included in condition (2) since, if = ma, a and ὁ cannot 
be prime to one another. 


The result is of course easily seen if the three terms in continued 
proportion be written 
b b\? 
a, ἃ Ξ az y . 
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PROPOSITION 19. 


Given three numbers, to investigate when it is possible to 
find a fourth proportional to then. 


Let A, B, C be the given three numbers, and let it be 
required to investigate when it is , 
possible to finda fourth proportional , 
to them. 

Now either they are not in con- 
tinued proportion, and the extremes, 
of them are prime to one another ; 
or they are in continued proportion, and the extremes of them 
are not prime to one another ; 
or they are not in continued proportion, nor are the extremes 
of them prime to one another ; 
or they are in continued proportion, and the extremes of them 
are prime to one another. 

If then A, 8, C are in continued proportion, and the 
extremes of them 4, C are prime to one another, 
it has been proved that it is impossible to find a fourth pro- 
portional number to them. (ix. 17] 

tNext, let 4, 8, C not be in continued proportion, the 
extremes being again prime to one another; 

I say that in this case also it is impossible to find a fourth 
proportional to them. 

For, if possible, let D have been found, so that, 

as 4 isto B, sois C to J, 
and let it be contrived that, as B is to C, so is D to 5. 

Now, since, as 4 is to 2, so is C to ὦ», 

and, as Bis to C, so is ὦ to &, 


90 


therefore, ex aegualt, as A is to C, so is C to ξ. [vir 14] 
But 4, C are prime, 
primes are also least, [vin. 21} 


and the least numbers measure those which have the same 

ratio, the antecedent the antecedent and the consequent the 

consequent. [vi1. 20] 
Therefore 4 measures C as antecedent antecedent. 
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But it also measures itself ; 
therefore 4 measures 4, C which are prime to one another : 
which is impossible. 

Therefore it is not possible to find a fourth proportional 
to A, B, Ct 

Next, let 4, B, C be again in continued proportion, 
but let_4, C not be prime to one another. 


I say that it is possible to find a fourth proportional to 
them. 


For let & by multiplying C make D; 
therefore 4 either measures D or does not measure it. 

First, let it measure it according to & ; 
therefore 4 by multiplying & has made 2), 

But, further, B has also by multiplying C made 2); 
therefore the product of A, . is equal to the product of 
therefore, proportionally, as 4 is to B, sois C to &; [vn. 19] 
therefore & has been found a fourth proportional to A, &, C. 

Next, let 4A not measure D; 

I say that it is impossible to find a fourth proportional number 
to 4, δ, C. 

For, if possible, let & have been found ; 

therefore the product of 4, £ is equal to the product of 5, C. 


[vin 19] 

But the product of 2, Cis D; 
therefore the product of A, E is also equal to D. 

Therefore 4 by multiplying 4 has made J ; 
therefore .4 measures D according to &, 
so that 4 measures D. 

But it also does not measure it: 
which is absurd. 

Therefore it is not possible to find a fourth proportional 
number to 4, 4, C when 4 does not measure D. 

Next, let -f, &, C not be in continued proportion, nor the 
extremes prime to one another. 

And let & by multiplying C make D. 

Similarly then it can be proved that, if 4 measures D, 


itis possible to find a fourth proportional to them, but, if it 
does not measure it, impossible. Ο. Ε, Ὁ. 
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Given three numbers a, 4, ¢, to find the condition that they may have an 
integral fourth proportional. 


The Greek text of part of this proposition is hopelessly corrupt. Accord- 
ing to it Euclid takes four cases. 
(1) a, ὁ, ¢ not in continued proportion, and a, ¢ prime to one another. 
(2) a, 6, ¢ in continued proportion, and a, ¢ not prime to one another. 
(3) @, ὁ, ¢ not in continued proportion, and a, ¢ not prime to one another. 
(4) a, 6, ¢in continued proportion, and a, ¢ prime to one another. 


(4) is the case dealt with in 1x. 17, where it is shown that on hypothesis 
(4) a fourth proportional cannot be found. 


The text now takes case (1) and asserts that a fourth proportional cannot 
be found in this case either. We have only to think of 4, 6, 9 in order to see 
that there 15 something wrong here. The supposed proof is also wrong. If 
possible, says the text, let d@ be a fourth proportional to a, 4, ὦ, aud lt e 
be taken such that 

διε oe. 

Then, ex aeguatt, ZC S0 Se, 
whence @ measures ¢: [VII 20, 21} 
which is impossible, since a, ¢ are prime to one another. 


But this does not prove that a fourth proportional ¢ cannot be found; it 
only proves that, if d is a fourth proportional, no integer 4 can be found to 
satisfy the equation 


b:¢=ase. 
Indeed it is obvious from 1x. 16 that in the equation 
αι: πε 


e cannot be integral. 


The cases (2) and (3) are correctly given, the first in full, and the other as 
a case to be proved “similarly” to it. 

These two cases really give all that is necessary. 

Let the product ὅς be taken. 

Then, if @ measures dc, suppose dc = ad; 


therefore L2VeEs oa, 
and d@ is a fourth proportional. 


But, if ἃ does πο measure fc, no fourth proportional can be found. 
For, if « were a fourth proportional, ax would be equal to 4, and α would 
measure 6c, 

The sufficient condition in any case for the possibility of finding a fourth 
proportional to a, 4, ¢ is that ὦ should measure dc. 

Theon appears to have corrected the proof by leaving out the incorrect 
portion which I have included between daggers and the last case (3) dealt 
with in the last lines. Also, in accordance with this arrangement, he does not 
distinguish four cases at the beginning but only two. “ Either 4, B, C are 
in continued proportion and the extremes of them 4, C are prime to one 
another; or not.” Then, instead of introducing case (2) by the words 
“Next let 4, &, C...to find a fourth proportional to them,” immediately 
following the second dagger above, Theon merely says “But, if not,” fie. 
if it is not the case that a, J, ¢ are in G.P. and a, ¢ prime to one another} “let 
B by multiplying C make D,” and so on. 
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August adopts Theon’s form of the proof. Heiberg does not feel able to 
do this, in view of the superiority of the authority for the text as given above 
(P); he therefore retains the latter without any attempt to emend it. 


PROPOSITION 20. 


Printe numbers are more than any assigned multitude of 
prime nunvers. 


Let 4, B, C be the assigned prime numbers ; 
I say that there are more 
prime numbers than 4, 6,C. A— 
For let the least number °®— 
measured by 4, 4, C be ο--- 
taken, E 
and let it be DZ; 
let the unit DF be added to 22. 


Then £F is either prime or not. 
First, let it be prime: 
then the prime numbers 4, 3, C, &F have been found which 
are more than <1, 2, C. 
Next, let EF not be prime ; 
therefore it is measured by some prime number. [vir. 31] 
Let it be measured by the prime number G. 
I say that G is not the same with any of the numbers 
A, BC. 
For, if possible, let it be so. 
Now 4, &, C measure DE; 
therefore G also will measure DZ. 
But it also measures 52. 


Therefore G, being a number, will measure the remainder, 
the unit DF: 


which 15 absurd. 
Therefore G is not the same with any one of the numbers 


an oe Ὁ; 
And by hypothesis it 1s prime. 
Therefore the prime numbers 4, 4, C, G have been found 
which are more than the assigned multitude of A, δ, C. 
Q. E. D. 
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_ ἦγε have here the important proposition that the number of prime numbers 
ts injinite. 
The proof will be seen to be the same as that given in our algebraical 
text-books. Let a, ὁ, ¢,... 4 be any prime numbers. 
Take the product adc... 5 and add unity. 
Then (aéc... 4 + 1) is either a prime number or not a prime number. 
(x) If it 2s, we have added another prime number to those given. 
(2) If it is ποῖ, it must be measured by some prime number [vul. 31], say 2. 
Now 2. cannot be identical with any of the prime numbers a, ὁ, ¢,... & 
For, if it is, it will divide adc... 2. 
Therefore, since it divides (aéc...4+1) also, it will measure the difference, 
or unity : 
which is impossible. 


Therefore in any case we have obtained one fresh prime number. 
And the process can be carried on to any extent. 


PROPOSITION 21. 


77 as many even numbers as we please be added together, 
the whole ts even. 


For let as many even numbers as we please, 44, BC, CD, 
DE, be added together ; 


I say that the whole JAE A_ 8 ο = 
is even. _ 

For, since each of the numbers 4A’, BC, CD, DE is even, 
it has a half part ; [νπὶ Def. 6] 


so that the whole 4Z also has a half part. 

But an even number is that which is divisible into two 
equal parts ; [14.} 
therefore «(5 is even. 

Q. E. Ὁ. 


In this and the following propositions up to IX. 34 inclusive we have a 
number of theorems about odd, even, “ even-times even” and “ even-times 
odd” numbers respectively. They are all simple and require no explanation 
in order to enable them to be followed easily. 


PROPOSITION 22. 
Tf as many odd nunibers as we please be added together, and 
thetr multitude be even, the whole well be even. 
For let as many odd numbers as we please, 48, BC, CD, 
DE, even in multitude, be added together ; 
I say that the whole 4 Z is even. 
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For, since each of the numbers 44, BC, CD, DE is odd, 
if an unit be subtracted from each, each of the remainders will 
be even; [ν᾿ Def. 7] 
so that the sum of them will be even. fix. 27] 

Posie he De 

But the multitude of the units is also even. 


Therefore the whole AZ is also even. [ix. 21] 
Q. E. Ὁ. 


PROPOSITION 23. 


77 as many odd numbers as we please be added together, 
and their multitude be odd, the whole will also be odd. 


For let as many odd numbers as we please, 48, BC, CD, 
the multitude of which is odd, 
be added together ; ἃ, τέ é ED 
I say that the whole AD ΆΧ4Ἀ4Δ2Α5΄ὴῸΣ7ην σπσσπσπσπππσπτπτπσΠππτπ͵, 
also odd. : 

Let the unit DZ be subtracted from CD ; 


therefore the remainder CZ is even. [vi. Def. 7] 
But CA is also even ; (ix. 22] 
therefore the whole 4 Z& is also even. (ix. 21] 
And DE is an unit. 
Therefore 4D is odd. [vu Def. 7] 
Q. E. Ὁ. 


3. Literally “‘let there be as many numbers as we please, of which /¢ the multitude 42 
odd.” This form, natural in Greek, is awkward in English. 


PROPOSITION 24. 


Lf from an even number an even number be subtracted, the 
remainder wll be even. 


For from the even number ASF let the even number ABC 
be subtracted : 
I say that the remainder C4 is even. A cB 


For, since AZ is even, it has a half 
part. [vir. Def. 6] 
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For the same reason BC also has a half part ; 
so that the remainder [CA also has a half part, and] 4C is 


therefore even. 


Q. E. Ὁ, 


PROPOSITION 25. 


Lf from an even number an odd number be subtracted, the 
remainder will be odd. 


For from the even number 4B let the odd number BC be 
subtracted ; 
I say that the remainder CA isodd. 4 CD B 


For let the unit CD be sub- 
tracted from AC: 


therefore DB is even. (vir, Def. 7] 
But AB is also even: 
therefore the remainder 4 J is also even. (1x. 24] 
And CY is an unit; 
therefore CA is odd. [vi. Def. 7] 
Q. E. Ὁ. 


PROPOSITION 26. 


Lf from an odd number an odd number be subtracted, the 
vrematnder well be even. 


For from the odd number AP let the odd number AC be 
subtracted ; 
I say that the remainder C 1s even. Α C DB 


For, since 48 is odd, let the unit 
BD be subtracted ; 


therefore the remainder 4D ts even. vu. Def. 7] 
For the same reason CJD is also even; fvir. Def. 7] 
so that the remainder ( 15 also even. (1x. 24] 


Q. E. Ὁ. 
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PROPOSITION 27. 


Lf from an odd number an even number be subtracted, the 
remainder will be odd. 

For from the odd number “4.8 let the even number &C be 
subtracted ; 
I say that the remainder CA 1s odd. 


Let the unit 4D be subtracted ; af ___¢.___® 
therefore 228 is even. [vir. Def. 7] 
But BSC is also even ; 
therefore the remainder CV is even. [1x. 24] 
Therefore CA is odd. [vir. Def. 7] 
Q. E. Ὁ. 


PROPOSITION 28. 
7 an odd number by multiplying an even number make 
some number, the product will be even. 


For let the odd number 4 by multiplying the even number 
# make C; 
I say that C is even. ΝΣ 

For, since 4 by multiplying 2 has c 


made C, 
therefore C is made up of as many numbers equal to B as 
there are units in 4. (vu. Def. 15] 


And δ is even; 
therefore C is made up of even numbers. 
But, if as many even numbers as we please be added 
together, the whole is even. . fix. 27] 
Therefore C is even. 
Q. E. Ὁ. 


PROPOSITION 29. 


Lf an odd number by multiplying an odd number make 
some number, the product will be odd. 


For let the odd number ./ by multiplying the odd number 
B make C; 
I say that C is odd. ΟΝ 


For, since 4 by multiplying B has 


B 
C 
made C, 
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therefore C is made up of as many numbers equal to B as 
there are units in A. [vu. Def. 15] 
And each of the numbers A, 8 is odd; 


therefore C is made up of odd numbers the multitude of which 
is odd. 


Thus C is odd. [rx. 23] 
Q. E. D. 
PROPOSITION 30. 


L[f an odd number measure an even number, tt will also 
measure the half of tt. 


For let the odd number 4 measure the even number 8: 
I say that it will also measure the half 


of it. A= 
For, since A measures 5, B 
let it measure it according to C; Cc 


I say that C is not odd. 


For, if possible, let it be so. 
Then, since 4 measures & according to (ἃ, 


therefore 4 by multiplying C has made 2, 


Therefore 2 is made up of odd numbers the multitude 
of which is odd. 
Therefore 5 is odd: ΠΧ. 23] 


which is absurd, for by hypothesis it is even. 
Therefore C is not odd ; 
therefore C is even. 


Thus A measures & an even number of times. 
For this reason then it also measures the half of it. 
0. E. Ὁ. 


PROPOSITION 31. 


Tf an odd number be prime to any number, it will also be 
prime to the double of 2t. 


For let the odd number 4 be prime to any number 4, 
and let C be double of 5; 


I say that / is prime to C. " 
For, if they are not prime ἢ Ε 
to one another, some number 


will measure them. 


H. Ἐς 1|. 27 
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Let a number measure them, and let it be D. 
Now 4 is odd; 
therefore D is also odd. 
And since ) which is odd measures C, 
and C is even, 
therefore [2] will measure the half of C also. [1x. 30] 
But & is half of ὦ; 
therefore D measures δ, 
But it also measures 4 ; 
therefore measures 4, & which are prime to one another : 
which is impossible. 
Therefore .4 cannot but be prime to C. 
Therefore 4, C are prime to one another. 


PROPOSITION 32. 


Each of the numbers which ave continually doubled beginning 
From a dyad 1s even-times even only. 


For let as many numbers as we please, &, C, D, have been 
continually doubled beginning 
from the dyad 4 ; 

I say that δ, C, D are even- 
times even only. 

Now that each of the 


numbers 4, C, J is even-times even is manifest; for it is 
doubled from a dyad. 


I say that it is also even-times even only. 
For let an unit be set out. 


A 
B 
Cc 
D 


Since then as many numbers as we please beginning from 
an unit are in continued proportion, 


and the number 4 after the unit is prime, 
therefore J), the greatest of the numbers 4, 5, C, YP, will not 


be measured by any other number except 4, &, C. fix. 13] 
And each of the numbers 4, 2, C is even; 
therefore J is even-times even only. (vi. Def. 8] 


Similarly we can prove that each of the numbers JZ, C is 
even-times even only. 


Q. E. D. 
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See the notes on vu. Deff. 8 to τὰ for a discussion of the difficulties 
shown by Iamblichus to be involved by the Euclidean definitions of “ even- 
times even,” “‘even-times odd” and “odd-times even.” 


PROPOSITION 33. 


Lf a nunber have its half odd, tt ἐς even-times odd only. 
For let the number 4 have its half odd; 
I say that 4 is even-times odd only. 


Now that it is even-times odd is 

manifest; for the half of it, being odd, 

measures it an even number of times. (vit. Def. 9] 
I say next that it is also even-times odd only. 
For, if 4 is even-times even also, 


it will be measured by an even number according to an even 
number ; (vir, Def. 8} 


so that the half of it will also be measured by an even number 


though it is odd: 
which is absurd. 
Therefore 4 is even-times odd only. 9. Ἑ. Ὁ. 


PROPOSITION 24. 


Lf ὦ number neither be one of those which are continually 
doubled from a dyad, nor have its half odd, it ἐς both even- 


temtes even and even-tinies odd. 
For let the number A neither be one of those doubled 
from a dyad, nor have its half odd; 


I say that 4 is both even-times even A 
and even-times odd. 


Now that 4 is even-times even is manifest: 
for it has not its half odd. (vir. Def. 8] 


I say next that it is also even-times odd. 

For, if we bisect A, then bisect its half, and do this con- 
tinually, we shall come upon some odd number which will 
measure “1 according to an even number. 

For, if not, we shall come upon a dyad, 
and A will be among those which are doubled from a dyad: 
which is contrary to the hypothesis. 


3--.2 
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Thus 7 is even-times odd. 

But it was also proved even-times even. 

Therefore 4 is both even-times even and even-times odd. 
QO. Ε. Ὁ. 


PROPOSITION 35. 


Tf asmany nunibers as we please be in continued proportion, 
and there be subtracted fron the second and the last numbers 
equal to the first, then, as the excess of the second is to the 
first, so will the excess of the last be to all those before it. 


Let there be as many numbers as we please in continued 


proportion, .4, BC, D, EF, 


beginning from as least, Α-- 
and let there be subtracted Βπεο 
from δῸ and AF the numbers ae 
BG, FH, each equal to 4 ; Ε 7 a 


I say that, as GC is to A, so 
is HA ta A, BC, D. 
For let δ be made equal to BC, and FL equal to 2). 
Then, since / is equal to &C, 
and of these the part ΣΧ is equal to the part BG, 
therefore the remainder (7K is equal to the remainder GC. 
And since, as &F is to 29, so is J to BC, and AC to A, 
while J is equal to FL, BC to HK, and A to FH, 
therefore. as AF is to FL, so is LF to FA, and δα to FA. 
Separando, as EL is to LF, so is LK to FAK, and KH 
to FH. (vil. rz, 13] 
Therefore also, as one of the antecedents is to one of the 
consequents, so are all the antecedents to all the consequents; 
Vil. 12 
therefore, as AH is to FA, so are HL, LK, KA Ἂ ᾿ 
FR, HF. 
But Af is equal to CG, FH to A, and LF, FK, HF to 
D, BC, A: 
therefore, as CG is to .4.sois EA to D, BC, A. 
Therefore, as the excess of the second is to the first, so is 
the excess of the last to all those before it. 
Q. E. Ὁ. 
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This proposition is perhaps the most interesting in the arithmetical Books, 
Since if gives a method, and a very elegant one, of summing any series of 
terms in geometrical progression. 

Let ὧι, @, @s)--.@n) Ana, De a series of terms in geometrical progression. 
Then Euclid’s proposition proves that 

(Fics = a,) : (α; + Zo +... Ὁ Z,,) _ (ΠΩ: ars αι) Ἡ Zs. 

For clearness’ sake we will on this occasion use the fractional! notation of 
algebra to represent proportions. 

Euclid’s method then comes to this. 


~~“ ad +} a 47.) 
since Sa He le οἰ, 
Gy ἃ, - a; 
we have, separando, 
Cntr @n α, παρ ας πᾶς ὅς τ’ ay 
pe 8, re ὑπ ΕΣ oo qe ne eee -- Ξ = ᾿ 
Gy Tyiy {. ely 


whence, since, as one of the antecedents is to one of the consequents, so is 
the sum of all the antecedents to the sum of all the consequents, — [vil. 12 | 


Cary — αι Qe Ay 
See el, Me 
Ayn τὸ Cy; TT «ee τ a a 
which gives @, + @ +... + @,, ΟΥ̓ Sy. 
If, to compare the result with that arrived at in algebraical text-books, we 
write the series in the form 


ad, ar, ar,...ar*" (x terms), 


we have = —— 


or on = 


PROPOSITION 36. 


Lf as niany numbers as we please beginning from an untt 
be set out continuously <n double proportion, until the sum of all 
becomes prime, and tf the sum multiplied into the last make 
sone number, the product will be perfect. 

For let as many numbers as we please, 4, δ, ἐς 2), 
beginning from an unit be set out in double proportion, until 
the sum of all becomes prime, 
let Ε be equal to the sum, and let & by multiplying D 
make F/G ; 

I say that FG is perfect. 

For, however many 4, 8, C, P are in multitude, let 50 
many £, AK, L, 47 be taken in double proportion beginning 
from £ ; 
therefore, ex aegualt, as A isto D, so is 5 to ul. [vi 14] 
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Therefore the product of 2, D is equal to the product of 
Ai, M. [ vir. το] 


And the product of &, D is /G; 
therefore the product of A, J is also FG. 
Therefore 4 by multiplying 47 has made /G ; 
therefore JZ measures /G according to the units in 4. 
And 4 is a dyad; 
therefore FG is double of JZ. 


aah as 
ο 
Ὀ 
= E 
i H K 
F eee G N 
P——$—$—$______—_ Q 


But ΨΩ, L, AK, Ε are continuously double of each other; 
therefore 5, WK, 2, M, FG are continuously proportional in 
double proportion. 

Now let there be subtracted from the second 4 and the 
last ξῸ the numbers NV, FO, each equal to the first & ; 


therefore, as the excess of the second is to the first, so is the 
excess of the last to all those before it. [1x. 35] 


Therefore, as VX is to 25, sois OG to MW, L, KH, 2. 
And AK is equal to £; 


therefore OG is also equal to YW, 2, HK, £. 

But 70 is also equal to £, 
and £ is equal to 4, 5, C, D and the unit. 

Therefore the whole FG is equal to 5, HK, ὦ, M and 
A, δ, C, D and the unit ; 
and it is measured by them. 

I say also that #G will not be measured by any other 
number except 4, &, C, ὃ, £, HK, 2, Mand the unit. 

For, if possible, let some number P measure FG, 
and let / not be the same with any of the numbers 4, B, C, 
D,E, AK, 2, M. 

And, as many times as P measures 7G, so many units let 
there be in Q; 


therefore Q by multiplying P has made FG. 
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But, further, & has also by multiplying D made FG: 
therefore, as Z is to Ὁ, sois P to D. [vir. 19] 


And, since A, B, C, D are continuously proportional 
beginning from an unit, 


therefore D will not be measured by any other number except 

ΨΚ. 5. Ὁ. fix. 13] 
And, by hypothesis, P is not the same with any of the 

numbers A, &, C; 

therefore P will not measure D. 
But, as P is to D, so is E to O; 

therefore neither does £ measure Ὁ. ‘vin. Def. 20] 
And £ is prime; 

and any prime number is prime to any number which it does 


not measure. (vil. 29] 
Therefore £, Q are prime to one another. 
But primes are also least, ivi. 21} 


and the least numbers measure those which have the same 
ratio the same number of times, the antecedent the antecedent 
and the consequent the consequent ; ἵν τι. 20] 


and, 45..Ε is to QO, sois Pto D; 


therefore & measures Ὁ the same number of times that Ὁ 
measures J), 


But 2 is not measured by any other number except 


A Ps 
therefore Q is the same with one of the numbers 4, δ, C. 


Let it be the same with &. 


And, however many #, C, J are in multitude, let so many 
ΞΕ, HK, L be taken beginning from £. 
Now &, AX, # are in the same ratio with 95, C, YD: 


therefore, ex aegualz,as B isto D, so is £ to L. inne) 
Therefore the product of A, Z is equal to the product of 
D, ΞΕ. [VL 19] 


But the product of D, & is equal to the product of Ὁ), P; 
therefore the product of Q, P is also equal to the product of 
Bully, . 
Therefore, as Ὁ is to 4, sois Z to ἢ [vir 19] 
And Q is the same with δ; 


therefore Z is also the same with ὃ: 
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which is impossible, for by hypothesis 9 is not the same with 
any of the numbers set out. 


Therefore no number will measure /G except 4, 5, C, 
D, E, HK, L, M and the unit. 

And /G was proved equal to 4, B, C, D, £, HK, L, M 
and the unit; 
and a perfect number is that which is equal to its own parts ; 

νι. Def. 22] 
therefore /G is perfect. 
9. Ἐ. Ὦ. 


If the sum of any number of terms of the series 
| Cake Sie ag 
be prime, and the said sum be multiplied by the last term, the product will be 
a “perfect” number, i.e. equal to the sum of all its factors. 
Let 1+ 2427+... Ὁ 2| (=S,) be prime; 
then shall δ. . 2.1 be “ perfect.” 
Take (z — 1) terms of the series 
ge Bonn See sen gs 
These are then terms proportional to the terms 


Ge SP aS a 
Therefore, ex aegualz, 
S32" * 5,32" * Sas (vir. 14] 
or B32 Ort SN [vi. 19] 


(This is of course obvious algebraically, but Euclid’s notation requires him to 
prove it.) 

Now, by rx. 35, we can sum the series S, + 2S, +... + 2”-7S,, 
and (25, Si) oS ξ (2 Sy 5) δ eS are Sy). 

Therefore S, + 28, + 27S, +... + 2™ 7S, = 2", — S,, 
or BRS Sa 2S Se ae ee a Pp 

= δὰ + 2S, +... + 2°78, + (P+ 24 27+ .0.- 2273), 

and 251 is measured by every term of the night hand expression. 


It is now necessary to prove that 2*"*S, cannot have any factor except 
those terms. 


Suppose, if possible, that it has a factor x different from all of them, 


and let pS ΞΕ We 
Therefore So Ξε ee [vil. 19] 
Now 2”? can only be measured by the preceding terms of the series 
Ἐς ee [1χ. 13] 


and «x is different from all of these ; 
therefore x does not measure 277}, 
that .S, does not measure 22. [vir Def. 20] 


And δὰ is prime; therefore it is prime to m. [viI. 29 | 
It follows [vir. 20, 21] that 


yt measures 2774, 
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Suppose that m= 2". 
Now, ex aegualt, Bag Se So at i. 
Therefore Oe ea ey 


=x .m, from above. 
And m= δῆ; 


[2 
- 


therefore «= 2""7"1, one of the terms of the series 1, 2, 27,... 


contradicts the hypothesis. 
Therefore 2"-4S, has no factors except 


Se, 25,5 25,5...» one oS I, 2; 2", aoe gent 
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ἄκρος, extreme (of numbers in a series) 328, 
367: ἄκρον καὶ μέσον λόγον τετμῆσθαι, **to 
be cut in extreme and mean ratio” 189 

ἄλογος, irrational 117-8 

ἀναλογία, proportion: definitions of, inter- 
polated το 

ἀνάλογον = ἀνὰ λόγον, proportional or in pro- 
portion: used as indeclinable adj. and as 
adv. 129, 165: μέση ἀνάλογον, mean pro- 
portional (of straight line} 129. similarly 
μέσος ἀνάλογον of numbers 295, 363 etc.: 
τρίτη (τρίτος) ἀνάλογον, third proportional 
214. 407-8: τετάρτη (τέταρτος) ἀνάλογον, 
fourth proportional 215, 409 : ἐξῆς ἀνάλογον 
in continued proportion 346 

ἀνάπαλιν (Aéyos), inverse (ratio), inversely 134 

ἀναστρέψαντι, comvertendo 135 

ἀναστροφὴ λόγου, conversion of a ratio 135 

ἀνισάκις ἀνισάκις ἴσος, unequal by unequal 
by equal (of solid numbers) = sealene, 
σφηνίσκος, σφηκίσκος or βωμίσκος 290 

ἀνομοίῳς τεταγμένων τῶν λόγων (οἱ perturbed 
proportion) in Archimedes 136 

avravaipects, ἢ αὐτὴ, definition of same ratio 
in Aristotle (ἀνθυφαίρεσις Alexander) 120: 
terms explained 121 

ἀντιπεπονθότα σχήματα, reciprocal (=reci- 
procally related) figures, interpolated def. 
of, 189 

ἀπλατής, breadthless (of prime numbers) 28s 

ἀποκαταστατικός, recurrent (=spherival), of 
numbers 291 

ἅπτεσθαι, to meet, occasionally to foeh 
{instead of ἐφάπτεσθαι) 2: alsomto furs 
through, to le on 79 

ἀριθμός, number, definitions of, 280 

ἀρτιάκις ἀρτιοδύναμον (Nicomachus} 282 

ἀρτιάκις ἄρτιος, even-limies even 281-2 

ἀρτιάκις περισσός, even-liimes odd 282-4 

ἀρτιοπέριττος, even-odd (Nicomachus etc.) 282 

ἄρτιος (ἀριθμός), even (number) 281 

ἀσύνθετος, (prime and) incomposite (of 
numbers) 284 


βεβηκέναι, to stand (of angle standing on 


circumference) 4 
βωμίσκος, altar-shaped (of ‘*scalene” solid 


numbers) 290 


γεγονέτω (in constructions), “let it be made” 
248 


γεγονὸς Gy εἴη τὸ ἐπιταχϑέρν, “what was en- 
joined will have Leen dune” So, 241 


"» ¥ Cay 


γενόμενος. ὁ ἐξ αὐτῶν. “their fragt” 3145, 
ὁ 


t 


326 εἰσι: ὁ ἐκ τοῦ ἑνὸς γενρύμενος Ξε **the 
spare of the one” 327 

γνώμων, onomon: Democritus περὶ διᾶφο- 
ρῆὴς ἡνώμονος [γνώμης or γωρέηοϑι ἢ 
ψαΐύσιος κύκλοι καὶ σφαίρης 40: τοῦ numlLers} 
28y 

γραμμικύς. near of mumbers in one dimen- 
sion} 287: dof prime numbers: 28s 


ἡράφεσθαι, “Stu be srecez” (Aristotle! 120 


δεύτερος, sécvadary τοῦ numbers}: in| Nico- 
machus and lamblichus a suisiivision of 
ed 286, 2387 

δεχόμενον, “admitting” tof segment of circle 
admitting or containing an angie} ς 

διαιρεῖσθαι jused uf “*separation”’ of ratius}: 
διαιρεθέντα, sefarinds, OPP. tO σιγκείμενα, 
come poitendo 108 

διαίρεσις \oyou, sefaradion, literally az Gov, 
of ratio 135 

διεζευγμένη (ἀναλογία), disjoined, =discrete 
ipropartion) 293 

διελόντι, sefaraede, lerally @iviacuae (uf 
Proportions) 1355 

δεῃρημένῃ τἀναλογία!. diurefe (proporcion}, Le. 
in four terms, as Cistinct from cusdgueus 
(συνεχὴς, συινημμένη} in dives lerms 131, 
295 

διήχθω (διάγειν! “let it be drawn facut 
Οὐ arrese 27 

δι᾽ ἴσου, ex acauali (of ratios} 136: G2’ ἴσου ἐν 
τεταραγυένῃ ἀναλογίᾳ. “Sex ἀσψπα ἡ in per 
turbed proportion” 136 

δικόλουρος, ἐτοϊει- ἐποίεις jot pyramidal 
numbers) 201 

διπλάσιος Λόγος, εὐπ ὦ ratlo: διπλασίων 
λόγος, ει Alreate ratio, contrasted with, 133 

δύναμις, power: =actual value of a sub- 
multipie in units (Nicomachus; 282: =side 
of number not 2 complete square (i.e. root 
or sua} in Plato 298, 2go0! syne in 
Plato 294-5 


εἶδος, figure 234: =form 286 

ἕκαστος, each: curious use ol, Τὸ . 

ἔλλειμμα, defect (in application of areas} 262 

ἐλλείπειν, “(11 shurt™ (mm appheation uf 
areas) 262 


428 


ἐμπίπτειν, fall in (=be interpolated) 358 

ἕνα πλείω, ‘several ones” (def. of number) 
280 

ἐναλλὰξ (Aéyos), alternate (ratio): alternately, 
alternando 134 

évappotew, to fz in (active), Iv. Def. 7 and 
Iv. I, 79, 80, 81 ; 

évrés, within (of internal contact of circles) 
I 

ἑξῆς ἀνάλογον, in continued proportion (of 
terms in geometrical progression) 346 

ἐπιμόριος λόγος, superparticularis ratio, 
=the ratio (z+1):7, 295 

ἐπίπεδος (ἀριθμός), plane (number) 287-8 

ἑπόμενα, consequents (= ‘following”’ terms) 
in a proportion 134, 238 

ἑτερομήκης, oblong (of numbers): in Plato 
= προμήκης, Which however ts distinguished 
from érepounxns by Nicomachus ete. 289- 
00, 293 . 

εὐθυγραμμικός, rectilinear (term for prime 
numbers) 285 

εὐθυμετρικός, euthymetric (of primes) 285 


ἡγούμενα, antecedents (‘‘leading” terms) in 
a proportion 134 _ 

ἤπερ, than: construction after διπλασίων etc, 
133 


ἰδιομήκης, of square number (lamblichus) 293 

ἰσάκις ἰσάκις ἴσος, equal multiplied by equal 
and again by equal (of a cube number) 
290, 201 

ἰσάκις ἴσος, equal multiplied by equal (of 
a square number) 291 

ἰσάκις ἴσος ἐλαττονάκις (μειζονάκις), Species of 
solid numbers,=ahevéls (doxis or στηλίβ) 


201 


καλείσθω, “let it be called,” indicating origi- 
nality of a definition £29 

καταμετρεῖν, measure 115: without remainder, 
completely {(πληρούντως) 280 

κατασκευάξζω, construct: τῶν αὐτῶν κατα- 
σκευασθέντων, “with the same construc- 
tion” II 

κατατομὴ κανόνος, Sectio canonis of Euclid 
295 

κέντρον, centre: ἢ ἐκ τοῦ K.=radins ἃ 

κερατοειδὴς γωνία, hornlike angle 4, 39, 40 

κλᾶν, to break off, tnflect: κεκλάσθω δὴ πάλιν 
47: KexAdoGat, def. of, alluded to by 
Aristotle 47 

κόλουρος, truncated (of pyramidal number 
minus vertex) 291 

κυκλικός, cyelzc, a particular species of square 
number 401 


λόγος, ratio: meaning 117: definition of, 
116-9: original meaning (of something 
expressed) accounts for use of ἄλογος, 
having no ratio, irrational 117 


μεμονῶσθαι, to be isolated, of μονάς (Theon 
of Smyrna) 279 


INDEX OF GREEK WORDS AND FORMS 


μέρος, part: two meanings 115: generally= 
submultiple 280: μέρη, parts (=proper 
fraction) 115, 280 

μέση ἀνάλογον (εὐθεῖα), μέσος ἀνάλογον (ἀριθ- 
μός), mean proportional (straight line or 
number) 129, 295, 363 etc. 

μὴ γάρ, “suppose it is not” 7 

μῆκος, length (of number in one dimension): 
=side of complete square in Plato 288 

μονάς, unit, monad: supposed etymological 
connexion with μόνος, solitary, μονή, rest 


279 


ὅμοιος, similar: (of rectilineal figures) 188: 
(of plane and solid numbers) 293 

ὁμοιότης λόγων, ‘‘similarity of ratios” (inter- 
polated def. of proportion) 119 

ὁμόλογος, homologous, corresponding 134: 
exceptionally “Ἰὼ the same ratio with” 
2.38 

ὅρος, fermt, in a proportion 1321 


παραβάλλειν ἀπὸ, used, exceptionally, instead 
of παραβάλλειν παρὰ or ἀναγράφειν ἀπὸ 262 

παραλλάττω, ‘*fall sideways” or ‘fawry” 54 

πεντάγραμμον QO 

περαίνουσα ποσότης, “limiting quantity” 
(Thymaridas’ definition of unit) 279 

περισσάκις ἄρτιος, odd-tzmes ever 282-4 

περισσάκις περισσός, odd-times odd 284 

περισσάρτιος, odd-even (Nicomachus etc.) 283 

περισσός, odd 281 

πηλίκος, how great: refers to covtzszeores 
(geometrical) magnitude as ποσός to discrete 
(multitude) 116-7 

πηλικότης, used in ν΄. Def. 3, and spurious 
Def. 5 of V1.2 =sdse (not guaztuplicity as it 
is translated by De Morgan) 116-7, 189- 
go: supposed multiplication of πηλικότητες 
(vi. Def. 5) 132: distinction between 
πηλικότης and μέγεθος 117 

πλάτος, breadth: (of numbers) 288 

πλευρά, side: (of factors of ‘‘plane” and 
“solid? numbers) 288 

πλῆθος ὡρισμένον or πεπερασμένον, defined or 
finite multitude (definition of number) 280: 
ἐκ μονάδων συγκείμενον πλῆθος (Euclid’s 
def.} 280 

πολλαπλασιάζειν, multiply: defined 287 

πολλαπλασιασμός, multiplication: καθ᾽ ὁποιον- 
oly πολλαπλασιασμόν ‘ (arising) from any 
multiplication whatever” 120 

πολλαπλάσιος, multiple: ἰσάκις πολλαπλάσια, 
equimultiples 120 εἰς. 

πολύπλευρον, multilateral: excludes rerpd- 
πλευρον, quadrilateral 239 

πορίσασθαι, to fxd 248 

ποσάκις ποσάκις ποσοί, ‘‘so many times so 
many times so many” (of solid numbers, 
in Aristotle) 286, 290 

ποσάκις ποσοῖ, “50 many times so many” (of 
plane numbers, in Aristotle) 286 

ποσόν, guantity, in Aristotle rs: refers 
to multitude as πηλίκον to magnitude 


116-7 
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προμήκης, oblong (οἵ numbers): in Plate= 
ἑτερομήκης, but distinguished by Nico- 
machus etc. 289-go, 29 

προσαναγράψαι, to draw 071 ἊΣ (of a circle) to 
complete, when segment is given 36 

προσευρεῖν, to find in addition (of finding 
third and fourth proportionals) 214 

πρῶτος, prime 284-5 

πρῶτοι πρὸς ἀλλήλους, (numbers) prime to 
one another 285-6 


ῥητός, rational (literally “ expressible ”} 117 


συνεχής, continuous: συνεχὴς ἀναλογία, ‘‘con- 
tinuous proportion” (in three terms) 131 

συνημμένη ἀναλογία, connected (i.e. con- 
tinuous) proportion 131, 293: συνημμένος, 
of compound ratio in Archimedes 133 

συνθέντι, compornendo 134-5 

σύνθεσις λόγου, composition of a ratio, dis- 
tinct from compounding of ratios 134-5 

σύνθετος, composite (of numbers): in Nico- 
machus and Jamblichus a subdivision of 
odd 286 

συνίστασθαι, construct: ob συσταθήσεται 13 

συντίθημι, σύγκειμαι (of ratios) 135, Ιδποο: 
συγκείμενα and διαιρεθέντα (componcndo and 
separando) used relatively to one another 
168, 170 

σύστημα μονάδων, “collection of units” (def. 
of number) 280 

συστηματικός, collective 279 

σφαιρικός, spherical (of a particular species of 
cube number) 201 

σφηκίσκος, or σφηνίσκος, of solid number 
with all three sides unequal (= ‘‘scalene ἢ 
200 


430 
σχέσις, “relation”: ποιὰ σχέσις, Sa sort of 
relation” {in def. of ratio) 116-7 


rat ὑτομήκης. of square number (Nicom.) 243 

ταὐτότης Ἀόγων, “sameness of ratios” 11g 

τέλειος, ferfect (of a class of numbers) 293-4 

τεταγμένη ἰἀναλογία). ordered (proportion) ” 
37 

τεταραγμένη ἀναλογία, ferlurled frofortion 
136 

τετράπλευρον, quadrilateral, not a “polygon” 
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τμῆμα (κύκλοιυδ, segment (of circle}: τμήματος 
γωνία, angle of ἃ segment 4: ν Tunpare 
γωνία, angie zz a segment 4 

τομεὺς (κύκλου), sector (of circle}: σκύτοτο- 
μικὸς τομεύς, **shoemaker’s knife” = 

τομοειδής tof figure). sectur-Jike & 

τοσαυταπλάσιον, ‘the same multiple” 146 

τρίγωνον : τὸ τρυπτλοῦν, τὸ δι᾿ ἀλλήλων, triple, 
interwoven triangie, = pentagram 99 

τριπλάσιος, triple, τριπλασέων, triplicate fof 
ratios) [33 

τυγχάνειν, happen: ἄλλα, ἃ ἔτυχεν, ἱσάκις 
πολλαπλάσια, ‘other, chance, equimulti- 
ples” 143-4: τυχοῖσα γωνία. “πεν angie” 


212 


ὑπερτελῆς or ὑπερτέλειος, ‘over-perfect” (of 
a class of numbers) 293-4 

ὑποδιπλάσιος, sud-dupdicate, = half 
machus) 280 

ὑποπολλαπλάσιος, submultiple (Nicomachus} 
280 

tes, height 1&9 


{ Nico- 


χωρίον, area 254 
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Adrastus 292 

Alcinous 98 

Alternate and alternately (of ratios) 134 

Alternative proofs, interpolated (cf. 111. 9 
and following) 22: that in 111. 10 claimed 
by Heron 23-4 

Amaldi, Ugo, 30, 126 

Ambiguous case of VI. 7, 208-9 

Anaximander 111 

Anaximenes 111 

Angle: angles not less than two right angles 
not recognised as angles (cf. Heron, 
Proclus, Zenodorus) 44-9: Aollow-angled 
figure (the re-entrant angle was exterzor) 
48: did Euclid extend “angle” to angles 
greater than two nght angles in VI. 33? 
275-6: ‘‘angle of semicircle” and ‘‘ of 
segment” 4: hornlike angle 4, 39, 40: 
controversies about “ angle of semicircle” 
and horulike angle 39-42 (see also Horniike) 

Antecedents (leading terms in proportion) 134 

Antiparallels: may be used for construction 
of VI. 12, 215 

Apollonius: Plaze veice:s, problem from, 81, 
lemma by Pappus on, Hie Plane Loci, 
theorem from (arising out of Eucl. vi. 3), 
also found in Aristotle 198-200: 75, 190, 
258 

Application of areas (including exceeding and 
jalling short) corresponding to solution of 
quadratic equations 187, 258-60, 263-5, 
266-7 

Approximations: 7/5 as approximation to ./2 
(Pythagoreans and Plato) 119: approxi- 
mations to ,/3 in Archimedes and (in 
sexagesimal fractions) in Ptolemy r1g: to 
wx (Archimedes) 11g: to 4500 (Theon of 
Alexandria) 119 

Archimedes: new fragment of, 40: Lzber 
assumptorum, proposition from, 65: ap- 
proximations to ,/3, square roots of large 
numbers, and to τὶ 110: extension of a 
proportion in commensurables to cover in- 
commensurables 193: 136, 100 

Archytas: proof that there is no numerical 
geometric mean between # and #+1 295 

Aristotle: indicates proof (pre-Euclidean) that 
angle in semicircle is nght 63: on def. of 
same ratio (=same dvravaipects) 120-1: 
on proportion as “ equality of ratios” rig: 
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on theorem in proportion not proved 
generaily ti] his time 113: on proportion 
in three terms (συνεχής, continuous), and 
in four terms (deppyyeévn, discrete) 131. 293: 
on a/ternate ratios 134: On tuzerse ratio 
134, 149: on similar rectilineal figures 188: 
has locus-theerem (arising out of Eucl. vr. 
3) also given in Apollonius’ Plane Lect 
198-200: on wit 27g: On number 280: 
on non-applicahbility of arithmetical proofs 
to magnitudes τῇ these are not numbers 
113: on definitions of odd and even by one 
another 281: on prime numbers 284-5: 
on composite numbers as plane and solid 
286, 288, 100: on representation of 
numbers by pebbles forming figures 288 

Arithmetic, A/emends of, anterior to Euclid 
295 

August, E. F. 23, 25, 149, 238, 256, 442 

Austin, W. 172, 188, 211, 259 

Axioms tacitly assumed: in Book vy. 137: 
in Book VI. 294 


Babylonians 112 

Baermann, G. F. 213 

Baltzer, R. 30 

Barrow: on Eucl. τ. Def. 3, 117: 
Def. 5, rar: 46, 186, 238 

Billingsley, H. 56, 238 

Boethius 295 

Borelli, G. A. 2, 84 

Breadth (of numbers}=second dimension or 
factor 288 

Briggs, H. 143 


on ¥. 


Camerer, J. G. 22, 25, 28, 33, 34, 40, 67, 
121, 131, 189, 223, 244 

Campanus 28, 41, 56, go, 126, 119, 121, 146, 
180, 211, 2341 233, 253. 173. 320, 322, 328 

Candalla 189 

Cantor, Moritz 5, 40, 97 

Cardano, Hieronimo 41 

Case: Greeks did not zuyer limiting cases, 
but proved them separately 75 

Casey, J. 227 

“‘ Chance equimultiples” in phrase ὁ other, 
chance, equimultiples” 143-4 

Circle: definition of equal circles 2: circles 
touching, meaning of definition, 3: “circle” 
in sense of ‘‘ circumference” 23: circles 
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intersecting and touching, difficulties in 
Euclid’s treatment of, 25-7, 25-g, modern 
treatment of, 30-2 

Clavius 2, 41, 42, 47) 49, 33, 26, 67, 70 73; 
130, £70, 100, 231, 235, 244, 271 

Commandinus 47, 130, 190 

Componendo (συνθέντι), denoting *‘composi- 
tion” of ratios g.z.: comiporendo and 
separando used relatively to each other 
168, 170 

Composite numbers, in Euclid 286: with 
Eucl. and Theon of Smyrna may be even, 
but with Nicom. and Iambl. are a sub- 
division of odd 286: plane and solid 
numbers species of, 286 

‘‘ Composite to one another” (of numbers) 
286~7 

Composition of ratios (σύνθεσις λόγου), de- 
noted by componendo (συνθέντι), distinct 
from compounding ratios 134-5 

Compound ratio: explanation of, 132-3: 
interpolated definition of, 18g-go: com- 
pounded ratios in τ. 20-23, 176-8 

Conseguents (“following” terms in propor- 
tion) 134, 238 

Continuous proportion (συνεχὴς or auyne ery 
ἀναλογία) in three terms 131 

Conversion of ratio (ἀναστροφὴ Neyou), de- 
noted by conrertendo (ἀναστρέψαντι) 135: 
convertendo theorem not established by v. 
19, Por. 174~-z, but proved by Simson’s 
Prop. E 175 

Convertendo denoting ‘‘conversion” of ratios, 
Gt. 

Corresponding magnitudes 134 

Cube: duplication of, reduced by Hippo- 
crates to problem of two mean pro- 
portionals 133: cube number, def. of, 291: 
two mean proportionals between two cube 
numbers 294, 364-5 

Cyelie, of a particular kind of square number 
291 

Cs nile of Leotaud 42 


Data of Euclid: Def. 2, 248: Prop. 8, 249- 
so: Prop. 24, 246-7: Prop. 55, 254: 
Props. 56 and 68, 249: Prop. 48, 263, 263: 
Props. sg and 84, 266-7: Prop. 67 assumes 
part of converse of Simson’s Prop. B (Book 
VI.) 224: Prop. 7o, 2s0: Prop. 85, 264: 
Prop. 87, 228: Prop. 93, 227 

Dechales 259 

Dedekind’s theory of irrational numbers 
corresponds exactly to Eucl. v. Def. 5, 
124-6 

Democritus: Ox difference of gnomon etc. 
(? on “angle of contact”’) 40: on parallel 
and infimitely near sections of cone “0: 
stated, without proving, propositions about 
volumes of cone and pyramid +0 

De Morgan, A.: on definition of ratio 116-7: 
on extension of meaning of raze to cover 
incommensurables 118: means of express- 
ing ratios between incommensurables by 
approximation to any extent r18-g: de- 
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fence and explanation of v. Def. 5, 122-4: 
on necessity of proof that tests for greater 
and less, or greater and equal, ratios can- 
not coexist 130-1, 137: on compound ratio 
132-3, 234: sketch of proof of existence of 
fourth proportional (assumed in Vv. 18) 171: 
proposed lemma about duplicate ratios as 
alternative means of proving VI.22, 246-7: 
By 7) Q-IO, ΤΙ, 13, 20, 22, 29, 56, 76-7, 
83, LOX, 104, 116-9, 120, 130, 139, 145, 
197, 202, 217-8, 232, 233, 234, 272, 275 

Dercyllides 111 

Diortsmus for solution of a quadratic 259 

Discrete proportion, δεῃρρημένη or διεζευγμένη 
ἀναλογία, in four terms, 131, 293 

‘* Dissimtlarly ordered” proportion (ἀνομοίως 
τεταγμένων τῶν Aéywv) in Archimedes 
= ‘perturbed proportion” 136 

Dividendo (οἵ ratios), see Separation, separ- 
ando 

‘Division (of ratios),” see Separation 

Divisions (of figures), On, treatise by Euclid, 
proposition from, 5 

Dodecahedron: decomposition of faces into 
elementary triangles, 98 

Dodgson, C. L. 48, 275 

Duplicate ratio 133: διπλασίων, duplicate, 
distinct from διπλάσιος, double {=ratio 
2:1), though use of terms not uniform 133: 
‘*duplicate” of given ratio found by V1. 
11, 214: lemma on duplicate ratio as al- 
ternative to method of v1. 22 (De Morgan 
and others) 242-7 

Duplication of cube: reduction of, by Hippo- 
crates, to problem of finding two mean 
proportionals 133: wrongly supposed to 
be alluded to in 7zwzaeus 32 A,B, 294-5 #. 


Egyptians 112: Egyptian view of szzmber 280 

Enriques (F.) and Amaldi (U.) 30, 126 

Equimultiples: ‘‘ any equimultiples what- 
ever,” ἰσάκις πολλαπλάσια καθ᾽ ὁποιονοῦν 
πολλαπλασιασμόὸν 120: stereotyped phrase 
‘‘other, chance, equimultiples” 143-4: 
should include ovce each magnitude 145 

Eratosthenes: measurement of obliquity of 
ecliptic (23° 51’ 207) 111 

Escribed circles of triangle 85, 86-7 

Eudemus 99, 111 

Eudoxus 99, 280, 295: discovered general 
theory of proportionals covering incom- 
mensurables 112-3: was first to prove 
scientifically the propositions about volumes 
of cone and pyramid 40 

Eutocius: on “ΤΙ. Def. 5” and meaning of 
πηλικότης 116, 132, 189-go: gives locus- 
theorem from Apollonius’ Plane Loci 198~ 
200 

Even (number): definitions by Pythagoreans 
and in Nicomachus 281: definitions of odd 
and even by one another unscientific 
(Aristotle) 281: Nicom. divides even into 
three classes (1) evex-times even and (2) even- 
times odd as extremes, and (3) odd-times 
év'ew ἃ5 intermediate 282-3 
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Even-times even: Euclid’s use differs from 
use by Nicomachus, Theon of Smyrna and 
Iamblichus 281-2 

Even-times odd in Euclid different from even- 
odd of Nicomachus and the rest 282-4 

Lx aeguali, of ratios, 136: ex aeguali pro- 
positions (v. 20, 22}, and ex aegualt ‘‘in 
perturbed proportion” (v. 21, 23) 176-8 


Faifofer 126 

Fourth proportional: assumption of existence 
of, in V. 18, and alternative methods for 
avoiding (Saccheri, De Morgan, Simson, 
Smith and Bryant) r70-4: Clavius madg¢ 
the assumption an axiom 170: sketch of 
proof of assumption by De Morgan 171: 
condition for existence of number which 
is fourth proportional to three numbers 
400-11 


Galileo Galilei: on angle of contact 42 

Geometric means 357 566.: one mean between 
square numbers 294, 363, or between 
similar plane numbers 371-2: two means 
between cube numbers 294, 364-5, or 
between similar solid numbers 373-5 

Geometrical progression 346sqq.: summation 
of 2 terms of (IX. 35) 420-1 

Gherard of Cremona 47 

Gnomon (of numbers) 289 

Golden section (section m extreme and mean 
ratio), discovered by Pythagoreans 90: 
theory carried further by Plato and ku- 
doxus 99 

Greater ratio: Euclid’s criterion not the only 
one 130: arguments from greater to less 
ratios etc. unsafe unless they go back to 
original definitions (Simson on V. 10) 136-7: 
test for, cannot coexist with test for equal 
or less ratio 130-1 

Greatest common measure: Euclid’s method 
of finding corresponds exactly to ours 118, 
299: Nicomachusgives thesame method 300 

Gregory, D. 116, 143 


Wabler, Th. 2942. 

Hankel, H. 116, 117 

Hauber, C. F. 244 

Heiberg, J. L. passim 

Henrici and Treutlein 30 

Heron of Alexandria: Eucl. 1. 12 interpo- 
lated from, 28: extends III. 20, 21 to angles 
in segments less than semicircles 47-8: does 
not recognise angles equal to or greater than 
two right angles 47-8: proof of formula for 
area of triangle, A =/s(s- a)(s—4)(s-<) 
84-8: 5, 16-17, 24, 28, 34 36, 44, 116, 
189, 302, 320, 383, 395 

Hippasus 97 

Hippocrates of Chios 133 

Hornlike angle (κερατοειδὴς “γωνία) 4, 39) 40: 
horniike angle and angle of semicircle, con- 
troversies on, 39-42: Proclus on, 39-49: 
Democritus may have written on hornlike 
angle 40: Campanus (‘not angles in same 
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sense’’) 41: Cardano (guan/ftties of different 
orders or kinds): Peletier (fern? angle 
no angle, no quantity, nothing; angles of 
ai? semicircles righ? anges and equal) 41: 
Clavius 42: Vieia and Galileo (‘angle of 
contact no angle) 42: Wallis (angle of 
contact not éncitnation at all but degree of 
curcalure) 42 


Hultsch, F. 133 


Tamblichus 97, 116, 279. 280, 2$1, 283, 284, 
a8=, 286, 287, 28K, 289, 2gG0, 291, 292, 20 3. 
10 

Tcasahedron g8 

Incommensurables: method uf testing incom- 
mensurability (process of finding ¢.c.M.) 
18: means of expression consist Im power 
of approximation without limit (De Murgan) 
119: approximations to .'2 (by means of 
side- and diagona]-numbers} 119, to .°3 
and to w, [1g: to \'4s00 by means of 
sexagesimal fractions 119 

Incomposite (of number}=prime 284 

Ingrami, G. 30, 126 

Inverse (ratio), inversely (ἀγάπαλερ 134: in- 
version is subject of V. 4, Pour. (Them) 
[44. and of v. 7, Por. 149, but is not 
properly put in either place 149: Simson’s 
Prop. B on, directly deducibie from Vv. 
Def. Ὁ, 144 

Isosceles triangle of Iv. ro: construction of, 
by Pythagoreans 97-9 


Jacobi, C. F. A. 188 


Lachlan, R. 226, 227, 2 

Lardner, D. 58, 259, 2 

Least common multiple 336-41 

Legendre 30: proves Vi. τ and similar pro- 

sitions in two parts {1} for commen- 

surables, (2) for incommensurabies 193-4 

Lemma assumed in VI. 22, 242-3: alternative 
propositions on duplicate ratios and ratios 
of which they are duplicate (De Morgan 
and others) 242-7 

Length, μῆκος (of numbers in one dimension} 
28": Plato restricts term to side of com- 
plete square 257 

Leotaud, Vincent +42 

Linear (of numbers) =(1) in one dimension 
287, (2) prime 285 

Logical inferences, not made by Euclid 22, 2 

Lucian 99 


45-6, 247, 286, 272 
rE 
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leans: three kinds, arithmetic, geometric 
and harmonic 292-3: geometric mean is 
«< proportion Zar exceclence” (κυρίως) 292-3: 
one geometric mean between two square 
numbers, two between two cube numbers 
(Plato) 294, 363-2: one geometric mean 
between similar plane numbers, two be- 
tween similar solid numbers 371-5: Roe 
numerical geometric mean between # and 
‘m+1 (Archytas and Euclid) 295 

Moderatus, 2 Pythagorean 280 
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Multiplication, definition of 287 
Musici Scriptores Graecd 293 


an-Nairizi 5, 16, 28, 34. 36, 44, 47) 303, 320, 
333 

sasiraddin at-Tisi 28 

Nesselmann, G. H. F. 287, 293 

Nicomachus 116, 119, 131, 270. 280, 281, 
αὔδα, 283, 284, 285, 286, 287, 288, 289. 290, 
2G1, 392. 293, 104. 300, 363 

Nixon, R. C. J. τό 

Number: defined Jy Thales, Eudoxus, 
Moderatus, Aristotle, Euclid 280: Nico- 
rmachus and Iamblichus on, 280: repre- 
sented by lines 288, and by points or dots 
288-9 


Oblong (of number}: in Plato either προμήκης 
or ἑτερομήκης 288: but these terms denote 
two distinct divisions of plane numbers in 
Nicomachus, Theon of Smyrna and [am- 
blichus 289-ygo 

Octahedron 98 

Odd tnumber): defs. of in Nicomachus 281: 
Pythageurean definition 281: def. of odd 
and even by one another unscientific 
{Aristotle} 281: Nicom. and Tambl. dis- 
tinguish three classes of odd numbers 
{1} prime and incomposite, (2) secondary 
and composite, as extremes, (3} secondary 
and composite in itself but prime and in- 
composite to one another, which is inter- 
mediate 287 

Oudd-times even (number): definition in Eucl. 
spurious 283~4, and differs from definitions 
by Nicomachus etc. zdz@. 

Oda-times oda (number) : defined in Eucl. but 
not in Nicom. and Iambl. 284: Theon of 
Smyrna applies term to prime numbers 
284 

Oenopides of Chios 111 

‘‘Ordered” proportion (τεταγμένη ἀναλογία), 
interpolated definition of, 137 


Pappus: lemmaon Apollonius’ Plane vetces 

64-5: problem from same work 88: assumes 

case of VI, 3 where external angle bisected 

{Simson’s vi. Prop. A) 197: theorem from 

Apollonius’ //axe Loct 1g8: theorem that 

ratio compounded of ratios of sides is equal 

to ratio of rectangles contained by sides 

250: 4, 27, 29, 67, 79, 81, £13, 133, 211; 

250, 251, 292 

Parailelepipedal” (solid) numbers: two of 

the three factors differ by unity (Nicoma- 

chus} 2 

Peletarius (Peletier}: on angle of contact and 
angle of semicircle 41: 47, 56, 84, 146, 1g0 

Pentagon : decomposition of regular pentagon 
into 30 elementary triangles 98: relation to 
pentagram 9g 

Pentagonal numbers 289 

“Perfect” {of a class of numbers) 293-4, 
421-5: Pythagoreans applied term to to, 
294: 3 also called ‘‘ perfect” 294 


΄σ'. 
n 
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Perturbed proportion (rerapaypévn ἀναλογία) 
136, 176-7 

Pfleiderer, C. Ἐς 2 

Philolaus 97 

Philoponus 234, 282 

Plane numbers, product of two factors 
(‘ sides” or “ length’? and ‘‘ breadth’’) 
287-8: in Plato either square or oblong 
287-8: similar plane numbers 293: one 
mean proportional between similar plane 
numbers 371-2 

Plato: construction of regular solids from 
triangles 97-8: on golden section gg: 7/5 
as approximation to ,/2, τὸ: On square 
and oblong numbers 288, 293: on δυνάμεις 
(square roots or surds) 288, 290: theorem 
that between square numbers one mean 
suffices, between cube numbers two means 
necessary 294, 364 

Playfair, fohn 2 

Plutarch 98, 254 

FPorisuz (corollary) to proposition precedes 
“O.E.D.” or “Q.8.F.” 8,64: Porism to Iv. 
15 mentioned by Proclus τοῦ: Porism to 
Vi. TQ, 234 

Polygonal numbers 28 

Prime (number): definitions of, 284-5: Aris- 
totle on two senses of ‘‘prime” 285; 
2admitted as prime by Eucl. and Aristotle, 
but excluded by Nicomachus, Theon of 
smyma and lamblichus, who make prime 
a subdivision of odd 284-5: ‘‘prime and 
incomposite (actv@eros}’’ 284: different 
names for prime, ‘‘odd-times odd” (Theon), 
“‘Jinear” (Theon), ‘rectilinear’ (Thy- 
maridas), ‘‘euthymetric” (Iamblichus) 285: 
prime absolutely or in themselves as dis- 
tinct from prime to one another (Theon) 
285: definitions of ‘‘ prime to one another”’ 
285-6 

Proclus: on absence of formal divisions of 
proposition in certain cases, e.g. IV. 10, 
roo: on use of ‘‘quindecagon” for as- 
tronomy ITIL: 4, 39, 40, 193, 247, 269 

Proportion: complete theory applicable to 
incommensurables as well as commen- 
surables is due to Eudoxus 112: old 
(Pythagorean) theory practically repre- 
sented by arithmetical theory of Eucl. vr. 
113: in giving older theory as well Euclid 
simply followed tradition 113: Aristotle 
on general proof (new in his time) of 
theorem (a/fernande) in proportion 113: 
X. 5 as connecting two theories 113: De 
Morgan on extension of meaning of rvafzo 
to cover incommensurables 118: power of 
expressing incommensurable ratio is power 
of approximation without limit rr9g: in- 
terpolated definitions of proportion as 
*“sameness” or ‘‘similarity of ratios”? 119: 
definition in v. Def. 5 substituted for that 
of Vil. Def. 20 because latter found inade- 
quate, not wice versa 121: De Morgan’s 
defence of v. Def. 5 as necessary and 
sufficient 122~4: Vv. Def. 5 corresponds to 


ENGLISH INDEX 


Weierstrass’ conception of number in 
general and to Dedekind’s theory of ir- 
rationals 124-6: alternatives for τ΄. Def. 5 
by a geometer-friend of Saccheri, by 
Faifofer, Ingrami, Veronese, Enriques and 
Amaldi 126: proportionals of vir. Def. 20 
(numbers) a particular case of those of τ. 
Def. 5 (Simson’s Props. C, D and notes) 
126-9: proportion in three terms (Aristotle 
makes it four) the ‘‘least” 131: ‘*con- 
tinuous” proportion (συνεχὴς or συνημμένη 
ἀναλογία, in Euclid ἑξῆς ἀνάλογον) 131, 293: 
three “ proportions” 292, but proportion 
par excellence or primary is continuous or 
geometric 292-3: ‘discrete’ or ‘‘dis- 
Joined” (διῃρημένη, διεζευγμένη) 131, 403: 
“ordered” proportion (τεταγμένη), inter- 
polated definition of, 137: ‘‘ perturbed” 
proportion (rerapaypévy) 136, 176-7: ex- 
tensive use of proportions in Greek 
‘geometry 187: proportions enable any 
quadratic equation with real roots to be 
solved 187: supposed use of propositions of 
Book Vv. in arithmetical Books 314, 320 
Psellus 234 
Ptolemy, Claudius: lemma about quadri- 
lateral in circle (Simson’s vi. Prop. Ὁ) 
225-7: ΠῚ} 187, 119 
Pyramidal numbers 290: pyramids truncated, 
twice-truncated etc. 201 
Pythagoras: reputed discoverer of construc- 
tion of five regular solids 97: introduced 
““the most perfect proportion in four terms 
and specially called ‘harmonic’” into 
Greece 112: construction of figure equal 
to one and similar to another rectilineal 
figure 254 
Pythagoreans: construction of dodecahedron 
in sphere 97: construction of isosceles 
triangle of IV, τὸ and of regular pentagon 
due to, 97-8: possible method of discovery 
of latter 97-9: theorem about only three 
regular polygons filling space round a 
point 98: distinguished three sorts of 
means, arithmetic, geometric, harmonic 
112: had theory of proportion applicable 
to commensurables only rr2: 7/5 as ap- 
proximation to ./2, 119: definitions of 
unit 279: of even and odd 281: called ro 
** perfect ” 294 


Quadratic equations: solution by means of 
proportions 187, 263-5, 266-7: διορισμός 
or condition of possibility of solving 
equation of Eucl. vi. 28, 259: one solution 
only given, for obvious reasons 260, 264, 
267: but method gives both roots if real 
258: exact correspondence of geometrical 
to algebraical solution 263-4, 266-7 

Quadrilateral: imscribing in circle of quadri- 
lateral equiangular to another g1-2: con- 
dition for inscribing circle in, 93, 95: 
quadrilateral in circle, Ptolemy’s lemma 
on (Simson’s vi, Prop. D), 225-7: quadri- 
lateral not a * polygon” 239 
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** Quindecagon” (fifteen-angled figure): use- 
ful for astronomy ΠῚ 


Radius: no Greek word for, 2 

Ratio: definition of, rr6-g, no sufficient 
ground for regarding it as spurious 117, 
Barrow’s defence of it τα method of 
transition from arithmetical to more general 
sense covering incommensurables t18: 
means of expressing ratio of iIncommen- 
surables is by approximation to any degree 
of accuracy 11g: def. of greater ratio only 
One Criterion ithere are uthers} 130: tests 
for greater equal and less ratios mutually 
exclusive 130-1: test for greater ratio 
easier to apply than that for equal ratio 
f29-30: arguments about greater and less 
ratios unsafe unless they go back to original 
definitions (Simson on y. 10} 156-7: cov- 
pound ratio 132-3, 18g-go, 234: operation 
of compounding ratios 234: ‘‘ ratio com- 
pounded of their sides” (careless expres- 
sion) 248: duplicate, triplicate etc. ratio 
as distinct from double, frifie etc. 133: 
alternate ratio, allernarndo 1343 tuverse 
ratio, iuversely 134: contposition of ratio, 
componendo, different from contpounding 
ratios 134-<: separation of ratio, separands 
(commonly aiviuvende) 135: conversion of 
ratio, converfende 135: ratio ex acgual: 
136, ex aeguali in perturbed proportion 
136: dictsion of ratius used in Dafa as 
general method alternative to compounding 
249-50: names for particular arithmetical 
ratios 292 

Reciprocal or reciprocally related figures: 
definition spurious 189 

Feductio ad absurdum, the only possible 
method of proving 1Π1. 1, 8 

** Rule of three”: VI. 12 equivalent to, 215 


Saccheri, Gerolamo 126, 130: proof of ex- 
istence of fourth proportional by Vi. 1, 2, 
12, 170 

Savile, H. rgo0 

Scalene, a class of solid numbers 200 

Scholia: rv. No. 2 ascribes Book Iv. to 
Pythagoreans 97: Vv. No. 1 attributes 
Book v. to Eudoxus 112 

Scholiast to Clouds of Aristophanes 99 

Sectto canenis of Euclid 295 

Sector (of circle): explanation of name: two 
kinds (1) with vertex at centre, (2) with 
vertex at circumference = 

Sector-like (figure) 5: bisection of such a 
figure by straight line 5 

Segment of circle: angle of, 4: szvtlar seg- 
ments § 

Semicircle: angle of, 4, 39-41 {see Angle): 
angle in semicircle a right angle, pre- 
Euclidean proof 63 

Separation of ratio, διαίρεσις AGyov, and 
separando (διελόντι) 13%: sefarando and 
componends used relatively to one another, 
not to original ratio 168, 170 


436 


Sides of plane and solid numbers 287-8 

Similar plane and solid numbers 293: one 
mean between two similar plane numbers 
371-2, two means between two similar 
solid numbers 294, 373-5 

Similar rectilineal figures: def. of, given in 
Aristotle 188: def. gives at once too little 
and too much 188: similar figures on 
straight lines which are proportional are 
themselves proportional and conversely 
(vi. 22), alternatives for proposition 242-7 

Similar segments of circles 5 

Simon, Max 124, 134 

Simpson, Thomas 121 

Simson, R.: Props. C, Ὁ (Book v.) connect- 
ing proportionals of vil. Def. 20 as par- 
ticular case with those οὖν. Def. 5, 126-9: 
Axioms to Book v. 137: Prop. B (inver- 
sion) 144: Prop. E (coswertendo) 175: 
shortens V. 8 by compressing two cases 
into One 152~3: important note showing 
flaw in V. ro and giving alternative 156-7: 
Book vi. Prop. A extending VI. 3 to case 
where external angle bisected 197: Props. 
B, C, D 222-7: remarks. on Vi. 27-9, 
258-9: 2, 3, 8, 22, 23, 33, 5.4. 37s 43: 49> 
83, 7% 73: 79, 90, 117, 131, 132, 140, 
143-4, 145, 146, 148, 154, 161, 162, 163, 
165, 170-2, 177, 179, 180, 182, 183, 184, 
185, 186, 189, 193, 195, 209, 2TI, 212, 
230-1, 238, 252, 269, 270, 272-3 

S2zé, proper translation of πηλικότης in V. 
Def. 3, 116-7, 189-90 

Smith and Bryant, alternative proofs of v. 16, 
17, 18 by means of Vi. 1, where magnitudes 
are straight lines or rectilineal areas 165-6, 
169, 173-4 

Solid numbers, three varieties according to 
relative length of sides 290-1 

Spherical namber, 2 particular kind of cube 
number 207 

Square number, product of equal numbers 
289, 291: one mean between square 
numbers 294, 363-4 

Stobaeus 280 

ay νον of any ratio found by VI. 13, 
a1 

Swinden, J. H. van 188 


Tacquet, A. 121, 258 
Tannery, P. 12, 113 
Tartaglia, Niccolo 2, 47 
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Taylor, H. M. 16, 22, 29, 56, 75, 102, 224, 
244, 247, 272 

Tetrahedron 98 

Thales rrr, 280 

Theodosius 37 

Theon of Alexandria: interpolation in v. 13 
and Porism 144: interpolated Porism to 
VI. 20, 239: additions to vi. 33 (about 
sectors) 274-6 3 43, 109, 117. T19, 149, 152, 
161, 186, 190, 234, 235, 240, 242, 256, 262, 
211, 322, 412 

Theon of Smyrna: rrr, 119, 279, 280, 281, 
284, 285, 286, 288, 289, 290, 291, 292, 
293. 294 

Thrasyllus 292 

Thymaridas 279, 285 

Timaeus of Plato 97-8, 294-5, 363 

Todhunter, I., 3, 7,22, 49, 51, 52, 67, 73,90, 
99, 172, 105. 202, 204, 208, 259, 271, 272, 
300 

Trapezium: name applied to truncated 
pyramidal numbers (Theon of Smyrna) 
201 

Triangle: Heron’s proof of expression for 
area in terms of sides, Vs (s—a){s~4)(s—c) 
87-8: right-angled triangle which is half 
of equilateral triangle used for construction 
of tetrahedron, octahedron and icosahedron 
(Timaeus of Plato) 98 

Triangular numbers 289 

Triplicate, distinct from ¢rtple, ratio 133 

at-Tiisi, see Nasiraddin 


Unit: definitions of, by Thymaridas, “ some 
Pythagoreans,” Chrysippus, Aristotle and 
others 279: Euclid’s definition was that 
of the ‘‘more recent” writers 279: μονάς 
connected etymologically by Theon of 
Smyrna and Nicomachus with μόνος (soli- 
tary) or μονή (rest) 279 


Veronese, G. 30, 126 
Vieta: on angle of contact 42 


Walker 204, 208, 259 

Wallis, John: on aszgle of contact (“ degree 
of curvature”) 42 

Weierstrass 124 

Woepcke 5 


Zenodorus 27 


ae — 


